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Abstract. For a general class of semilinear equations Au — F(z,u) = 0
in a Lipschitz domain Q C M, where M is a smooth compact Riemannian
manifold, we establish the existence and uniqueness of solutions to Dirichlet
and Neumann boundary problems. The main contribution of this paper is
that we consider ‘rough’ boundary data that are typically just LP(92) func-
tions. Results of this type for the linear equation are typically obtained using
singular integral techniques.

1. Introduction

The gap between linear and nonlinear partial differential equations is quite
substantial. Often, sharp results proven for linear equations have no equiva-
lent when we move to more general nonlinear setting.

The main aim of this paper is to bridge this gap for a class of semilinear

elliptic equations
Au— F(xz,u) =0 1in Q, (1.1)

where €2 is a bounded connected Lipschitz domain in a Riemannian manifold

M of dimension n > 3. The restriction n > 3 is a convenience, it is connected



to the fact that the fundamental solution to the Laplace equation has a
different form when n = 2. However, there is no fundamental difficulty in
extending our treatment to two dimensions. We do not consider closely this

case only because we do not want to further complicate our arguments.

The linear version of this equation with F'(z,u) = V(z)u (and also with
F(x,u) = 0) has generated substantial interest with the aim of establishing
existence and uniqueness of Dirichlet and Neumann boundary problems on 2
with ‘rough’ boundary data. Here ‘rough’ means that typically the solution
u on the boundary should be just an element of LP(9f2). A first result of this
nature for Dirichlet problem is due to Dahlberg [8], who used estimates on
harmonic measure. A breakthrough came after A. P. Calderén established a
result on singular integrals on Lipschitz curves [2]. This paper was followed by
the work of Coifman, McIntosh and Meyer who generalized Calderén’s result
in [5]. Soon, utilizing singular integral technique, Verchota in [27], Fabes,
Jodeit and Rivere in [11], Dahlberg and Kenig in [9] and others established
existence and uniqueness for Dirichlet and Neumann problem on Lipschitz
and C' domains. Let us remark, that all mentioned work was done for a flat

R"™ space with the standard Laplace operator.

On the other hand, Isakov and Nachman [14] recently considered the two
dimensional version of the equation (1.1) on a bounded planar Lipschitz
domain  with F(z,0) = 0. Their approach is purely variational with use of
maximum principle. The result on the Dirichlet problem obtained by them
requires bounded boundary data and having at least half derivative, i.e.,
H'/22(9Q). Here H*P stands for a standard Sobolev space of L? integrable
functions 1 < p < oo, with s derivatives, s € R. For the nonlinear equation
(1.1) in dimension greater than two one interesting result we know about is in
the book by Gilbarg and Trudinger [13]. Their assumption on the boundary
data is H®P~1/PP with p > n. They also require the boundary to be at
least C?*. Another result on existence of positive solutions can be found in
the paper by Chen, Williams and Zhao [6]. These authors assume that the

boundary data are in L°° and small.

Recently, further development has been made for the linear equation.
Mitrea and Taylor [23], [24] and [25] managed to substantially generalize
previous results. Namely, they brought the whole subject into much more

general variable coefficient setting - on Riemannian manifolds. The author



using their work later considered C'! domains on Riemannian manifolds in
[7]. It turned out that again LP boundary data are enough to establish

uniqueness and existence results.

Still, the gap between the linear and nonlinear equation (1.1) remained.
The problem was that the main tool used to establish solution of (1.1) is
usually a certain version of fixed point theorem used in some background
Banach space. Up to now all attempts tried to make use of Sobolev spaces
on §2. This approach does not seem work for the results we would like to
obtain. In particular, if we prescribe LP(0S2) Dirichlet boundary data and
try to look for a solution in HP-'/P(Q) we fail, since we do not have the trace
theorem for the space HP'/P(Q).

In the work [7] we introduced Banach spaces that seem to be very con-
venient to work with. Interior regularity results for (1.1) guarantee that the
solution u is inside €2 quite regular (of the class C’llotﬁ (Q) for any (8 < «),
where « is the regularity of the metric tensor. On the other hand, having L?
boundary data on 0€2 means that this regularity cannot be preserved up to
the boundary. Hence this fact has to be dealt with. As we will see in the next
section the introduced spaces D*P are exactly the ‘right’ ones, which allow
us to reconcile interior smoothness with rougher behavior when approaching

boundary 0f2.

The use of these newly defined spaces will allow us to establish results
for the equation (1.1) equivalent to those for the linear case. Moreover, it
seems very likely that the work presented here could be pushed further for
more general nonlinear terms a(x,u). This will be the topic of our next
paper, where we relax the condition (1.6) and allow polynomial growth of

the function a in the variable u.

The organization of this paper is following. After we define and establish
properties of the Banach spaces D®? in Section 2, we study actions of the
linear operator L = A—V in Section 3. In Section 4 we prove certain uniform
estimates which do not appear in [23]-[25] or [7]. The fifth section is devoted
to the equation (1.1) and its variants for boundary data in L? and the last
section for boundary data in the Hardy space h', the Holder space C? and

the space bmo.

We treat the equation (1.1) in slightly different form. If the function



F(x,u) is differentiable in u we can write
F(z,u) = a(z,w)u + f, (1.2)

where f(z) = F(z,0) and

1
0
= —F(x,tu) dt. 1.3
N A (13)
Hence, we can consider instead of (1.1) the equation
Au—a(z,u)u=f in Q. (1.4)

The main results we obtain are the following. If a(z,u) € L>=(Q2 x R) and
a(x,u) > 0 then for 2—e < p < oo the Dirichlet problem (1.4) with boundary
data u’aQ = g € LP(09) has a solution for any f in a Banach space X such
as described in Theorem 5.5. If in addition for b(z,u) = a(x,u)u we have

%b(m,u) € L2 xR) and %b(w,u) >0, (1.5)
then the solution is unique. Moreover, if g € C?(952), then u € C?(Q) for
some (3 > 0 small. Also if g € bmo(0€2) then the exponential of the maximal
operator aM%u is integrable on 9N for some a small (depending on the norms
of f and g).

Similarly, the Dirichlet regularity problem is solvable for any 1 < p < 24«
and g € HYP(99Q) under essentially the same assumptions. For p = 1 the
same is true for g € H1(99Q), where H'! is the Hardy-Sobolev space.

The Neumann problem (1.4) with 8, u| a0 = 9 € LP(0Q) is solvable for
1 < p <2+ g, provided for some function ¢ > 0 on 2 and ¢ > 0 on a set of

positive measure in ) we have:

a(z,u) € L>=(Q2 x R), iré%a(.,u) > q(.). (1.6)

If in addition for b(z,u) = a(x,u)u we have

0 0
—_ oo inf —b(. > q(. .
aub(x,u) € L2 xR) and irel% 8ub( su) > q(.), (1.7)

then the solution is unique.



In Section 6 we also establish an endpoint result for the Neumann problem
for p = 1. In such case we replace L'(99) by the Hardy space h'(92). The
claim is that given g € h'(9Q) and f in L"(Q) or in D%! (see the definition
in section 2) the solution to the equation (1.4) exists, provided (1.6) is true.
Uniqueness is guaranteed if (1.7) holds.

If f=0and g € L>®(092) we can relax the condition on the function a.

In such case we can assume that

for any M € (0,00) we have: sup |a(z,u)| < oo, a(z,u)>0. (1.8)
ue[—]\s/_[Z,M]
BAS

Then the Dirichlet problem with u| s = 9 has at least one solution. A

condition similar to (1.8), namely

< oo and %b(:c,u) >0,

for any M € (0,00):  sup lgb(a:,u)
u€[—M,M] ou
e

(1.9)
guarantee uniqueness. Here b(z,u) = a(z,u)u. Again we also have a regu-
larity result, i.e., given g € CP(9Q) (8 > 0 small), the solution u € C#(€Q),
provided (1.8) holds. If we have (1.8) and also

(¢) either lim (supa(z,u)) < oo or limsup(inf a(z,u)) >0,
U—00 L) u—oo ZTE

(1.10)

(79) either lim (supa(z,u)) < oo or limsup(inf a(x,u)) > 0,
U——00 L) U——00 TESN

then the solution u € L*(£2) to the Dirichlet problem (1.4) exists, provided
feL>®(Q) and g = u’aﬂ € L>=(09). Also the C? regularity result holds.

2. The Banach spaces D*?

In this section we introduce a new class of Banach spaces D*P, for s > 0
and 1 < p < oo. As we will see later, these spaces turn out to be extremely
useful for the considered semilinear elliptic problem. The spaces D*P with
s = 0 were introduced in [7]. Also a very useful interpolation theorem can
be found there (Proposition B.7).

Our goal here is to give more general definition for any s > 0, and prove

results about interpolation, embedding and traces for these spaces.



Consider the same settings as we outlined in the introduction. Let M be
a smooth compact n-dimensional Riemannian manifold with a Riemannian
metric tensor, which is assumed to be in Holder class C“, for some a >
0. It means that, M can be covered by local coordinate charts with the
components g;; of the metric tensor being of the Holder class C“.

Let €2 be a open, connected subset of M with Lipschitz boundary. That
is for any point of the boundary 9€2, we can find a small neighborhood U of
this point such that in this neighborhood there are smooth local coordinates

in which
UNnQ={z= (2" 2,) €U;|2'| < cand p(2') < x, < p(z') +c}, (2.1)

for some ¢ > 0 small. Here ¢ : R"~!' — R is a Lipschitz function with
Lipschitz constant bounded by L. L and ¢ does not depend on chosen point
x € 9Q. We use notation z = (2, z,,), where 2’ € R*~! and z,, € R.

Given any K > L, consider nontangential approach regions (cones) ~y(z)
to any point z = (2/, p(z")) € 0N such that the vertex of the cone v(z) at z
is sharp enough. Namely, we require that any half-ray with vertex at z that

lies in y(z) has “steepness” (absolute value of its slope) at least K. Hence

Y(2) ={y =" un)iyn —2n > K|y — 2| and y, < (/) +c}.  (2.2)

Naturally, the approach region v(z) depends on the coordinates (2.1) and
the constant K. Hence, for a different choice of coordinates or the constant
K, we get different approach regions 7/(z). Nevertheless, as we will se later,
the norms we define using v(z) and 7/(z), respectively, are equivalent. Thus,
a particular choice of the coordinates or the constant K is not important.

Assume therefore, that we have defined the nontangential approach region
~v(x) for any = € 9 and some constant K > L. Clearly, there is a collar
neighborhood C of 99 (i.e., C = {x € M; dist(x,00Q) < €}, for some & > 0),
such that the union of all y(x) covers C N Q) and moreover for any z € C N

the n — 1 dimensional surface measure of the set
{z € 0z € y(x)}

is proportional to (dist(z,9))" .



Let f: Q2 — R be a function on 2. For any s > 0 and x € 92 we consider

the number

Hﬂ lles (@) for s not an integer,
Mef(z) = { "

where f ’7 () TEADNS the restriction of f to the set v(x). The norm considered
in the first line of (2.3) is the Hoélder norm of the space C*(y(x)). Hence we
have that

M f(z) = Z sup |D%ul, if s € Z,

|a|§sze7(x)
M f(x) = Z sup |D%u|
jal<k #€7(®)
| D%u(z) — D*u(z')|
dist(z, 2/)s—F

+ Z sup , otherwise. (2.4)

lo|=k z,z'€v(x)
Here k is the integer part of s, a = (a1, as,...,q,) is a multiindex (|a| =
> ;). Of course, we allow the numbers M?® f(x) to be infinite. We are ready
to proceed. Denote by € the set Q\ {z € M; dist(x, Q) < $}. The number

€ we take here is the same that appears above in the definition of the collar
neighborhood C. Hence Q was chosen such that @ CC Q and QUC = Q.

Definition 2.1. Let s > 0 and 1 < p < oo. Consider the set

D3P ={f: Q>R M°f e LP(00) & Hf‘QHcs(fz) < oo} s ¢ Z,
D ={f:Q— R;M*f € LP(99) & sup |D*f(x)| < 00} s € Z,(2.5)

la|<s
e

where by LP(0f)) we denoted the space of LP integrable functions on 0f).
Then D*P? equipped with the norm

[ fllDer = M Fllzoa) + gl s @y s¢Z,
Ifllper = 1M flloon) + Y 1D Fll ey s € Z, (2.6)

lor|<s

is a Banach space.



Remark 2.2. Notice that if p = co then DP = C*(Q2), for s not an integer
and DYP = L*(Q).

There are several issues that have to be dealt with. First of all, one need
to check that (2.6) defines a norm that makes the space D*P complete. We
skip the proof since it is quite straightforward and is based on the fact that
any Cauchy sequence (fy)nen in DP is also Cauchy in Cj (2). This gives
us a natural candidate for the limit of this sequence.

The second issue has to do with the way the space D*P was defined. Our
definition depends on nontangential regions 7(.), hence it seems conceivable
that a different collection of these regions might yield different space. The
following lemma settles this matter and shows that for 1 < p < oo, if we
choose a different collection of nontangential approach regions {+'(x);z €
00} then the resulting spaces D®P and their norms are equivalent to those

we obtained using the original collection {vy(x);z € 0Q}.

Lemma 2.3. Consider one coordinate chart of the form (2.1). Let K >

K’ > L, ¢,c >0 and consider the nontangential regions

)
S

N
N—

Il
—

Y= Un);yn —2n > K|y — 2’| and y, < ¢(y') + ¢}
Y= yn);yn — 20 > K'|y — 2| and y, < @(y') + '}
(2.7)

\Q\
—~
N
N——
I
—

For 1 < p < oo and s > 0, let D*P be the Banach space from Definition 2.1
using the collection {vy(x);x € 0Q} and D’'*P be the corresponding Banach
space for the collection {7'(z); x € 0Q}.

Then D*P = D'$P and the considered norms are equivalent.

Remark. This lemma in its original version (proven by a different technique)
did not cover the case p = 1. The level set approach which is an adaptation

of the idea by Kenig [18] was pointed out to me by the referee.

Proof. First let us take care of the case when K = K’ and ¢ > ¢/, i.e., the

nontangential approach cones ~(.) are ‘longer’ than +/(.). Crucially,
U (@) \7'(2)) cc . (2.8)
€00

This and the fact that regardless of what nontangential regions we use to

define D*P we always have D*P C C} () give us our claim.



Consider the projection P : Q@NU — R*~! defined by (2, ,,) — a'. Let P
be the restriction of P onto 0¢). Hence, Pisal-l mapping between 92 N U
and some open set in R”~1. It also follows that P~1(z') = (#/, p(')), where
¢ is the Lipschitz function defining the domain 2 in (2.1).

Thanks to the argument in the first paragraph of this proof, we can assume
that K > K’ and 0 < ¢ < ¢/. Here ¢’ can be taken large enough, such that
for any z € y(z) we have z € v/ (P~1(P(2))).

Take first s = 0. We claim that there exists C' > 0 depending only on K,
K’ and the Lipschitz character of the boundary such that for any f € LS ()

loc
c({z € 0 M°f > A}) < Co({x € OUM'°f > A}). (2.9)

From this the inclusion D’%P < DYP follows.

The proof of (2.9) is based on the following covering lemma which can be
found in [4].

Lemma 2.4. Let E C R", and suppose that to each * € E a number
r(z) > 0 is given. Assume furthermore that sup,cp 7(x) < co. Then there
exists a sequence x; € E such that the balls B(z;,r(x;)) with center at x;
and radius r(x;) are disjoint, and

(i) B < U, Bla,.3r(x)

(ii) For all x € E there exists x; such that B(x,r(x)) C B(x;, 5r(x;)).

Now we make two simple geometrical observations: If z = (2/, z,,) € y(z),
then there is a constant d > 0 (independent of x and z) such that P(z) €
B(%2',d(zn, — ¢(2'))). Secondly, there exists another constant e > 0 such that
if & € B(2',e(zn — ¢(2'))), then z € v/ (P~1(s")). If ¢ > 0 and z, > p(2),
we define

A(? 2p) = {s € R"1|s' — 2| < c(zp — ()} (2.10)

Assume that z = (2/,2,) € E(\) & {y € 90, MOf(y) > A}. Tt follows

that for some z = (2/, z,,) € v(z) we have |f(z)| > . Hence, 2’ € Ay4(2', z,)
and, since for every s' € A.(2,zn), z belongs to /(P~1(s)), it follows that
P (A7) € BN = {y € 0 MO f(y) > A).

For 2’ € P(E())) define r(2') = (d + e)(zn, — ¢(2')), where z = (2, 2,) €

y(P~(x")) is a point for which |f(z)] > A. By Lemma 2.4 applied to



P(E(\)) € R™! there exists a sequence of points z; = (2}, 1;,) € E()\)
such that

E(\) C Uﬁ_l(B(x;, 3r(z}))), and the balls B(x},r(x})) are disjoint.

(2.11)
Let z; = (2}, zin) be the point associated with z} in the definition of the
number 7(z}). As Ae(z!, zin) C B(z),7(z})) we get that all P~1(Ac (2], zin))
are disjoint and contained in E’(\). Hence

> o(P7HAc(2], 2im))) < o(E'(N). (2.12)
The measures of both P~1(A. (2], zi)) and P~(B(x},3r(z}))) are propor-

tional to (2, — w(2]))" ™!, hence we get that

a(EQ) < Za(ﬁ_l(B(wéﬁr(wé)))) ~ Y o(PT (A3 zin)) < o(E'(N).

Z (2.13)
Naturally (2.13) is equivalent to (2.9).
Now consider 0 < s < 1. In this case the argument given above requires
slight modification. We will establish that there exist C' > 0 and k£ € N such
that for any f € C} .(Q)

c({z € UG MOf > A}) < Co({x € OUMOf > 275k571AY).  (2.14)

Once again, the inclusion D'*P C D*P follows from (2.14).

The key here is the choice of k. Again a simple geometrical argument can
be made that if we pick k large enough, d > 0 also large and e > 0 small, then
for any x € 9Q and 2! = (2, 2}), 22 = (2%, 22) € y(x) the following is true:
Let L = Ly U Ly be a subset of y(x) consisting of two uniquely determined
line segments Ly and Lo (understood in local coordinates on U) such that

(a) Ly has endpoints z* and 2" and L has endpoints z° and 22

(b) 20 = (2%, 29) is picked such that 20 = max{z},22} and one of the line
segments Ly, Lo is parallel to the hyperplane {y = (', yn); yn = 0} and the
other one is perpendicular to it (all understood in the Euclidean metric on
U CR").

Now we find k + 1 points p° = 2z, p' p?,...,p" 1, p* = 22 on L, such

that when we move from p° along L to p*¥ we pass through these points in



the order given by their index i € {0,1,2,...,k}. We also require that the
Euclidean distance D = |p'*! — p?|,i =0,1,...,k — 1 does not depend on 1,
i.e., these points are equidistantly spaced. This implies that

Tz =2 < D < 2|22 - 2. (2.15)

The points pt, i = 0,1,...,k are uniquely determined. Finally, take y' =
(W', yl), v> = (¥*,4%) to be any pair of points p’, p**! for some i €
{0,1,2,...,k —1}. Then we require:

(i) P(z) € B(y",d(y;, — ¢(y"))), i =1,2. N

(i) For any s’ € B(y',e(y: — ¢(y'"))) we have y' € v'(P~1(s")), i = 1,2.

Given this we proceed as follows. For =’ € P(E()N)), (E()) ot {y €
O M® f(y) > A}) we take r(z) = (d+e)(z, —p(2')), provided z = (2/, z,,) €
v(P~1(2')) is a point for which |f(z)| > A. If such point z does not exist,

then there exist points 2!, 22 € y(P~1(2)) such that

|f(z1) = f(z%)]

dist(z1, 22)*

>\, (2.16)

Let L be the set joining z! and z? as above. It follows that there is a
pair of neighboring points y! = (y'/,yl), y* = (y*,y2) taken from the set

{p%,p",p% ..., p"} defined above such that [ f(y") — f(y*)| > [/ (") —f(*)].
By (2.16) and (2.15) for such pair:

f(yh) — f(°)] 1
diSt(yl,yQ)S 25k1—s

(2.17)

Hence by (ii) we get that

P™HAc(y" yp)) € E'27°k°7IN) 1= {y € 9 M f(y) > 27k 1A}
(2.18)
Finally, we take r(z') = (d + e)(y: — p(y’)). The rest goes as above. We
eventually get the desired estimate (2.14).

This proves our lemma for 0 < s < 1. If s > 1 we can use induction, since

1o = [ flpe-ro + Y 1D fllpe-r- (2.19)

|a|=1
U

The next theorem outlines relations between defined spaces.



Theorem 2.5. Let 1 < p < oo and s > 0. For any 0 < s’ < s and any

s—s'

1 1
— > - 1<9p < 2.20
S T <p <o (2:20)
we have
Do C DY (2.21)
Moreover, if sp > n — 1 then
DsP C C*(Q), (2.22)

with o < s — =L,

Also, the embeddings (2.21), (2.22) are compact.

Proof. First, let us assume that 0 < s < 1 and s’ = 0. Pick any f € D*P.
We want to consider the function M?f(z) for z € 99Q. Pick x,y € 0N
close to each other, such that they belong to a common coordinate chart
(2.1) and the nontangential approach regions ~(z), v(y) overlap. We want to
estimate MO f(x) using M f(y). Pick any 2z € y(x). Then there is a point
w € v(y) N~y(x) such that dist(z,w) ~ dist(z,y). Hence using the fact, that
on y(z) the function f is C* Hoélder with Holder constant M?®f(x) we get
that

f(2) < fw) + M f()dist(z,w)* < M f(y) + CM" f(z)dist(z,y)". (2.23)

In the last inequality we used the fact that f(w) < M°f(y). Now if we take
supremum over all z € y(z) we get that:

MO f(z) < MO f(y) + OM? f(z)dist(z, y)°. (2.24)

If we exchange x,y in (2.23) we get similar estimate for M f(y). Together
we get:

MO f(z) = MO f(y)] < C(M® f(z) + M f(y))dist(z, y)*. (2.25)

Recall, that a function g belongs to the Bessov space BZ(0%2), for 1 < g < oo
and 0 < r < 1 provided the number (norm)

u(y)| 1/q
q q d d
lull Bz o0y = llullacon) + (/ /m dist(x y J-1trg o(z) do(y)
(2.26)




is finite. If we integrate (2.25) in x and y, we get that for any ¢ > 0:

[ PSR dotw) dots) <
o0 N

oq dist(x,y)r—1-etps

f(z))P (M f(y))P
/89 /asz (dlSt (z,y)n—t-e " diSt(%y)”_l_E> dota) dotw) (2.27)

Now, since the function 1/dist(z,y)" 17¢ is integrable on 92, we can con-

clude that (2.27) is finite. Hence we get that MYf € BY__(99Q). Moreover,
the norm of this function in BY__(9€Q) can be estimated by C||M?® f| 1r(a0)-
Recall also that BY__(9Q) C H*72¢P(9R). So we have MYf € H*~=P(9Q)
for any € > 0, as well. This and Sobolev embedding theorem prove (2.21)
for s’ = 0.

Consider now the case 0 < s’ < s < 1. We want estimates similar to
(2.22)-(2.24). Again let z,y € 02 be close enough, such that their approach
regions y(x), v(y) overlap. It is a simple geometrical exercise to show that in
the local coordinates (2.1) the overlap region must contain a cut cone (2.2)
with vertex at a point z inside Q. Also dist(z,y) ~ dist(x, z) ~ dist(y, 2).
Hence if t = z—x, then for any w € y(x), w+t € v(z) (all in local coordinates
(2.1)). Pick any w,w’ € y(z). There are two cases to be considered. If
dist(w, w’) < dist(z, y) we get:

%ﬁ;%ySMV@mWWW4SMWWW@W#-@w

On the other hand, if dist(w,w’) > dist(z,y) we use:

|f(w) = f(w')]

dist(w,w’)s"

|f(w) — (w+t)|+|f(w+t)—f(w’+t)\+|f(w'+t)—f(w’)|
dist(w, w’)*’ dist(w, w’)*’ dist(w, w’)s"

(2.29)

The second term of the right side of (2.29) can be estimated by M* f(y), the
first and the third term by C’/\/lsf(a:)dist(x,y)s_sl. Hence (2.29) together
with (2.28) yield for any w,w’" € v(x):

|J;(115(;)(U_J Z;(/T)ill)l < Ms/f(y) + CM? f(x)dist(z, y)s_sl. (2.30)



Taking the supremum over all such pairs w, w’ yields
M f(z) < M® fy) + CM® f(z)dist(z, y)* . (2.31)
Hence, as before exchanging x and y gives
M f() = M f(y)] < CME () + M f(y)dist(z,y)* ™. (2.32)

From here we proceed as before using (2.26) to get that M* f € L?' (99)
with p’ determined by (2.20).

Now we are ready to prove compactness of the embedding (2.21). We
do it first for s/ = 0. It follows from the Sobolev embedding theorem, that
HsP(9Q) cc L¥ (9Q) with z% > Ilj— —*<. This is what we need. Consider
any given bounded sequence of functions (f,)nen in DP. Since D5P C

C} (), there is a subsequence of (fy,)nen (also denoted by (fy)nen) such
that f,, — f in C&C(Q) for any 0 < § < s. Moreover, this subsequence can
be picked such that M®f,, — g in Lp/((‘?Q) for some function g and 0 < § < s
small. Furthemore, it is clear that we can pointwise require that for almost
every x € 0Q: M?f,(x) — g(z). From this obviously: M?f(z) < g(x) for
any such z. So f € D' c DOP" |

Pick £ > 0 small and consider Q. = {z € Q;dist(z,0) > e}. It follows
that there is k € N such that for any n > k:

1/ = Flg,llosa < <. (2.33)

Now pick any z € y(z)\Q.. Clearly, thereis z’ € Q.Nvy(x) and dist(z, 2’) < e.
Thus:

I(f = F) @] < (f = f)(E )|+ MO(f = fo)(@)dist(z,2")°
<e+OMO(f — fu)(x), (2.34)

for any n > k. This estimate is crucial. It follows that
IMO(f = fa)(@)] < &+ (M f(z) + M° fu()). (2.35)
Finally, we take the L* norm on both sides and let n — co. We get:

n@o IMO(f = f)ll Lo 90y < €0(0) +22°|lgll Lo (02)- (2.36)



Since ¢ > 0 was arbitrary, clearly nlLH;oHMO(f — )l 90y = 0. This
together with (2.33) imply that f, — f in D%, So the compactness is
established.

Now, consider 0 < s’ < s < 1. We have established above that for some
6 =6(p') > 0 small and f € D¥P: M50 f e [P (9Q) for any p’ given by
(2.20). Consider again a bounded sequence (f,)nen of functions in D5P.
Again we pick a subsequence such that

fo— f mCIY(Q),  and  MTHf, g in LP(09), (2.37)

loc

for some g € Lp/(aQ). Again we also require pointwise convergence of
MEH5f to g for almost every z € 8Q. It follows that M5 +9f < g. Take
any € > 0 small. We find k£ such that for all n > k we have

1 = g, |

Cs'+8(Q,) <g, and ||<f - fn)|Q€| Cs' () <e. (238)

Pick any z € y(z) \ Q. and 2’ € y(z). If dist(z, 2") > 2¢ we clearly have that
z" € Q.. So there is a third point z € y(z) N €2 such that dist(z,%) < € and

dist(z, 2’) = dist(z, 2’). This gives us an estimate

|(f = fn)(2) = (f = fu) (&)]

dist(z, 2")¥

(f = f)(2) = (f = ) B | |(f = Fu)(B) = (F = fu) ()]
= dist(z, 2")¥ + dist(z, 2/)% =

SCMEF(f — fo) (@)l + ).

< (2.39)

The second term of (2.39) we estimated using (2.38). On the other hand if
dist(z, 2") < 2¢ we get:

(=50 = =)y g

dist(z, 2/)" (f = fa)(2)e’. (2.40)

If we combine (2.39) and (2.40) together we get for any such z, z’:

- f”il(ii(; (Z{>§ PN < O b M1 = f)@e). (241)

Combining (2.38), (2.41) and (2.35) finally gives:

M (f = fa) (@) < Cle + 5 (MF0 f(z) + MTH £, (2))). (2.42)



Taking L?" norm on both sides and letting n — oo yields
T M (f = fo)ll L o) < C(e0(99) + 26°|gll 1o (o0))- (2.43)

From this again follows that f,, — f in Ds"?' | since € > 0 was arbitrary.
Finally, if s > 1 thanks to (2.19) we can use induction to establish (2.21)
and (2.22). O

Now we state a result that can be interpreted as a ‘trace’ theorem for our

spaces.

Theorem 2.6. Let 1 <p <ooands>0. Writes as s = k+, for k integer
and 0 < 7 < 1. Then given f € D%P for any € > 0 and |a| < k there exists
C = C(s,p,e) > 0 such that:

D fl,q € H™2P(99), and || D f[| gr—e.p(a0) < C||f|[p=r,
Daf}ag < Bf—s(aQ)» and ||D0‘f||31;75(ag) < Clf||ps»- (2.44)

Here, DO‘f’(,m is defined as a nontangential limit of the function D f, i.e.,

D‘“f‘89 (x) = ;1_{% D f(y), for almost every x € 0S). (2.45)
yey(@)

Proof. Assume s is not an integer, and let f € D®P. For any x € 012, for
which M?* f(z) < oo, we have that the function u‘v(m) is of the Holder class C*®

on 7y(z). This means, that f },y(w) can be extended to y(z), so that it remains
of the Hélder class C®. It follows, that for such x the values of D®f(x) are
well defined, for any |a| < k = [s]. Also in this case 7 = s — k € (0,1). Now,
our approach slightly resembles the proof of Theorem 2.5. For any |o| < k,
we have that D*f € D*~lelr_ Clearly, D*f € Ds~1¢l» ¢ D™P. Thus, for
any x,y € 0f) that are close to each other we get:

[ D*f(z) = D f(y)] < |Df(x) = Df(2)| + [D*f(2) = D*f(y)l, (2.46)

where z is a point in y(z) N y(y), and dist(z,y) ~ dist(z, z) ~ dist(y, 2).
It follows that the first term of the right side of (2.46) can be estimated
by CMT f(z)dist(x,y)", and the second one by CM?T f(y)dist(x,y)”. This

yields
| D f(x) — D*f(y)|
dist(x,y)™

< OMT f(x) + M7 f(y))- (2.47)



Hence as before we have that for any ¢ > 0: D*f € H™==P(92) and D f €
BP__(09). From this the result follows. Finally, if s > 0 is as integer we use
the fact that for any s’ < s we have D%P C Ds'p. [

Now we look at an interpolation result. Recall quickly a simple case of
complex interpolation scheme we would like to use.

Let E, F' be Banach spaces. Suppose that F' is included in E and the
inclusion F' — FE is continuous. If O is the vertical strip in the complex

plane,
O={2€C;0< Rez<1}, (2.48)

we define

HE r(O) = {u(z) bounded and continuous on O with values in E;

holomorphic on O: ||u(1 + iy)||r is bounded for y € R}.
(2.49)

For 6 € [0,1] we put
[E, Flo = {u(0);u € Hp r(O)}. (2.50)

We give [E, F]y the Banach space topology making it isomorphic to the

quotient

He,r()/{u: u(d) = 0}. (2.51)
For convenience we use the convention: [E, Flg = [F, E]1_¢.

Theorem 2.7. For0 <0 <1,1<p; <py <oo.
[DOJM 7 D07p2]6 — 'DO,q7 (2'52>

where p1, po and q are related by

1 1-—
- = 0 + i (2.53)
q b1 b2

Proof. This has been established in [7]. For the sake of completeness we

include the proof here. Given f € D%4, we can define

u(z) = |f(@)]O2 f(2); (2.54)



u by convention zero when f(x) = 0, with ¢ chosen such that u belongs to
Hopory pore (O), which gives D% C [D%P1, D%P2]y. This proves one inclu-
sion.

The other inclusion follows from the following clever argument pointed
out to me by the referee. Since M is sublinear and maps D%?i bound-
edly into LPi(0R2) for j = 1,2, a real interpolation gives us that M maps
(DO DOP2), . into L4(OQ), thus, (DOP1,DO%P2), . «— D% Now, ac-
cording to well-known connection between the complex and the real meth-
ods of interpolation, [D%P1, DP2)y — (DO%P1 DOP2),  hence the inclusion
[DOP1 DOP2)y C DY follows. O

Remark 2.8. Tt has been pointed out to me by Michael Taylor, that several
Moser-type estimates hold for the spaces D*P.
For any 0 < s < 1 Moser estimates applied to C*® functions on v(z) yield

M?(fg)(x) < CMO f(z)Mg(x) + OM f(2)MPg(x), (2.55)
for all z € 092 and some C' > 0 independent of x. Consequently,

IM*(f9)llr < Cllfllz=llg]

psr + C| f]

'Ds,p”gHLoo. (256)

This together with estimates on the norm of fg on Q yield:

Corollary 2.9. For any 0 < s < 1 and 1 < p < oo there is a constant
C = C(s) such that

[ fgllpsr < CfllL<lgllpsr + Cll fllDsr gl (2.57)
Other similar corollaries arise with use of Theorem 2.5.

3. The operator L~! on spaces D*?

In this section we consider a linear operator
L=A-YV, (3.1)

that acts on functions on a Riemannian manifold M. Here A is the Laplace-

Beltrami operator on M that can be written in a local coordinates as

Ay = g_l/zaj(gjkgl/Qﬁku). (3.2)



We use the summation convention, take (g%) to be the inverse matrix to
(gj1) and set g = det(g;x). As before we assume that the metric tensor (g;)
is of Holder class C%, 0 < a < 1. We also assume that V € L>* (M), V >0
on M and V > 0 on a set of positive measure in each connected component
of M\ Q. Here Q C M is assumed to be open, connected and with Lipschitz
boundary. Therefore we can consider the spaces D*? on ().

The properties of the operator L has been studied extensively in the papers
[23], [24], [25] by Mitrea and Taylor. They established, that the operator L
is an isomorphism

L:H"T2 (M) — H=P (M), (3.3)

for each p € (1,00) and —a < r < a. If we denote by E(x,y) the integral
kernel of L=, such that formally:

L u(x) = /M E(z,y)u(y) dVol(y), x €M, (3.4)

then E(x,y) is singular only on the diagonal {z = y} and decomposes as

E(z,y) = g(y)""*{eo(z — y,9) + er(w,9)} (3.5)
where
ol —.5) = O (X ai@)la; —v)e—w)) . (36)
for a suitable constant C,,, and the residual term e (z,y) satisfies
le1(z,y)| < Cela —y|~r727%9),
Vaer(z,y)| < Celz —y|~ "m0t (3.7)

for any € > 0. (See [25] for details). Let us note here that for n = 2 the term
eo(x —y,y) takes different form, namely it contains a logarithmic singularity
of type log|r — y|~!. For this reason all what follow is carried out only
for n > 3, although the argument can be adapted to accommodate the two
dimensional case.

As shown in [7], there is actually more that can be established about
e1(z,y). Namely, let |29 — y| = 2p, we want to estimate ej(z,y) on {z :

|x—x0| < p}. We shift coordinates so xg = 0 and introduce dilation operators

u,(z) = u(px), lz| < 1. (3.8)



If u(z) = e1(z,y) for |z| < p then (2.76)-(2.80) of [25] yields

ol zr0(B, 0y < C(,¢,6)p” "2 Vs <1+a, g<oo, §>0.
(3.9)
Hence for any 6 > 0
[Vaupllga-s(B, ) < Csp~(M7270F9), (3.10)
This means that for |z — x| < 1|zg — y| we get
\Vaer(z,y) — Vel (zo,y)| < Cslzo —y| ="V |x — z0|* 0. (3.11)

This is equivalent to the statement that for any & > 0 and |z — x| < 1|z —y|
’vwel (ZZJ, y) B Vmel(-fo, y)|

|z — xo|>—e
On the other hand if |z — x| > 1|z¢ — y]| it follows from (3.7) that

|Veer(z,y) — Vaeer(zo,)]
|z — xo|@—¢

< C.lzg —y|~ . (3.12)

< Cemax{lzg —y[~"7Y |z —y| "7V} (3.13)

A direct computation for eqg(z — y,y) gives:
leo(z = y,y)| < Cla =y~
Vaeo(z —y,y)| < Clz —y| "7, (3.14)
Vieo(x —y,y)| < Clo —y[™"
It follows that for any 0 < 8 < 1 and |z — xg| < Z—UQEO — y| we have

|Vaeeo(x,y) — Vaeo(zo,y)|
|z — xo|P

< Clag — y|~ 1A, (3.15)

Similarly, for |z — x| > %|zo — y| we get that

|Vzeo(x,y) — Vaeo(zo,y)|

< Cmax{|xg — y|_(”_1+5), |z — y’—(n—l—kﬂ)}'

|z — xo|P
(3.16)
Hence, if we put things together we get for any 0 < 8 < a:
|B(z,y)| < Cle —y|~",
Vo E(z,y)| < Clz —y|~"7Y, (3.17)
V.E(x,y) — V. E(xq, (i 1
| ( y) . ( Oy)‘ §C|l’0—y| ( 1—|—,8)7 for |£L’—$0|§—|£E0—y|,
|z — x0| 4
CCE ) - :EE ) —(n— —(n—
\VoE(z,y) — Vo E(z0,y)| < Cmax{|zy — y|~B—1HB) g — y|~-148))
| — xo|P

1
for |z — xo| > Z|x0 — .

We are ready to establish the following important lemma.



Lemma 3.1. Assume that the metric tensor on M belongs to the Hélder
class C*, 0 < a < 1. Let x € M be an arbitrary point and r > 0. Consider
a geodesic ball B,.(x) of radius r around x and assume that f € L>°(M) is a
given function with support in B,(z) and bounded in absolute value by one

on M. Let u solve
Lu=f inM, e, u=L"1f (3.18)

Then there exist constants C, Cg independent on f and x such that for any
v,y €M

Tn—l
u(y)| <C ,
) < O ey
rnfl
\V <C , 3.19
Vu(y)| < Tz =g (3.19)
Vu(y) — Vu(y')| !
/ = CB i / 243’
ly —y'|P (r + min{|z — y|, |z — y'|})n—2+F

where 0 < 3 < a.

Proof. We prove (3.19) in two steps. First we take y € By, (x). We estimate
lu(y)| and |Vu(y)| using (3.4) and (3.17). Assume for simplicity that » > 0
is small enough so that we can consider just one geodesic coordinate chart
centered at = that contains the ball By,.(z). In this chart we can also assume
that z is the origin. We integrate over (n—1)-dimensional shells S, = 0B,(y)
centered at y. Simple estimate using (3.17) gives

3r 1
u(y SC/ /—_dUZ dp,
[u(y)| A R P (2)

3r
WmmgoA L-—i——wgmp (3.20)

|z =yl
Since the surface area of S, is of the order of p"~! from (3.20) we get
3r
uo)| <C [ pdpCr, Vaty)<Or (3:21)
0

By possibly enlarging the constant C' in (3.21) we can see that (3.21) and
(3.19) are equivalent for y € B, ().



Similarly, pick y,y’ € Ba,(x) and denote by ¢ the distance between them,
ie., 0=y —1vy'| <2r. We have
[Vu(y) — Vu(y')] < / VyE(y,z) — V,E(Y', 2)] dVol(2). (3.22)
ly—y'l? M ly—y'|?
Using (3.17) we see that different situations arise for |y—z| < 46 and |y—z| >
40. Consider first the integral (3.22) over the set |y — z| < 4J. Obviously

max{ly — 2z~ Jy — 2T} <y — gDy (D),

(3.23)
and therefore:
E —V.,E(
/ ’vy (y,z) Yz (y,z)\ dVOl(Z)
{|ly—z|<46} ly — /|
46 1 58 1

SC’/ /—daz dp+C’/ / ————— do(z) dp,

o Jsply—znHP =) 0 ip [y — 2"t =)

(3.24)
where S, = 0B,(y), S, = 0B,(y'). Obviously, the right hand side of (3.24)
can be estimated by C§'~7 < Cr!=P. On the other hand, integrating (3.24)
over the set |y — z| > 44 yields:

E — V,E(y
/ |vy (y7 Z) YZ (y 7Z)’ dVOl(Z)
{ly—z|>46} ly — |

3r 1
< C/ / e do(2) dp 3.25
a5 Jsp |y —2[v71H6 (=) (3.25)

Again (3.25) is bounded by Cr!=#. Hence we see that, (3.19) is indeed true
for y,y’ € Ba,(x).
Now we consider y outside the ball Bs.(x). Denote by e the distance

between y and B,.(x). We integrate the same way is we did in the first part
over S,. However now it is clear that S, intersects the support of f only for

p > €. Moreover, the surface measure of such intersection can be estimated
by Cr™~!. This leads to

<C’// do(z) dp <
o)l SﬂB(a:)|Z_ |n2 (2) d

rn —1
<c / a 05— (3.26)

_37
Vu(y <C’/ / do p <
| ) SmB(x)\Z—y\"l (=) d

<0/ ch.




Now since € ~ |x — y| — r we get that for |x — y| > 2r (i.e y ¢ Ba.(x))
ex |z —y|+r (3.27)

This implies that the estimate (3.19) works for such y.

Finally, consider the case when either y or 4 are not in By, (z). If |[y—y'| >
£, then the last estimate (3.19) follows from (3.26) and (3.27). Therefore we
have to consider only the case when 0 = |y —y'| < £. If such case however
for any z € supp f we get that |y — z| > 4. Thus as in (3.26) using (3.17)

we get:

n—1

_ / 00
|Vu(y) Yg(y )| SC/ / ;_Hﬁ do(z) dp <
ly =y e Js,nBo@) 12— yl"
o 1 r
n—1

This concludes the proof. [
Now we are ready to establish the following:

Proposition 3.2. Assume that r > 0 is small. Let f € L>®(M) be a
function on M bounded in absolute value by one with support in B,.(z) N,
where x is a point from the boundary 0f). Let u be as before the solution
to Lu = f in M, ie., w = L~'f. We have the following estimates for the

maximal operator M*%u:
M u|poa0) < Cr™* Y, for 1 <p < (n—1)/(n—3),
[IM'ullpoon) < Cr* ™, for 1 <p < (n—1)/(n—2), (3.29)
"M1+'BU"LP(GQ) <Or"l for1<p<(n—-1)/(n—2+p),
where 0 < < a < 1. The constant in the last estimate of (3.29) C' = C(p)
depends on (3.

Proof. Since r > 0 is small, we can find a small neighborhood U of z such

that in this neighborhood there are smooth local coordinates in which
UNQ={x= (2" 2,) €U : 2, > p(x')}, (3.30)

where ¢ is a Lipschitz function with Lipschitz constant bounded by L. Here

L does not depend on chosen point z € 0£2. We will consider nontangential



approach regions y(z) to any point z = (2/, p(z’)) € 92 such that the vertex
of v(z) at z is sharp enough. Namely, we require that any half-ray with vertex
at z that lies whole in ~(z) has “steepness” (absolute value of its slope) at
least 2L.

From this it follows that there exists a universal constant k& (independent)
on 7 such that we can split points z € 92 into two distinct sets. If z =
(2, p(2") € 0 and |2/ — 2’| < kr then ~(z) might intersect B,.(x). At such
point by (3.19) we have:

< COrt=h,

_ /
Mou(z) < Cr2, MOTu)() < Cr,  sup MW Z VUl
Y,y €7(2) ly — /|

(3.31)
On the other hand if |2/ — 2’| > kr then the distance between any point
w € v(z) and z is greater or equal to 1|z’ — z/|. This means that for such z

we get from (3.19):

n—1
0 < r
Mulz) < Ot s
n—1
0 < r
M (VU)(Z) = C(T’ + k—1|zl _ z/Dn—2’
e Vu(y) — Vu(y')| rn—1
Thu(z) & sup | <C
) vy’ €v(2) ly —y'|P T (r+ kT = )n2s

(3.32)

Now we can estimate the LP norms of M°%u, M°(Vu) and 7Pu. On
Byr(z) N OQ we get

[ (MOl doly) < Conte = cpr

Bkr($)ﬂaﬁ

[ M) dr) <o = ot )
Bier (2)NOQ

/ (TPu(y))P do(y) < Crn=tppd=0) = gprtr(1=A)-1
Bm(ac)ﬂﬁﬁ

Similarly, off By, (z) N0 we get:

A n—1 p
MO%u(y))? do g(j// ( r ) do(w) do <
/GQ\BIW(-’E)( (y)) (y) kr Jyes, (T' + k—lp)n—?) (y) P
( 1) A pn—2
<CrP" dp.
=7 /0 (r + k—1p)p(n—3)

(3.34)



Here S, is a (n—2)-dimensional shell defined by S, = 0QN0B,(x). In (3.34)
we have also used that (n — 2)-dimensional surface area of such shell is of the
order p"~2. We further estimate the integral in (3.34):

! e ! (n—3)
n—2—p(n—3
/0 1 h s ¥ SC/o g - (3:35)

Ifp<(n—1)/(n—3) then n —2—p(n —3) > —1, hence (3.35) is finite (and
independent of r). Similarly, using the same technique we get

A
/ (M°(Vu)(y))? do(y) < Crr=Y / pr=2-p(n=2) g,
OO\ By () .

A
[ TPuwy dot) < o [t g,
O\ By () 0

(3.36)

Hence the last integral in the first line of (3.36) is finite for p < (n—1)/(n—2),
and the integral in the second line for p < (n —1)/(n — 2+ ). Finally, we
put (3.33)-(3.36) together to get

HMOUHLP(BQ) < C(Tn—1+2p + rp(n—l))l/p < C(T2+(n—1)/p +7,n—1) < C’/’n_l,
MO (V)| Lo (o) < C(rm 1P 4 pp(n=) e < Opnt, (3.37)
1T 5u|| o (any < C(rm P04 pp=IhL/p < Oyt

In the first line of (3.37) we used the fact that for p < (n — 1)/(n — 3),
r2t=1/p < Cr™=1 for |r| bounded, similar estimate we also used in the
second line for p < (n — 1)/(n — 2) and in the third line for p < (n —
1)/(n—2+ (). From (3.37) we immediately have (3.29). This concludes our
proof. [

Let z = (Z, z,) be any point from the considered coordinate chart (3.30).
We put

v(z) = {w = (v, w,) €U : w, < z, and |2’ —w'| < 2L|z, —wy,|}. (3.38)

Here L is as before a bound on the Lipschitz constant of 0€2. So our region
7/(Vz) is an open downward opening cone with vertex at z. Recall, that we
defined v(z) by (2.2) and in the current setting we assume that K = 2L in
this definition. Hence, if we compare v(z) and ’yf(\zJ) we can see that these

two cones are symmetric with respect to the hyperplane x,, = 2z, in U.



Definition 3.3. Consider a coordinate chart (3.30) and a set A C 092 on
this chart which is open in 9€2. We say that a set A C 2 is a P-image of A

and write
A = Pim(A), (3.39)
provided the set A satisfies the following conditions:
(a) The set {z = (', ¢(2')) € 0N : Jw = (', w,) € A} (a projection of A
onto 01) is A.
(b) z = (%', 2,,) € A if and only if z € Q and ’;(\/Z) NoQ C A.

Remark. The property (a) follows from (b). It also follows that if z € A then
v(z) N C A.
Now we are ready to establish a connection between the set A from the

previous definition and Proposition 3.2.

Proposition 3.4. Let the set A be as in Definition 3.3 and let A = Pim(A).
Consider a solution u = L™'f to the problem Lu = f where f € L>(M) is
a function on M bounded in absolute value by one with support in A. Then

we have:
M ul| 2050y < Cpo(A), for1<p<(n-—1)/(n-3),
M ul| 00y < Cpo(A), for1<p<(n—1)/(n—2), (3.40)

[IMTBu| Loaq) < Cppo(A), for1<p<(n-—1)/(n—2+p),

where 0 < § < a <1 and o(A) is the (n — 1)-dimensional (surface) area of
A on 0f).

Proof. We will do our proof in several steps. Given any point € A, we can
assign to it a positive “height” number h(z) > 0 as follows. In the coordinate

chart we can write x as (2/,x,). Define
h(z) =sup{t e R" : y = (2/, 2, + 1) € A}. (3.41)

Now clearly h(z) > 0 and the whole set Q N ~5(z’, z,, + h(z)) is in A. Here
~v(.) is the cone defined by (3.38). The set

V =0QN07(z, z, + h(z)) (3.42)

is an open neighborhood of x on 9f). Also clearly V' C A. Using the fact that

the surface 0f2 is Lipschitz we can also establish a relation between hA(z) and



o(V'). Namely there are two positive constants ¢; and ¢y depending only on
the Lipschitz constant of 9¢2 such that

ci(h(x)" ' < o(V) < ca(h(z))" L. (3.43)

An immediate consequence of this observation is that the number

H = sup h(x) (3.44)
€A
must be finite, since the surface measure of A is finite. Denote by H the

hyperplane
{z = (2/,0): 2’ € R"1}.

Consider on the chart (3.30) a projection P : U — H which assigns to any
point x = (2, x,,) the point P(z) = (2/,0) € H.

Now consider on H a grid created by (n—2)-dimensional hyperplanes such
that H is divided into (n — 1)-dimensional cubes with sides 2H/L. Let us
denote this collection of cubes by C;. Let D; C C; be a collection of all cubes
from C; that contain a point z € H for which there is an x € A such that
P(x) =7 and h(x) > H/2.

Each cube from C; \ D; we split further so that we get 2"=1 cubes with
side H/L. We denote the collection of all such cubes by C3. Now we define
Dy C Cs to be a collection of all cubes from C, that contain a point x € H
for which there is an x € A such that P(z) =z and h(z) > H/4. From here
we continue inductively. At each stage we split all cubes from C, \ D,, into
2"~ new cubes with sides half of the previous one. Then we put into D,
are cubes from C,, that contain a point z € H for which there is an z € A
such that P(z) = x and h(z) > H/2"™.

Now denote by D the union of all D,,, i.e., a cube belongs to D if and
only if it was selected at certain stage of the process defined above. The set
D is countable and therefore we can order all cubes there into a sequence
D1, Dy, D3, .... Denote by C; the P-preimage of a cube D; on 012, i.e.,

C; = 00N P~H(Dy). (3.45)

The collection of all C; we will denote by C.



There are several important observations we would like make. The first

one is that the collection C covers A. From this obviously
a(A) < o(UCy) =) a(C; (3.46)
=1

Also, since 02 is Lipschitz there are positive constants c3 and ¢4 such that
foralli e N
esA" YD) < o(Cy) < el N"H(Dy). (3.47)

Here A"~ ! is the (n — 1)-dimensional Lebesgue measure on H.

Our other remark is that the inequality sign in (3.46) can also be reversed.
Fix i € N. Denote by r the length of the side of D;. From our construction
it follows that there is x € C; N A such that

h(z) >rL. (3.48)

This means that the whole part of a cone J(2/,¢(z') + r&) (here z =
(', (2"))) that lies in €2 belongs to A, and also the set

vV =00n5 z, +1%) (3.49)

is a subset of A. From a simple geometric argument it follows that the surface
measure of the intersection of V' with C; could be estimated from bellow by
Cr™~! where the constant C' > 0 depends only on Lipschitz constant L of
0. This yields

o(A) > Co(UC;) CZ (3.50)

The estimate (3.50) is crucial. Now for each i we define a set E;. Let
r; be the length of the side of D;. Let Z; be the center of the (n — 1)
dimensional cube D; in ‘H. We lift this point onto 02 such that we get
x; = (x, p(2})) € 0N and P(z;) = z;. Finally, we set

Ei={y=( yn) : Iy — 2l < Lri and |yn — @(a)| < Lri},  (3.51)

so that F; is an n-dimensional ‘cube’ (naturally just in our coordinates) with
center at x; and side of length 2Lr;. This ‘cube’ was carefully picked such
that

Ai={we A: P(w) € D;} C E,. (3.52)



In particular the union of all E; covers A. Finally, we pick a ball B; with
center at x such that F; C B;. Clearly this all can be done such that

Vol(B;) ~ r!. (3.53)
Now we can define a functions f; as follows:
fi=fXa i=1,23,.... (3.54)

Here the set A; comes from (3.52) and X4, is the characteristic function of
the set A;. Obviously

=37 (3.53)
1=1

Now we put u; = L~'f;. Since A; C B; and f; satisfies assumptions of
Proposition 3.2 we get an LP estimates on MO%;, M'u; and M*Fy; for

corresponding p:

M ;|| o a0y < CRIH, M || Lo o) < CRP,
M Bu| o0y < ORI, (3.56)

where R; is the radius of B;. Since r; ~ R; and r?‘l ~ o(C;) we get that

MUl v 90y < Co(Ci). (3.57)

Finally, since u = L1 f can be written as u = > u; combining (3.57) with
(3.50) we get

”MouHLp(ag) < Z HMOUZ'HLp(aQ) < CZU(Cz) < CO(A). (3.58)
=1

i=1
We also get similar estimates for M'u and M!*Pu. This concludes our
proof. [

Now we are ready to prove the following.

Theorem 3.5. Let the metric tensor on M be of class C*, 0 < a < 1.
Assume, that function f : Q — R belongs to D for some 1 < p < oo.
Consider an extension of the function f onto whole the M, by putting f(x) =
0, for all z € M \ Q. Let u be the solution to

Lu=f in M, ie, u=L"'f (3.59)



For any 0 < 3 < « the nontangential maximal function of M TP belongs
to LP(0N)) and there exists a constant C, = C(p, 8, M,Q) > 0 such that

1M Pl Lo o) < Cpll MO flLo(o0)- (3.60)
It follows that the map:
L=t . pop _, pithp (3.61)

is continuous and compact for any 1 < p < oo and 0 < 3 < a. We also have
that the maps

q<n—, fOI’pS n—1 2,
L. poP — DO, (n—1)/p—2 ( )/ (362)
q = 00, otherwise,
n—1
L7': DO — pha 4< mnp=  forp<n-—1,
| q = o0, otherwise,

are continuous and compact for any 1 < p < oo.

Proof. Notice that if the metric tensor g on M is Lipschitz, then (3.62)
follows directly from (3.61) and Theorem 2.5. On the other hand, if we have
the metric tensor only Holder continuous of some class C%, a < 1, then we
will not get (3.62) directly from (3.61). First we concentrate on (3.61). If
p = oo the claim is obvious and follows from (3.3). For 1 < p < oo, consider
the sets

A ={x e dQ: MOf(z) >dYP},  i=1,2,.... (3.63)

Here, if we want to be completely precise we should consider a partition
of unity on 02 and sets A; is each coordinate chart corresponding to this
partition separately. This is because on two different charts the nontangential
approach region y(z) to a point x € 9 might slightly differ. This also means
that the sets A; would slightly differ on such two charts. Nevertheless the
definition (3.63) up to this small simplification is correct.

Since we took open nontangential approach regions ~(.), it follows that
each set A; is open. The fact that M°f € LP(99) is equivalent to

oo

Z O' < oo, & Z < ||M f”Lp(aQ) < O'(AZ) (3.64)

i=1 1=0



Now we want to decompose the function f on M as infinite an sum ) g;
with functions g; defined as follows.

( f(2), if 1< f(z) <1,
go(z) =X 1, if 1 < f(x), (3.65)
[ —1, if 1< —f(z),
(0, if [ f(x)] < i'/P,
flx) =i/, if i/7 < f(x) < (i +1)P,
gi(x) ={ f(z)+i'/?, if il/? < —f(x) <@+ 1D)VP, i=1,2,...
(i +1)P /e, if (i +1)/7 < f(a),
( —G+D)YP it i 4+ DY < —f(2).

If we put:

9i )
f02907 fZ:(Z+1)1/p_21/p7 Z:1727-.., (366)

then for each f; we have |f;| <1, and

F=f+y [(z‘ L)Y/ g, (3.67)

=1

Now we want to find connection between the support set of f; and the set
A; fori=1,2,.... The claim is that

supp f; C Pim(A;). (3.68)

Seeing this is quite easy. Consider one coordinate chart (3.30). If x =
(z',x,) € supp f; then clearly |f(z)| > i'/P. Take any point z from the
intersection of 92 with downward opening cone 7/(\9_0/) The claim is that such
point is in A;. Really, since 2 € y(2) we have that M°f(z) > |f(z)| > i'/?.
From this the fact that x € Pim(A;) follows immediately (see Definition 3.3).

Now we can proceed. Define u; = L™1f; for i = 0,1,2,.... We can use
Proposition 3.4 to estimate M Py, for i = 1,2,.... This yields

M TP prre o) < Co(4;), (3.69)



for some € > 0, small. On the other hand (3.3) yields
M || o a0y < C. (3.70)
By interpolation, for any 1 +¢ < p < o0, (3.69) and (3.70) yields
M B || 1oany < Co(A;)/PFe, (3.71)

for some § = d(p,e) > 0. By (3.69) we see that (3.71) actually holds for any
1 <p<oo.

To estimate M'™Fug, we use (3.3) to get that M Pugl|1ra0) < C. This
finally gives for p > 1:

M| o < Z [(Z- F 1) il/p} M5 | 1o
< C+CY ilTIrg (A, (3.72)

Here we used the fact that (i + 1)/? —i'/P ~ i(1=P)/P and (3.71).

If p =1, we have instead:
IMFPul | <D M FPugr <O+ C Y o (A)

<C+C [ Mfdo=C+|MTPFLi00)

o (3.73)

If p > 1, we use Holder’s inequality to estimate the sum on the right hand
side of (3.72). This yields

> it Pa(a,) e < (Z z'is)l/a <Z O'(Az'))l/?)’ (3.74)

where p = ﬁ <p,g=p/(p—1) >p/(p—1) =qand € > 0. It follows
that the right hand side of (3.74) is bounded by C(1 + || M° f|| 1r(a0)). This

‘almost’ establishes (3.60), baring the term ‘14’ appearing here and also in

(3.73). But we can get rid of it by a simple scaling argument. Since L~! is

linear for any K > 0 we have:

M TEu|[ o = [MTP(LT) o = 2| MIFB(LYKS))| Lo
(3.75)
< E1+ MUK )| roa) = S + CIIMOf|| Lo a0)-



Limiting K — oo clearly yields (3.60).

Finally, (3.61) follows from (3.60), one just have to realize that for any
Q CcC Q we have that fe LOO(KNZ). Hence, for g = fX5 we get L™ lg €
C1*8(M). So we can bound the D'*#P? norm of u = L~'f using the
C1H8(M) norm of L=1g and (3.60). Compactness of the map L~!: D%? —
DBP follows from the fact that for any 3 < 3 < « the embedding
DUF'» « DIHOP is compact (Theorem 2.5). This concludes the first part of
our proof.

Now, we concentrate on (3.62). The main idea is very similar to what we
did before. Therefore we will be brief. Consider first that || f|| a7y < 1 and
supp f C A. Here A = Pim(A) for some A C 02 open. Then we have

Vu(z)| < /Q Vo E(z, ) f(y)] dVol(y) < /A V. E(x,y)| dVol(y). (3.76)

By (3.17) we have that |V, E(z,y)|? € LY(M) for any 1 < ¢ < n/(n —1).
Hence by Holder inequality we can further estimate (3.76). This gives:

Vi) < ([ 9B dVol(y>)1/ ([ dvol(y))l/p
< C(q)Vol(A)V/P. (3.77)

Here 1/p + 1/q = 1, hence (3.77) is true for any n < p < oo. Finally, if
A = Pim(A), then Vol(A) < Co(A)™(»~1). This inequality follows from the
procedure that has been described in details in the proof of Proposition 3.4.
Here the set A was decomposed into a disjoint countable union of sets C}
(essentially n — 1 dimensional ‘cubes’), such that for each C; there is a n-
dimensional ball B; with the property diam(C;) ~ diam(B;) and A C | B;.
From this

Vol(A) < C’Z diam(B;)" ~ C’Z diam(C;)" < CZ U(C'i)"/("_l)

n/(n—1)
< Co (U oi) — Co (A" (D), (3.78)
Combining (3.77) and (3.78) finally yields

1Vl o (ary < C(p) o(A)n/ (mr=p), for any n < p < o0. (3.79)



We want to further improve (3.79) by estimating C°(M) (for § > 0 small)
norm of Vu. Fix p > n. Then we can find 6 = §(p) > 0 such that the function
y — |y|~(»=179) belongs to LI(M) with ¢ as before. This and (3.17) gives:

Vu(z) — Vu(z (n—1— C(n—1—
| (’x)_%’é d <C/ — | (n=1 6)+’$0—y\ (»=1 6)) dVol(y)

< C Vol(A)V/7. (3.80)

The last estimate in (3.80) follows from the Holder inequality, exactly as in
(3.77). Hence we conclude that for any given n < p < oo there is § = J(p)
such that

[Vullesary < Clp)o( Ay 02, (3.81)

Equivalently, it follows that for any € > 0 there is 6 = §(&) such that:
1M ul L 9y < Ce)a(A) D7, (3.82)
On the other hand, (3.40) gives for the same function u an estimate

||M1+5u|| ST < Co(A). (3.83)

Hence, interpolation between (3.82) and (3.83) gives for any (n—1)/(n—2) <

s < oo
1

MU e oy < Co(A)sHmT—e, (3.84)

for any € > 0 and some 6 = d(s,e) > 0.

Consider any 1 < p < oo and let f € D%P. We again define the sets A;
as in (3.63), and we consider the decomposition (3.65)-(3.67) of f. We can
apply the estimate (3.84) to each function u; = L=1f;, i = 1,2,.... Then
(3.67) gives:

IMH 0l

Ls(99) S CZi(l_p)/p||M1+5ui| L3 (89)
< O g (At (3.85)

Using Holder’s inequality to estimate the last term of (3.85) yields:

IM* 0l

Le(o0) < (3.86)
+aty—e

. — (1*17)5("*1)*4—6/ Szl_nll—"_au s T n—1
C< iPG—D—D -9 ) <§ O'(Ai)> ;

w |-




for some &’ = £’(¢) > 0 small (i.e., & — 0+ as ¢ — 0+). Since we want the
number on the right hand side of (3.86) to be finite we need:

(1-p)s(n—1)
p((s =1)(n—1) —5s)

e < 1. (3.87)

We instead solve

1— —1 !
(1 —p)s(n ) < —1, which is equivalent to s < z

p((s =1)(n—1) — ) (n=1)/p—1
(3.88)
It follows from (3.88) that for any 1 < p < oo and any 2= < s < #,

(we take s = oo if p > n — 1) we can find ¢’ > 0 such that (3.87) is true.
Hence, by (3.86) for such s

IM* 0wl

Ls(09) < Q. (389)

It follows that L~' maps D°P into D'T%° for any s < W, provided
p < n—1, s = oo otherwise. Here 6 = d(s,p) > 0. From this the second
line of (3.62) follows, and we also have compactness of the map L. The
first line of (3.62) could be obtained from the second line and Theorem 2.5.
There are two special cases we did not consider here. If p = oo, (3.62) is
a trivial consequence of (3.3). if p = 1 we use (3.40) instead of (3.86). We
again get that L= maps D! into D'*%* for any s < (n — 1)/(n — 2) and
some § = 46(s,p) >0. O

Combining Theorem 3.5 with the results of [23]-[25] and [7] yields follow-
ing:
Theorem 3.6. Let M be a compact n-dimensional Riemannian manifold
whose metric tensor has regularity C*, a > 0. Assume that V € L*>()
and V > 0. Let Q C M be a connected open subset of M with Lipschitz

boundary. Let g € LP(0S2) for some 1 < p < co. Consider the solution u to
the Dirichlet problem:

Lu=(A=V)u=f inQ, u‘aﬂ =g, MO e LP(09),  (3.90)

where f € D% for some 1 < q < co. (Denote the solution u by u = ngf).
There is € > 0 such that for any 2 — e < p < oo the solution u to the
Dirichlet problem (3.90) exists, is unique and the operator LB;:

Lp, : D" — D, (3.91)



(n—1)p
n—1+2p

otherwise. Moreover, we have the following estimate on the norm of LB; f:

n—1

, provided p > 7=, q > 1

is continuous and compact for any q >

I fllpos < Clo, Q)(llgllLrag) + [1fpo.a). (3.92)

If Q is a domain with C' boundary, (3.90) is solvable for any 1 < p < oo.

Also the estimate (3.92) remains true in this case.

Proof. Define a function F' on M by extending f onto the whole M, i.e.,

{ f(x), for x € Q

F(z) = (3.93)

0, otherwise.

Clearly M°F = MYf. Let U = L™!(F). By Theorem 3.5, on  clearly
LU=f —and  |Ulpsr < Cp)|flpos, (3.94)

for some § > 0 small. Thus, we have that U‘E)Q € LP(0N2), by the ‘trace’
Theorem 2.6.

Consider now the following boundary problem
Lw=00nQ, w|,,=g-Ul,, <L), M°weLl(0Q). (3.95)

(3.95) is solvable for all 1 < p < oo, if Q has a C'! boundary by Theorem 3.1
of [7]. If O in Lipschitz (3.95) is solvable for 2 — e < p < oo (see [23], [24]

and [25]). Moreover, the solution to (3.95) satisfies the following estimate on

MO%:

IMOwl a0y < Cllg + U 0 llr o) <Clgllron) + IMOUllLr00)

<C(llgllzra0) + I fllpo.a)-
(3.96)

Now clearly u = U + w solves (3.90) and (3.91) follows from (3.94) and
(3.96).

The compactness of LB; can be proved as follows: Let (f,)nen be a
bounded sequence in D%4. Extend as in (3.93) each f,, onto M. Let U, =
L='F,. By Theorem 3.5 L~ is a compact operator from D¢ to D*?, hence
there is a subsequence, that we will again denote by (U, )nen, convergent

in D%P. Let U be the limit of this subsequence. Clearly, we also have that



Un| a0, converges to U | oo i LP(09). Now we consider the following Dirichlet
problems.

Lw,, =0 on €, w‘aﬂzg—Un‘aQGL”(aQ), MOw,, € LP(09),
Lw=0o0n€Q, w|,,=g-U|,,<cL’092), MweL(09Q).
(3.97)

The results from [23]-[25], [7] guarantee that the sequence (w,,)nen converges
to w in D%P. Thus u, = U, + w, is also convergent in this space (to
U+w). O

We have a similar proposition for the Neumann problem.

Theorem 3.7. Let M be a compact n-dimensional Riemannian manifold
whose metric tensor has regularity C*, o > 0. Assume that V € L>(Q),
V. >0and V > 0 on a set of positive measure in ). Let Q C M be a
connected open subset of M with Lipschitz boundary. Let g € LP(0S2) for

some 1 < p < oo. Consider the solution u to the Neumann problem:
Lu=(A=V)u=f inQ,  dul,,=g ~ MueclLP(0Q), (3.98)

where f € D%4. (Denote the solution u by u = L;,lgf).
There is € > 0 such that for any 1 < p < 2 + € the solution u to the

Neumann problem (3.98) exists, is unique and the operator Lx,lg:

Ly : D% — D', (3.99)

—1 . _
fmn_lﬁg, provided p > Z—_é, q>1

otherwise. Moreover, we have the following estimate on the norm of L;/; f:

is continuous and compact for any q >

1Ly g fllpre < Clo, Q) (llgllzr o) + | fllpoa). (3.100)

If Q is a domain with C' boundary, (3.98) is solvable for any 1 < p < oo.

Also the estimate (3.100) remains true in this case.

Proof. Because, the proof of this theorem is essentially same as that of The-

orem 3.6, we omit it. [J



Theorem 3.8. Let M be a compact n-dimensional Riemannian manifold
whose metric tensor has regularity C'T® « > 0. Assume that V € L>(Q)
and V > 0. Let Q) C M be a connected open subset of M with Lipschitz
boundary. Let g € HP(9Q) for some 1 < p < oo. Consider the solution u
to the Dirichlet regularity problem:

Lu=(A-Vyju=f inQ, ul,,=9, ~ MueLP(0Q), (3.101)

where f € D%4. (Denote the solution u by u = Ll_);f).
There is € > 0 such that for any 1 < p < 2 + ¢ the solution u to the
Dirichlet problem (3.101) exists, is unique and the operator LB;:

Lp, : D" — D, (3.102)

gLn_lng, provided p > =1 ¢ > 1

otherwise. Moreover, we have the following estimate on the norm of LB; f:

15 flpre < Clo, Q)(Ilgllmrrra0) + 1 [lpoa).- (3.103)

If Q is a domain with C! boundary, (3.101) is solvable for any 1 < p < oo.

Also the estimate (3.103) remains true in this case.

is continuous and compact for any q >

4. Uniform estimates of solutions

In this section we investigate some additional properties of the solutions to
the Dirichlet and Neumann boundary problems for the operator L = A — V'
on 2. We start with the following lemma on the kernel E(z, y) of the operator
L~ from (3.4). We keep same assumptions as in the previous section on M
and (2.

Lemma 4.1. Let K > 0 be a given constant. Consider a sequence of func-
tions V™ in L°°(M) such that for any integer n > 1

0<V" <K, V'(z) = V(z) forz € M\ 9, (4.1)

and V! > 0 on a set of positive measure on each connected component of
M\ Q. Denote by L™ the corresponding operator A — V™ and by E"(x,y)
the kernel of the inverse (L™)~!. Then there is a constant C = C(K,e)
depending only on K any € > 0 such that for any n,m € N we have:

‘En(xvy) - Em(ilf,y)‘ S C’x _ y‘_(n—2—a+e)
Vo E™(z,y) — Vo E™(2,y)| < Olz — y|~(—1-a+e), (42)



where « as before is the smoothness of the metric tensor on M.

Moreover, there exists a subsequence (V"% )cn of the sequence (V™) nen,
such that V™ converges weakly in LY(M), for any 1 < q < oco. Let V be
the weak limit of this sequence. It follows that V € L*(M), 0 <V < K.
Denote by L the operator A —V, and by E(x,y) the kernel of L~!. The

subsequence (V™ )pen can be selected such that for any s < 1+ «

E™(z,y) = E(z,y), in Cj(M x M\ diag). (4.3)

Proof. We closely follow [25]. First we want to establish (4.2). The key is the
kernel decomposition (3.5). Clearly, the term eg(z — y,y) does not depend
on V™ and therefore

E"(z,y) — E™(z,y) = g(y) " "/? (e (z,y) — e(z,y)). (4.4)

Hence, it is sufficient to concentrate on the estimates for e}. Here comes
into play the boundedness of the sequence (V™),cn. It follows that in the
decomposition (2.10) of [25], where we write the operator L™ as L™ = L#" +
L™ the part L#™ ¢ OP512’5 does not dependent on n, and the norm of
L>™ is uniformly bounded. This is crucial. It allows us to establish the
statement of Proposition 2.3 of [MT2] uniformly in n. Here if we rephrase
this proposition into our settings we get:
Let O be an open subset of M, which has a C* metric tensor, 0 < o < 1.
Assume
l<p<g< oo, —1<o<-—-1+a. (4.5)

Then given any open Occo

we H™P(0),7 >1—a, L'uwe H™(O)= uec H* (0). (4.6)

Moreover, there is a constant C' = C(7,p,0,q,O) (but independent on n)
such that

H“HH2+a,q((§) < C’(||L"u||HU,q((,~)) + ||u||an((5))‘ (4.7)

It follows (see Corollary 2.4 of [25]) that given any compact set K C
M x M \ diag:

E" e C°(K), foralls<l4a, and |E"|

Cs(K) S C(K, S). (48)



We also get as uniform estimate on the part R%(z,y) of the decomposition
(2.35) of [MT3] in the form of

RS (z,y)] < Clz —y|~"7?. (4.9)
This finally yields an equivalent of Theorem 2.6 of [25] which gives us:

‘6711(3:73/” < CE|SC — y’_(n_Q—O[—‘,—E),
Vel (@ )| < Gl =y 77174, (4.10)

with C. independent of n. From this (4.2) follows.
The second part of the lemma follows from (4.8), since for any s < s’ <
1 4+ o we have a compact embedding C* (K) C C*(K). O

Using this lemma, we can improve Theorem 5.8 of [23] and Theorem 3.1
of [7]. The essence of our improvement is in establishing how the constant
in the estimate (4.12) depends on V. We retain all hypothesis on M, Q. Let
us assume explicitly, that the metric tensor is of class C*, 0 < a < 1.

Theorem 4.2. Let Q be a Lipschitz domain, V € L*°(Q2) and V > 0. Then
there is € > 0 such that given 2 —e < p < oo and f € LP(0S2) there exists a
unique function u € CLL*(Q) satisfying

loc

Lu=(A—=V)u=0inQ, MPu e LP(092), = f € LP(09),
(4.11)

the limit on OS2 taken in the nontangential a.e. sense. Moreover, there is a

“‘ag

uniform estimate

IMOullLoa) < CpllV ) [Lfll Lo (a0)- (4.12)

The constant C,, depends only on the L> () norm of V, not on V itself. If
Q is a C! domain, the claim holds for any 1 < p < oo.

Proof. If p = oo the estimate (4.12) follows from the weak maximum principle
(Proposition 5.7 of [23]). In fact, in such case the constant C, = 1 is
independent of V.

If p < 0o the solution to (4.11) is representable in the form

u="D((3I+K)"'f),



where D is a double layer potential:

Df(x) = /8 OF (i) doly), = ¢ 00, (4.13)

[¢) 8yy
and K is an operator on LP(0f2):

OF

Kf(z)=PV. [ ——
/() o0 DV

(@,y) f(y) do(y). (4.14)
It follows from (4.2) that given any L uniformly bounded sequence (V"),,c N
the corresponding double layer potentials D" and operators K" have norms
uniformly bounded. The only remaining problem is the uniform invertibility
of %I + K™. Assume therefore contrary, i.e., suppose that there is a uniformly

bounded sequence (V"),cn for which

lr4+ gn »
lim  inf (5 )l
n—oo || f|lp=1 |l z»

= 0. (4.15)

It follows from Lemma 4.1, that there is a subsequence of (V"),en (for
simplicity again denoted by (V™),cn), such that we have (4.2) and (4.3) for
some function V € L*(2), V > 0. If K is the operator corresponding to
this function V', we get from (4.2) and (4.3) that

| K™ — K|l z(zey — 0, as n — oo. (4.16)

See (2.12)-(2.13) of [7] for estimates of similar nature. If we combine (4.15)
with (4.16) we get that

1GGT+ K)fllee
mn =0,
I fllp=1 | fll e

(4.17)

which would mean that %I + K is not invertible. Apparently, this contradicts
Theorem 5.8 of [23] and Theorem 3.1 of [7]. O

A similar theorem is true also for the Neumann problem. The main in-
gredients of the proof in this case are the single layer potential (c.f. [23] or
[7]) and the operator K* on LP(9f2) which is a formal dual of K defined by
(4.14). Crucially, the same arguments (4.15)-(4.17) we used for K work also
for K*.



Theorem 4.3. Let Q be a Lipschitz domain, ¢ € L*(2) a given function
g > 0 and g > 0 on a set of positive measure in 2. Assume that V € L>(Q)
and V > q. Then there ise > 0 such that given 1 < p < 2+¢ and g € LP(9f2)

there exists a unique function u € C.F%(Q) satisfying

Lu=(A—-=V)u=0inQ, My € LP(052), (%u!aﬂ =g € LP(00),
(4.18)
the limit on Of) taken in the nontangential a.e. sense. Moreover, there is a

uniform estimate

M ullLea) < Cola, IV IIiLe)llgll Lo ag)- (4.19)

The constant C, depends only on q and the L* () norm of V, not on V
itself. If Q) is a C' domain, the claim holds for any 1 < p < 0.

Finally, for the Dirichlet regularity problem we get in the same spirit:

Theorem 4.4. Let the metric tensor on M be of class C'T*. Let Q be
a Lipschitz domain, V € L*°(Q) and V' > 0. Then there is ¢ > 0 such
that given 1 < p < 2+ ¢ and f € HYP(9Q) there exists a unique function
u € CEt(Q) satisfying

loc

Lu=(A=V)u=0inQ, My e LP(09), = f e H"P(09),
(4.20)

the limit on OS2 taken in the nontangential a.e. sense. Moreover, there is a

“|aQ

uniform estimate

Ml ooy < ColIV =) 9]l o o0)- (4.21)

The constant C,, depends only the L>(§2) norm of V, not on V itself. If Q
is a C' domain, the claim holds for any 1 < p < o0.

Since the proofs are essentially identical to the proof of Theorem 4.2, we
skip them.
5. The semilinear elliptic boundary problems

In the previous sections we have developed enough tools to take on the
semilinear problem outlined in the introduction. We keep same assumptions

as in the previous sections. Namely, M be a smooth, compact Riemannian



manifold dim M > 3 with metric tensor of the Holder class C%, 0 < a < 1.
The set 2 C M is open, connected with Lipschitz boundary.
Given a function g € LP(02) we are interested in finding solution u to the

equation:

Au —a(z,u)u =0, in Q, u‘aﬁ =g, u e DOP, (5.1)
or more generally to the equation

Au —a(z,u)u = f, in £, u‘aﬂ =g, u e DYP, (5.2)

Here, the function a(x,w) is Caratheodory, i.e., measurable in x and con-

tinuous in u. Moreover, we assume that

a(z,u) € L>=(2 x R), a(x,u) >0 (5.3)

We explain later the conditions we put on the function f. It would be
desirable to relax somewhat the condition (5.3). For example the paper [14]
by Isakov and Nachman treats two dimensional problems of the form (5.1)
with more general function a. There is a trade-off, however. The existence
theorem the authors discuss requires the boundary data g not only to be
bounded, but also have some regularity, namely, H'/ 2(0Q). Our treatment
will give us results for the semilinear equation comparable with those for
the linear equation Lu = (A — V)u = 0 on Lipschitz domains as they were
presented for the flat R™ case in [3], [8], [9] or [12] and for Riemannian
manifolds in [23]-[25], [22] or [7]. We also explore the Neumann and Dirichlet
regularity problems.

At the end we show, that given g bounded we can somewhat relax the con-
dition (5.3) for the Dirichlet problem. We begin with the following auxiliary

lemma.

Lemma 5.1. Let a(x,u) be a Caratheodory function on Q x R, ie, a is
measurable in x and continuous in u. Let 1 < p < 0o, and v :  — R be a
given function in D%P N Cl (). Then the function

x — a(z,v(x)) (5.4)
is measurable.

Proof. Given any open domain O CC (2 the function
a(x,v(x)), for x € O,
) { (&, ()

0, otherwise,



is measurable, since on O the function v is continuous. Now taking an
increasing sequence of domains €2y C Q5 C --- CC €2 union of which is €2
does the job, because the sequence of measurable functions h,, defined by
(5.5) converges to = +— a(x,v(x)), x € Q. O

We can formulate our first result.

Theorem 5.2. Let €2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C%, 0 < o < 1. Let a be a
Caratheodory function satisfying (5.3). There exists € > 0 such that for any
2 — e < p < oo we have the following: Given any g € LP(02) there exists a
function u € C.F*(Q) satisfying

Au — a(x,u)u =0 in €, u|89 =g, ueDOP, (5.6)

the limit on 0X) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullpo.r < Cla;p)llglleo0)- (5.7)
If the boundary of Q is C!, the claim is true for any 1 < p < oo.
Proof. First, we establish existence of a solution to (5.6). We consider the
case p < oo. Fix g € LP(02). We define an operator

T : D"? N Cioe(Q) — DP N Cloe(9), (5.8)

as follows. Given u € D% N Cioc, let v = Tu be a solution to the linear

problem
Av — a(z,u)v =0 in £, v‘aﬂ =g, v e DOP, (5.9)

This problem is solvable for any given u € D% N Cl,(Q), since the function
V(z) = a(z,u(x)) is bounded by (5.3), measurable by Lemma 5.1. Hence
Theorem 4.2 applies. This theorem also gives that the norm of v = Tu in
DYP is uniformly bounded (regardless of the initial u). This follows from
(4.12) and interior regularity results which also guarantee that v € C’llotﬁ (),
for any 8 < a. Hence v € DYP N C1,(2) and

[vllpo.r < Clp, llallz<)llgllLro0)- (5.10)



Notice also that D%P NCoc(£2) is a closed subspace of the Banach space DoP,
If we prove that the map T is continuous and compact, then in the light of
(5.10), we may conclude from the Schauder fix point theorem that 7" has a
fixed point Tv = v, for which we also have (5.10). This would establish the
existence of the solution to (5.6).

Concentrate first on the continuity of 7. Assume that we have a con-
vergent sequence (u,)nen of elements of DYP N O, () converging to u. It
follows that

Uy — U, in Cloc(Q). (5.11)

(See (2.10) for proof of this). Denote by vy, v the solutions of the equation
(5.9) corresponding to wu,, u, respectively. It would suffice to show that a
certain subsequence (vy, )xen of (vn)nen converges to v.

We put V,,(z) = a(z,u,(x)) on Q, and extend the functions V,, to the
whole M, so that we can use Lemma 4.1. It follows that there is a subse-
quence of (V,,)nen that is weakly convergent in L9(M), for any ¢ < oo, to

some function V € L*°(M). Since we have
Vo(z) — a(z,u(z)), for any z € Q, (5.12)

clearly V(z) = a(z,u(z)) on . (For simplicity of notation we denote this
subsequence of (V,,)nen again by (Vi )nen). Also we have (4.2) and (4.3).
These two estimates are crucial. From them exactly as in Theorem 4.2 we
deduce that

’ IMO(Df — Dy f)||Lr
im  sup
n—00 || || Lp=1 1w

nhﬂngo K — Kyl zzey =0, (5.13)

=0,

where D,,, D, K,, K are the corresponding double layer potentials (see
(4.13)) or operators defined by (4.14). From the second line of (5.13) and
the fact that %I + K,, %I + K are invertible we also get

lim [|(2+ K,)"" — (A1 + K)™Y|zzry = O. (5.14)

n—oo

From (5.13) and (5.14) together with the fact that the solutions v,, are rep-
resentable in the form v, = D, ((3I + K)~'f,,) we finally get that

lim |M°(v, —v)||z» = 0. (5.15)



This and interior estimates give us that the map 7' is indeed continuous.
Now we turn to compactness. It follows from Theorem 3.6 that for L = A
we have that the operator AB; is well defined and compact on D%P. Assume
that (un)nen is a bounded sequence in the norm of D% N Cj,.(). From
(5.10) we get that v, = T'u,, are also uniformly bounded in the norm. If we
put
hy = a(x, un,(z))v, (), (5.16)

we see that each h,, € DYP and there is some C' > 0, such that ||k, ||po» < C
for all n. Finally, notice that

vn = Tun = A5 ha. (5.17)

The compactness of AB; gives us that a subsequence of v,, is convergent in
DOP. So T is compact and the theorem is established.

If p = oo we proceed differently. Take any (n — 1)/2 < ¢ < oo and solve
the problem (5.6) with v € D%9. Tt follows that such u can be written as
u = AB;h, where h = a(z, u(z))u(x) € D*?. Now, theorem 3.6 gives us that
such u actually belongs to D% i.e., u is bounded. Also the estimate (5.7)
follows. [

Notice however, that in Theorem 5.2 we do not claim uniqueness of the
solution u to the Dirichlet problem (5.6). This is because we do not have
uniqueness for the considered problem. The next example explains the situ-

ation.

Example 5.3. Pick any connected Lipschitz domain 2 C M. Consider the

following functions w1, us solving

Au; =0, in Q, u1|aQ:1,
(A—cug =0, inQ, |y, =1 (5.18)

Here the constant ¢ > 0 is picked small enough such that we have uy > 0 on
). Such c can always be found, since for ¢ = 0 we have that the corresponding
function is equal to 1 everywhere. From (5.18) we get: u; = 1, us > 0 and
therefore Aus > 0. This means the function us is subharmonic. Also u; = us
on 02, hence us < u; =1 on . A variant of the maximum principle gives

us that us attains its maximum on 0f2 and therefore

0 <uz(z) <ui(x) =1, for any x € Q. (5.19)



We define for z € Q:

c#;ém), if ug(z) <u <1,
a(z,u) =< 0, ifu>1, (5.20)
¢, if u < ug(x).

Clearly the function a is Caratheodory and satisfies (5.3). However, both

functions uq, us solve the problem:

Au — a(z,u)u =0 in , 1. (5.21)

ul o =
It follows, that uniqueness requires a stronger condition on the function

a. The next theorem provides us with the answer.

Theorem 5.4. Let all assumptions from Theorem 5.2 hold. In addition,

assume that for the function b(x,u) = a(z,u)u defined on Q2 x R we have:

0 0
— > — > 0. .
8ub(x,u) € L(Q xR) and aub(m, u) >0 (5.22)

Then the solution u to the Dirichlet problem (5.6) is unique.

Proof. Let uy,us € DYP N Cioe(Q) be two different solutions of (5.6) with
ul}@Q = u2|aﬂ' Then, writing

a(z,u1(z))ur(x) — alz, uz(x))uz(z) = Via(z)(ui () — uz(x)) (5.23)
with X
Via(z) = /0 %b(w, us () + t(ur(x) — us(x)) dt, (5.24)

we have Vig(z) > 0, Viy € L*°(Q). The function w = u; — us satisfies

(A=Vi)w=0 inQ, 0, w € DUP. (5.25)

w}aQ -

The uniqueness results from [23]-[25], [7] for the linear equation (5.25) guar-
antee that w =0on Q. 0O

Now we consider equation (5.2) with a term of the right hand side.



Theorem 5.5. Let €2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C*, 0 < o < 1. Assume that a is
a Caratheodory function satisfying (5.3). There exists € > 0 such that for
any 2 —e < p < oo we have the following: Assume X is one of the following
spaces:

(a) L™(Q2) for some r > n/2,

(b) H=P7(Q) for some 1 +a > 3,7 > 1 and r(2 — ) > n,

. r=1, forp < (n—1)/(n—3),
(¢) D7, where r > M, otherwise.
n—14+2p

Then given any g € LP(9Q) and f € X there exists a function u € C{, (€2),

for some 6 > 0, satisfying

Au — a(z,u)u = f in Q, u‘aﬂ =g, u € DOP, (5.26)

the limit on 0X) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullpor < Cla, p)(llgllLr o) + [1f]1x)- (5.27)

If the boundary of Q is C!, the claim is true for any 1 < p < oco. If in
addition the function b(x,u) = a(x,u)u satisfies (5.22) then the solution u is

unique.

Proof. Let p < oo. Fix f € X and consider the Dirichlet problem

Av —a(xz,u)v = f in Q, 0, v e DOP, (5.28)

U‘aﬂ =

for u € DOP N Cloc(2). We put Thu = v. The claim is that T} is a compact
continuous operator and all v are uniformly bounded in D%P. This, together
with the way we defined 7" in the proof of Theorem 5.3 gives us that there is
u € DOP N Ol () which is a fixed point of T + Ty, i.e., (T +Ti)u = u. Such
u solves (5.26). The uniqueness follows exactly as in the proof of Theorem
5.4.

First consider the cases (a) and (b). In fact (a) is a special case of (b), but
because of its importance we stated it separately. Use of embedding theorem
gives us that L='f € C°(M) for some § > 0. Moreover, we have a uniform
bound on the C°(Q2) € D®P norm of U = L~ f independent on u:

1Ullcs @) < Clllalle) [ fllr - (5.29)



Now we consider:
Lw=0, inQ, W]y = —Ul g w e DOP. (5.30)
For the range of p we consider we get that:
IMOwllzr a0y < Cllall=)Ullcs ary. (5.31)
Since Tyu = U + w, (5.29) and (5.31) yield:
[Tyullpor < C(llal[zee)l f]]x- (5.32)

The proof of continuity and compactness of T; uses the fact that C?(Q) is
compactly embedded into DYP. Details are left to the reader.

Finally, suppose that X = D" with r as in the statement of this theorem.
Fix again f € D% and let L = A — a(x,u(x)) for some u € D*P N Coe(Q).
The second line of (3.62) gives us that

L=t . po% _, pOa (5.33)

compactly, for any ¢ < #, provided p < (n —1)/2, ¢ = oo otherwise.
Actually, if we look carefully at the proof of Theorem 3.5 we see that for
such p and ¢ we actually have that

L1 D% — poa, (5.34)

for some 6 = d(p,q) > 0. This means that given f € D" we get that
U = L='f belongs to D=P for some € > 0, r and p are as in the statement
of our theorem. From here we proceed as in the previous case, i.e., we solve
(5.30). Once again we establish (5.32). Then the continuity and compactness
of T} follows from the fact that the embedding D*? into PP is compact.

In p = oo essentially same argument as used in Theorem 5.2 works. Once
again we solve (5.26) with u € D%9 for some finite ¢ > (n — 1)/2. Such
u can be written as u = Al_);h + AB% f, where h is as before the function
a(z,u(z))u(r) € D and AL is a solution operator to the Dirichlet bound-
ary problem Av = f in Q, v| o = 0. For spaces X from the statement of
our theorem, v is bounded. On the other hand, Agzh € DV = L>~(Q) by
Theorem 3.6. So the solution u we found is bounded. [J

A similar result will be true also for the Neumann boundary problem.



Theorem 5.6. Let €2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C*, 0 < o < 1. Assume that a is
a Caratheodory function satisfying (5.3) and inf,cr a(.,u) > ¢(.) on Q, for
some nonnegative function q on 2 that is positive on a subset of () of positive
measure.

There exists € > 0 such that for any 1 < p < 2 + ¢ we have the following:
Assume X is one of the following spaces:

(a) L"(R2) for some r > n,

(b) H=P7(Q) for some 1 > 3, r > 1 and r(1 — 3) > n,

r=1, forp<(n—1)/(n—2),

(c) D%, where -1
r > (n—)p, otherwise.

n—1+p
Then given any g € LP(0R) and f € X there exists a function u €
Cl+5

loc

(), for some § > 0, satisfying
Au —a(z,u)u = f in §, 8”“‘6(2 =g, u € DYP, (5.35)

the limit on 0f) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullprr» < Cla, q,p)(llgllzro0) + [1fllx)- (5.36)

If the boundary of Q) is C', the claim is true for any 1 < p < oo. If in

addition the function b(x,u) = a(x,u)u satisfies

0 0
= 00 = > .
50 b(x,u) € LC(Q xR) and aub(ac,u) > q(z) for allu € R,  (5.37)

then the solution u is unique.

Proof. The main idea of this proof is essentially same as above. Fix g €
LP(0Q2) and f € X. We define an operator

T:DY? — DLP, (5.38)
as follows. Given u € DYP, let v = T'u be a solution to the linear problem
Av — a(z,u)v = f in £, 8,,1)}89 =g, v e DY, (5.39)

This problem is solvable for any given w € DYP. Indeed, first we should
realize that the function V' (z) = a(z,u(x)) is bounded by (5.3) and greater

than or equal to q. We write the operator T" as T} + 15 where v; = Tju solves

Avy —a(z,u)vy =0 in Q, 8V1;1|8Q =g, v, € DYP, (5.40)



and vo = Thu solves
Avy — a(x,u)ve = f in Q, 8,,112‘89 =0, vy € DVP, (5.41)
For T} we apply Theorem 4.3 to get

|T1ullpre < C(llallze,qp)|gllLro0)- (5.42)

Similarly for T, analysis close to the one done in the previous proof shows:

[ Toullpr» < C(llallze<, ¢, p)II f]lx- (5.43)

This two estimates together with continuity and compactness of T7 +75 again
guarantee the existence of the solution to (5.35) and the estimate (5.36).
(We again use Schauder fix point theorem). The proof of compactness and
continuity goes basically, as in Theorem 5.3 for 77 and Theorem 5.5 for T5.

We use that the solution to (5.40) can be written as a single layer potential
v = S((~3I+ K*) 1), (5.44)

where

Sf(x) = . E(z,y)f(y) do(y), for x € Q, (5.45)

is a single layer potential (a mapping LP(99) into D!?) and

oF

K*f(x) =P.V.
f(z) 0 O

(z,y)f(y) do(y)z € 09, (5.46)

is an operator on LP(02) (a formal adjoint of (4.14)). The invertibility of
—1I+ K* for the considered range of p follows from [23]-[25] (Lipschitz do-
mains) and [7] (C! domains). Similarly as before, for any bounded sequence
(un)nen in DYP there is a subsequence for which V,, = a(x, u, (z)) is weakly
convergent to some V (Lemma 4.1). For this subsequence we get estimates

corresponding to (5.13), namely

li HMl(Sf_Snf)HLP
im  sup
n—00 || ¢l Lp =1 £l e

nh_)rr;o |K* — K|l z0) = 0. (5.47)

=0,



Here S,,, S, K, K* are the corresponding single layer potentials and oper-
ators (5.46) to Vi, V, respectively. We do not push this analysis further, we
just remark that the compactness of T; is a consequence of compactness of
AI_\&] from Theorem 3.7. Similarly the compactness of the second piece T fol-
lows from Theorems 2.4 and 3.5 in case X = D" and from the compactness
of embedding of C17¢ into C! in the cases (a) and (b).

Finally, the proof of uniqueness is essentially same as in Theorem 5.4. The
only change is that we have now for Vj5 defined by (5.24) a lower bound:
V' > q. Hence uniqueness results for the linear Neumann problem are appli-
cable. [

In the same style we can establish the following regularity result for the
Dirichlet problem.

Theorem 5.7. Let () C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C'7%, 0 < a < 1. Assume that a
is a Caratheodory function satisfying (5.3). There exists € > 0 such that for
any 1 < p < 24 ¢ we have the following: Assume X is one of the following
spaces:

(a) L"(R2) for some r > n,

(b) H=P7(Q) for some 1> B, r > 1 and r(1 — 3) > n,

r=1, forp<(n—1)/(n—2),

(c) D%, where -1
r> u, otherwise.

n—1+p
Then given any g € H'P(92) and f € X there exists a function u €
Cl+5

loc

(), for some § > 0, satisfying
Au — a(z,u)u = f in Q, u‘ag =g, u e DYP, (5.48)

the limit on 0X) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullpre < Cla, p)(llgllarr o) + 1fllx)- (5.49)
If the boundary of Q is C!, the claim is true for any 1 < p < oco. If in

addition the function b(x,u) = a(x,u)u satisfies (5.22) then the solution u is

unique.

Proof. Again the idea is to use Schauder fix point theorem. The key fact is
that for all 1 < p < 2 + ¢ in the Lipschitz case and all 1 < p < oo in the C*



case, the solution v to the problem
(A—=V)v=0in Q, v}ag =g, v € DP, (5.50)

can be written as v = S(S71g), where S is the single layer potential (5.45)
and S : LP(0Q) — HYP(9Q), is an invertible map (the single layer operator)
defined by

Sf(x) = /69 E(z,y)f(y) do(y), for xz € 0. (5.51)

The rest goes essentially unchanged. [

Finally, we look more closely at the case when boundary data g of the
equation (5.2) are bounded. In such case we can modify our assumption on
the function a. We will assume that

for any M € (0,00) we have: sup Ja(x,u)| < oo, a(z,u)>0.
u€[—M,M]
zeQ
(5.52)

Then the following is true.

Theorem 5.8. Let 2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C“, 0 < o < 1. Assume that a is
a Caratheodory function satisfying (5.52).

Then given any g € L*>(0f)) there exists a function u € C’llotﬁ(ﬂ), for any

8 < a, satisfying
Au — a(x,u)u =0 in €, u!aQ =g, u € L>(Q), (5.53)

the limit on 0f) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ull Lo () < N9l (00)- (5.54)

If a is a Caratheodory function that satisfies (i), (ii) and (iii):

(1) for any M € (0,00) we have: sup J|a(z,u)| < oo, a(xz,u) >0,
u€[—M,M]
e
(73) either lim (supa(z,u)) < oo or limsup(inf a(z,u)) >0,
T el e (5.55)

(731) either lim (supa(x,u)) < oo or limsup(inf a(z,u)) > 0.
U——30 1) u——oo TE



Then, given any f € L*>®(Q), g € L>®(0N) there exists a function u €
Cl+ﬁ

loc

(Q), for any § < «, satisfying
Au — a(x,u)u = f in §, U‘aﬂ =g, u € L™(Q), (5.56)

the limit on 0S) taken in the nontangential a.e. sense.

If in addition the function b(x,u) = a(x,u)u satisfies

< oo, forany M >0, and aib(x,u) >0, (5.57)
u

0

sup —b(x,u

uE[—M,M] ‘au ( )
e

then the solution u is unique.

Remark. Notice, that if the function a does not depend on z, i.e., a(x,u) =

a(u), then the conditions (ii), (iii) are satisfied automatically.

Proof. We start with equation (5.53). The key is to modify the function a.
Let M = sup,cpq |g(x)|. Consider a function s defined as follows

x, for x| < 2M,

Yy (x) = { (5.58)

2Msign(x), otherwise.

We solve a Dirichlet problem
Au — a(z, Y (u))u =0 in £, u‘(.m =g, u € DV (5.59)

The function a(z, ¥ (u)) satisfies all assumptions of Theorem 5.2 and there-
fore there is at least one solution u to (5.59). We will show that u actually
solves (5.53) as well.

Construct a sequence (g, )nen of continuous functions on 9 such that
gn — g in L*(89) as n — oo, and [|gn || 00) < |9l (09)- Then if u, is a
classical solution to the linear problem:

Auy, — a(z, Ypr(u))u, =0 in £, un’ag = gn, u, € C(Q) NCL(Q),

(5.60)
we have that u,, — u uniformly on compact subsets of {2 and the maximum
principle,

unll oo ) < llgnllzean) < 9llL~a90)- (5.61)



Hence, passing to the limit we have

[ull Lo (@) < N9l (00) = M. (5.62)

However, clearly for such u: a(x,¥n(u)) = a(x,u). So we have (5.53) and
(5.54).

Now we look at (5.56). We will denote the first condition in (ii) by (iia),
the second one by (iib). Similarly for (iii), we denote the first condition
by (iiia), the second by (iiia). There are essentially four cases to consider.
Obviously if (iia), (iiia) hold, then a is bounded and therefore Theorem 5.5
applies.

For 0 < M, N < oo consider the function

u, for — N <u< M,
YN (u) =4 M, for u > M, (5.63)
—N, for u < —N.

If (iib) and (iiia) hold, we take 0 < M < 0o and N = oo. In case (iia) and
(iiib) are true, we consider M = oo and 0 < N < oo. Finally, if (iib) and
(iiib) hold, we consider 0 < M, N < cc.

Denote by ups,n € L*(€2) the solution to the equation

AUMJ\[ — a(m,qu,N(uM,N))uM’N = f iIl Q, /U/M7N’89 =4dg. (564)

Obviously, for considered M, N always a(z,¢¥a,n(u)) € L=°(Q x R) and
thus the existence of the solution ups v is guaranteed by Theorem 5.5. The
claim is that for some pair M, N the function ups,n actually solves (5.56).

To see this, consider first that (iia) holds. In such case M = oo and

therefore for any u(x) > 0:

a(z,u(x)) = a(z, Yoo, n(u(x))). (5.65)

If (iib) holds then there is € > 0 and an increasing sequence My, Mo, . ..

converging to oo for which
a(z, M;) > ¢, for all x € €, 1=1,2,.... (5.66)

Find the smallest m € N for which eM,,, > || f| (o) and My, > ||g]| £ (a0)-
We claim that for any N > 0 we have

Unt N < My, (5.67)



At this stage we drop index M,,, N to keep notation simple. Assume that
(5.67) does not hold, i.e., for some x € , u(z) > M,,. Then there is p €

for which

u(p) = sup u(zx). (5.68)
z€f)

At this point the function u has a global maximum, hence necessary Au(p) <

0. But obviously

Au(p) = f(p) + alz,u(p))ulp) = f(p) + alz, My )u(p) > f(p) + eMm > 0.
(5.69)
So, indeed (5.67) is true. Clearly, for u(xz) > 0 that satisfies (5.67) we have:

a(z,u(x)) = a(z,Ym,, n(u(z))). (5.70)

So if (iia) or (iib) hold we can always find M such that for any considered
N the solution u = ups, n to the equation (5.64) has the property:

a(z,u(x)) = a(z,Ym n(u(x))), provided u(x) > 0. (5.71)

Using essentially the same argument one can also show that there is NV
such that for any considered M the solution u = ups n to the equation (5.64)
has the property:

a(z,u(x)) = a(z,Ym n(u(x))), provided u(x) <O0. (5.72)

Putting (5.71) and (5.72) together we see that there is a pair M, N for
which we have for u = up n: a(x,u) = a(x, ¥ n(w)), hence u solves (5.56).

Uniqueness again uses same argument as in Theorem 5.4. We again get
(5.25) for a difference w of two solutions to (5.53). Boundedness of both
solutions ensures that the function V5 defined by (5.24) is nonnegative and
bounded. So, w =0. 0O

Remark. A good example of an equation satisfying the assumptions of The-

orem 5.8 is

Au — |ulPu=0in Q, =g € L>=(09), (5.73)

“|aQ

for any p > 0. Theorem 5.8 gives us both existence and uniqueness for this

equation.



Example 5.9. There is a nice example illustrating the second part of Theo-
rem 5.8. This example is two dimensional. We did not consider the case dim
M = 2 in close detail, there is however no reason for all our work not to work
in two dimensions. The difference is that instead of having the decomposi-
tion (3.5) with the leading term of the form (3.6) we would get logarithmic
singularity of the leading term for dim M = 2.

Let 2 C M be a connected Lipschitz domain on a two dimensional com-
pact Riemannian manifold M. We want to impose a given Gaussian curva-
ture K (z) < 0 on the set © by conformally altering a given metric g, whose

Gauss curvature is k(z). As noted in [26], if g, ¢’ are conformally related,
g =e*g, (5.74)
then K and k are related by
K(z) = e " (—Au + k(z)), (5.75)

where A is the Laplace operator for the original metric g. So, we want to
solve the PDE
Au = k(z) — K(z)e*. (5.76)

We might also want to impose Dirichlet boundary conditions on u, i.e, in
(5.74) we exactly specify ¢’ on 9€2. Under certain mild conditions the equa-
tion (5.76) satisfies all assumptions of Theorem 5.8.

What we need is k(z), K(z) € L*™°, and K(z) < —k < 0 for some k > 0.
We can rewrite (5.76) as

et — 1

u

Au—(—K@) )u:k@y—K@L (5.77)

i.e, we have

a(zu) = K@) "1 and  f(z) = k(z) — K(2). (5.78)

u

Obviously, f € L>*(Q), a(x,u) > 0,

sup  a(z,u)| < ||K||L0062M,
u€[—M,M]
reN

e — 1

limsup(inf a(z,u)) > lim k = 00. (5.79)

u—oo TEQN U— 00 u



Similarly, (iiia) also holds. The uniqueness condition is also satisfied, since
b(z,u) = —K(x)(e®** — 1) and therefore

é 2
_ u > . .

It follows that given any h = € L% (09) we can construct on €

u‘aQ
a conformal metric ¢’ with prescribed curvature K(z) < 0 and boundary

‘values’
gl‘fm = 6%9‘897 (5.81)

where g is the original metric tensor on M. Let us note that a different
boundary value problem (with u — oo as  — 99) is discussed in the paper
by Mazzeo and Taylor [20] for K(z) = —1.

6. 7'(052), bmo(9Q) and C#(9Q) boundary problems

In the last section of this paper we would like to consider the ‘end point
case’ for Neumann and Dirichlet regularity problems, i.e., for p = 1. From
the results for the linear problem (i.e. a(x,u) = V(x)) we know that given
g € LY(99Q) it is not always possible to solve the equations (5.35) and (5.48).

In this case, the natural replacement of L!(99) is the Hardy space h!(92).
The solvability of the linear Neumann and Dirichlet regularity problems with
boundary data in h'(9Q) was established in various settings in [9], [19],
[24], [25] and [7]. We will establish that the same remains true even for
the semilinear equation. We return to our original hypothesis (5.3) on the

function a.

Theorem 6.1. Let 2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C*, 0 < o« < 1. Assume that a is

a Caratheodory function satisfying

a(x,u) € L=(2 x R), iré%a(.,u) > q(.) on €,
for some nonnegative function q on §) that is positive on a subset of €} of
positive measure. Let X be one of the following spaces:
(a) L™(Q2) for some r > n,
(b) H=P7(Q) for some 1 > 3, r > 1 and r(1 — 3) > n,
(c) D1,



Then given any g € h'(0Q) and f € X there exists a function u €
Cl+5

loc

(), for some § > 0, satisfying
Au — a(x,u)u = f in ), 8yu‘89 =g, u e DY, (6.1)

the limit on 0X) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullprs < Cla, g, p)([lgllnr o) + 1f]lx)- (6.2)
If in addition the function b(z,u) = a(x,u)u satisfies
2b(sc,u) e L*(QxR) and agb(:v, u) > q(x) for allu € R,  (6.3)

ou u
then the solution u is unique.

Proof. The main idea of the proof is essentially unchanged. We again define
amap T : DM — D! by putting Tu = v for v € DY and v solving the

Neumann problem
Av —a(z,u)v = f in Q, 8,,1)}89 =g, v e DHL (6.4)

Once again, we can decompose 1" as a sum of two operators 77 and 75 defined
as in (5.40)-(5.41) for p = 1 and g € h'(09Q). Then the result on continuity
and compactness of T5 follows directly from Theorem 5.6 since we have that
Ty actually maps DV! into D94 for some 6 > 0 and ¢ > 1.

On the other hand the fact that T3 is well defined is a consequence of the
Proposition 5.3 of [24]. If we look closely at the proof of this proposition (by

decomposing ¢ into ‘atoms’) we get that
M Trull L 00y < Cllglln o0, (6.5)

with constant C' independent of u. In fact C' depends on the L°° norm
of a and the function ¢ only. The rest follows, the proof of the fact that
T} is continuous and bounded remains same as in Theorem 5.6. To get an
equivalent of the second line of (5.47), i.e. that

Jim (|57 = Kl 2en 00)) = 0, (6.6)
we use the first part of Lemma 2.4 of [7]. O

In what follows by H!(9Q) we mean a Hardy-Sobolev space on 99 de-
fined by
HYN(0Q) = {f : 09 — R: Ve f € B (D)}, (6.7)

equipped with the norm || f{|g1.100) = || flln00) + |V fllna9)-



Theorem 6.2. Let €} C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C*, 0 < o < 1. Assume that a is

a Caratheodory function satisfying
a(xz,u) € L=(2 x R), a(.,u) > 0.

Let X be one of the following spaces:
(a) L"(R2) for some r > n,
(b) H=P"(Q) for some 1 > 3, r > 1 and r(1 — 3) > n,
(c) DL

Then given any g € H"1(99Q) and f € X there exists a function u €
Cl+5

loc

(), for some § > 0, satisfying
Au — a(z,u)u = f in §, u}aﬂ =g, u € D, (6.8)

the limit on 0f) taken in the nontangential a.e. sense. Moreover, we have a
bound

[ullprr < Cla, p)(llgllarr00) + [1f11x)- (6.9)
If in addition the function b(z,u) = a(x,u)u satisfies
O ) e QX R) and b(a,u) > 0 (6.10)
5y 0%, U a 5, @, 1) 20, .

then the solution wu is unique.

Proof. The map S defined by (5.51) maps h'(992) isomorphically to H1(92)
as has been shown in [24]. The rest goes as in the previous theorem. [

Similarly, for the Dirichlet problem we can consider a bmo(9f2) version of
Theorem 5.5. The following theorem together with the idea of the proof has
been pointed out to me by Michael Taylor.

Theorem 6.3. Let €2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C*, 0 < o < 1. Assume that a is

a Caratheodory function satisfying
a(x,u) € L=(2 x R), a(.,u) > 0.

Let X be one of the following spaces:
(a) L"(S2) for some r > n/2,



(b) H=P"(Q) for some 1 +a > 3,7 > 1 and 7(2 — ) > n,
(c) DO for some r > (n —1)/2.
Then given any g € bmo(0) and f € X the D°? solution u to the

equation
Au — a(x,u)u = f in Q, u}aﬁ =g, u € D2, (6.11)
has the following additional property:
MOl Lo a0y < C(Q)p(lgllbmoan) + [If]x)  for any 2 < p < oco. (6.12)

It follows that there is a constant K > 0 such that for any

a < K([|gllbmoon) + 1 fllx)~"

the function exp(aM®u) is L*(9Q) integrable.

Proof. We are not concerned with the existence of a solution, since it follows
from Theorem 5.5 that there is u € C’llotﬂ (©2) that solves (5.26) for any
2 < p < oo. A crucial point is, that we can take the constant C'(a,p) in
(5.27) independent of p, provided we consider p only in the range [2,00).
This follows from the fact that for each p the estimate (5.27) was obtained
from (4.12). However, the constant C, in (4.12) can be taken uniform for
p € [2,00] since we can interpolate between the estimates for p = 2 and
p = oo. Hence, indeed there exists C' = C'(a) such that for any 2 < p < 0o

we have
ullpo.r < C(llgllzraa) + 1 f]lx)- (6.13)

Now, we use the fact that given g € bmo(0€2) we have the following bound
on the L? (p > 2) norm of g:

l9llr00) < Cpllgllbmo(an) - (6.14)

That is, the LP norm of g increases at most linearly, as p — oco. From this
and (6.13) it follows that

IMOullzr < CULfllx + pllgllbmoae)) < Co(Ifllx + llgllbmotany),  (6.15)

for any 2 < p < co. It turns out that the condition (6.15) is equivalent to the
fact that for any o > 0 the measure of the level set {x € 9Q; M u(z) > a}



decays exponentially as a — oo, i.e, there are positive constants K, b such
that
o({x € 0% M u(z) > a}) < Ke . (6.16)

The result [15] due to John and Nirenberg shows that this property holds for
any bmo function. This inequality implies integrability of the exponential of
aMPuy for small a > 0.

OJ

Finally, we consider a Dirichlet problem with boundary data in the Holder
class CP(9€2) for some 3 small. We have the following:

Theorem 6.4. Let 2 C M be a connected Lipschitz domain in a Riemann-
ian manifold M whose metric tensor is in C'7%, 0 < a < 1. Assume that a

is a Caratheodory function satisfying
a(x,u) € L=(2 x R), a(.,u) > 0.

There exists a number oy > 0 such that given any 0 < 8 < «aq the following
holds. Assume X is one of the following spaces:
(a) L"(Q2) for some r such that 3 <2 — 2,
(b) H=7"(Q) for some 1 +a >, r>1and §<2—7vy— 2,
(c) DO for some 3 < 2 — 2=,

Then given any g € CP(99Q) and f € X there exists a function u € CP ()
satisfying

Au — a(z,u)u = f in §, u‘aﬂ =g. (6.17)

Moreover, we have a bound

[ullgs @y < Cla, B)(llgllcs o) + I1F11x)- (6.18)

If in addition the function b(x,u) = a(x,u)u satisfies (6.10) then the solution
u is unique. If the boundary of 2 is C*, then we can take ag = 1.
If f = 0 we might relax our assumptions of the function a. All above on

the existence and regularity of the solution remains true, provided a satisfies

for any M € (0,00) we have: sup |a(z,u)| < oo, a(z,u)>0.
u€[—M,M]
e
(6.19)



The uniqueness requires

< oo, forany M >0, and %b(:{;,u) >0, (6.20)

0

sup —b(x,u

ue[—M,M]‘au ( )
zeN

where b(x,u) = a(z,u)u. Finally, if a satisfies (6.19) and

(i) either lim (sup a(z,u)) < oo or limsup(inf a(x,u)) >0,
U—00 Le) u—oo TEQN
(6.21)
(i7) either lim (supa(z,u)) <oo or limsup(inf a(z,u)) >0,
U—=—0 1O U——00 TE

then, we can even take f # 0, namely we need f € L°°(Q2). For the unique-

ness we again need (6.20).

Proof. Since given g € C?(99) we also have that g € L>(0€), hence the
existence of a function uw € L*°(Q) that solves Au — a(z,u)u = f in Q,
u‘ aq = ¢ follows from Theorems 5.5 and 5.8.

We need to show that given the assumptions on the functions f and g
we actually have u € C?(€2). Seeing this is not difficult. We can write the

solution u as a sum of two functions u = v + v9, where

f, in €,

0, otherwise.
(6.22)

Given f from X, in all three cases it follows that v; € C?(Q2). Now we take

v9 to be a solution to the equation

v =L"'F, for L =A —a(x,u), and F = {

Avy — a(x,u)ve =0, in £, ’Ug‘aQ =g— fu1|89. (6.23)

The fact that the linear equation (6.23) is solvable with vy € C#(Q) follows
from Theorem 3.4 of [7] for any 0 < 8 < 1 (on C' domains) and from
Corollary 7.8 of [24] for some 0 < 8 < ap < 1 (on Lipschitz domains). This
gives u = vy + vy € CP(Q) and also the estimate (6.18). [
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