TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 355, Number 4, Pages 1365-1399

S 0002-9947(02)03210-5

Article electronically published on December 2, 2002

EXISTENCE AND UNIQUENESS
FOR A SEMILINEAR ELLIPTIC PROBLEM
ON LIPSCHITZ DOMAINS
IN RIEMANNIAN MANIFOLDS II

MARTIN DINDOS

ABSTRACT. Extending our recent work for the semilinear elliptic equation on
Lipschitz domains, we study a general second-order Dirichlet problem Lu —
F(z,u) = 0 in Q. We improve our previous results by studying more gen-
eral nonlinear terms F'(z,u) with polynomial (and in some cases exponential)
growth in the variable u. We also study the case of nonnegative solutions.

1. INTRODUCTION

This is a continuation of our paper “Existence and uniqueness for a semilinear
elliptic problem on Lipschitz domains in Riemannian manifolds” [3]. In that paper
we initiated a program aimed at extending results for LP Dirichlet and Neumann
boundary problems for linear second-order elliptic equations on Lipschitz domains
to the class of semilinear elliptic problems.

We recall the general setting of [3], which will also be in effect in this paper. Let
M be a smooth, compact Riemannian manifold of real dimension dim M =n > 3,
with a Riemannian metric tensor, which is assumed to be Lipschitz. Let Q C M be
a connected Lipschitz domain in M. The equation we consider can be written as

(1.1) Lu— F(xz,u) =01in Q, u‘agngL”(f}‘Q),

where L is a second-order strongly elliptic, (formally) selfadjoint, negative definite
differential operator that can be locally written on a coordinate chart U C M as

0 0 0
1.2 L = — i — b.____
( ) |U Zaxja]kaxk+z ]axj+c7
J.k J
with coefficients
(1.3) ajx € Lip, b; € HY", ce L'/?,

for some r > n. (Actually in [3] it was assumed that L = A is the Laplace-Beltrami
operator; we will extend the results of [3] for the more general operator L.)

If the function F' is differentiable in the variable u, we can rewrite the equation
in a more convenient form:

(1.4) Lu—a(z,u)u = fin Q, =g e LP(0Q),
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where f(z) = F(x,0) and

(1.5) a(x,u) :/0 %F(m,tu) dt.

The main idea in [3], which allowed us to solve the equation (1.4), was to use
results for the linear equation and a fixed point theorem on a new class of spaces
D*P. These spaces were introduced in a simplified version in [4]; the full definition
with a list of properties was given in [3]. (Additional properties of the spaces D*P
are studied in section 2, below.)

However, in the paper [3] we placed one strong restriction on the function a in
equation (1.4). Namely, for p < co we assumed that

(1.6) a(z,u) € L>®(Q x R).

The main goal of this paper is to replace the condition (1.6) by a more general
condition that allows polynomial growth in the variable u. Let us also mention that
in [3] we also studied the Neumann boundary problem, which we will not consider
here.

For references to the linear theory, see papers by Verchota [24], Fabes, Jodeit
and Rivere [9], Dahlberg and Kenig [7] and others. These papers apply the method
of layer potentials on Lipschitz domains in the flat space R™. Recently, a new
development for the linear problem was carried out by Mitrea and Taylor (see
[19], [20], [21], [22]), who brought the subject to the variable coefficient setting on
Lipschitz domains in compact Riemannian manifolds.

Before we give a list of results, let us briefly mention results by other authors
for the equation (1.1) and related problems. The two-dimensional planar case for
L = A was recently considered by Isakov and Nachman [12]. Their approach is
purely variational with use of the maximum principle. The result on the Dirichlet
problem obtained by them requires boundary data bounded and having at least
half a derivative, i.e., H'/22(9Q). Here H*P stands for a standard Sobolev space
of LP integrable functions, 1 < p < oo, with s derivatives, s € R. For the nonlinear
equation (1.1) in dimension greater than two, there are some results discussed in
the book by Gilbarg and Trudinger [T1]. Their assumption on the boundary data
is H2r=D/P? with p > n. They also require the boundary to be at least of the
class C%?, which naturally excludes Lipschitz domains. Positive solutions were
investigated in the papers by Chen, Williams and Zhao [2] and also by Jin [13].
There is a slight overlap with their work, in particular Theorem 5.1. Finally, our
recent joint work with Marius Mitrea [5] considers the problem presented here in
Sobolev-Besov spaces.

To end this introduction let us briefly give an overview of the main results of this
paper. These results will be established in sections 4-6, after the necessary tools
are developed in sections 2 and 3.

For 2 — ¢ < p < oo we will show that equation (1.4) has a solution u € D%P,
provided a(x, u) is a Carathéodory function such that

(1.7) 0 < alw, u) < k1(2) + ka(@lul™,

for some ki, ko >0, k1 € L5(Q), ke € LY(Q) (s,¢ > n/2) and
2—n/t

(1.8) 0<m<pi="

n—1"
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It is also assumed that f € L£4(Q), for some r, ¢ (see Definition 2.2 and Theorem
4.3). If, in addition, F(z,u) = a(x,u)u — f satisfies

0
(1.9) 0% A0 F(r,u) < k(o) + ka(@)lul™
with k1, ko, m as before, we also have uniqueness. If p = oo, instead of (1.7) it
suffices to assume
(1.10)

for any M >0 sup a(x,u) € L*(Q) for some s > n/2, a(x,u)>0.
u€[—M,M]

For uniqueness one has to require
(1.11)

0 0
forany M >0: sup —F(z,u)€ L*(Q) for some s > n/2, —F(x,u) > 0.
ue[—M,M] OU ou

If the function a satisfies
(1.12) 0 <a(z,u) < k(z)e,  for some A > 0and k € L3(Q) (s > n/2),

then there exists C' > 0 such that the equation (1.4) is solvable for any u| 00 =9
with g = g1 + g2, where g1 € L*°(09Q) and [|g2||Bmo(an) < C. If (1.12) holds for any
A > 0, we can take any g € BMO(9f). Uniqueness requires a condition similar to
(1.12) for the function 2 F(z,u).

Finally, we have a stronger result for nonnegative solutions. For any 2 —¢ < p <
00, if (1.11) holds and g € LP(92), g > 0, and f € LL(0N), f < 0, then there exists
a unique nonnegative solution u € D% to (1.4).

2. THE OPERATOR L~! ACTING ON L"(§2) x D*P

In section 3 of the paper [3] we considered actions of the inverse L~! of the linear
operator

(2.1) L=A-V

on the Banach space D®P. Here A is the Laplace-Beltrami operator on a Riemann-
ian manifold M, and V € L>®(M), V > 0, is a given function.

The goal of this part is to extend our understanding of the actions of L=! in
case L is a more general second-order elliptic operator, as well as the case when
L~1 acts on functions that are products of functions from L"(£2) and D*? for some
1 < p<ooandr >n/2 Our main result (Theorem 2.3) shows that L~! is a
smoothing operator, i.e., there is a gain of regularity. Before we state this result we
introduce two definitions.

First, let us recall briefly the definition of the space D*? from [3]. Throughout
the paper Q2 C M will always be an open, connected domain in M with Lipschitz
boundary. Let {y(z);z € 9} be a collection of nontangential approach regions
(as in [3]) such that {y(x);x € 00} covers Q and for any point y € 2 the (n — 1)-
dimensional surface measure of the set {x € 9Q;y € ~(z)} is proportional to
dist(y, Q)" 1. This guarantees that the function M?*f defined below gives us
good information about the C¢ (£2) norm of f.

loc
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Definition 2.1. For any f: Q — R, x € 92 and s > 0 we consider the number

(2.2)
sup |D%ul, if s € Z,
lal<s #€7(@)
Msf(l‘) = D — D« /
sup |D%u| + Z sup | u(z) - Sjlk(z )|, otherwise.
lal<k zevy(x) | =F z,2' €vy(x) dlSt(zv z )
Here k is the integer part of s, and o = (a1, aa,...,q,) is a multi-index (|| =

> ay). We allow M?® f(z) to be infinite for some = € 0.
Let s > 0 and 1 < p < co. Consider

(2.3) DV = {f:Q — Ry M*f € LP(5Q)},

where LP(9) is the space of LP-integrable functions on 9 with respect to its
surface measure. Then D*? equipped with the norm

(2.4) [fllpsr = [[M® fllLr(o02)
is a Banach space.

Remark. As shown in [3], D*P does not depend on the choice of the nontangential
regions {y(x);x € 990}, i.e., the norms given by (2.4) for two different choices of
the nontangential regions are equivalent.

Definition 2.2. Assume that n/2 < r < oo and 1 < p < co. We say that an
integrable function f : & — R belongs to the space £2(Q) if there are functions
gj € DP and hj € L"(2), j = 1,2,3,..., such that f = Ej g;h; almost everywhere
in Q and

(2.5) > llgillpo.ellhs|
7

L7 (Q) < 0.

Moreover, there is a norm on £?(€2) defined by

(2.6) [[fllze) = Il @ +inf{z lgjllporllhjllry; f= Zgjhj a.e. on 2}
J J

that makes £2(Q2) a Banach space.

Remark. We omit the proof of the fact that £P(€2) is a Banach space, since it is a
simple summation argument. It is also helpful to observe that

(2.7) p>r(n=1)/(r=1n=|ghllL ) < ClgllposlhllLr -
Thus, for p large, || f||11(n) may be omitted from (2.6). Also, £2(€2) = D*.

Now we are ready to state the main theorem of this section, about smoothing
properties of L1,

Theorem 2.3. Let L™ be an operator acting on functions on an n-dimensional
compact Riemannian manifold M that can be formally written as

(2.8) L f(x) = /ME(:v,y)f(y) Vol(y), =€ M,
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where for some C' > 0 and > 0 the Schwartz kernel E(x,y) satisfies
|E(x,y)| < Cd(z,y)" "2,

(2.9) V. E(z,y)| < |Cd(z,y)~ "D,
|V$E(x7y) - v:cE(an y)' —(n—14p8) 1
< < —
d(l’, x()) - Cd(l‘o, y) ’ fOT d(l‘, J"O) = 4d($07 y)a
|VIE(x7y) - VzE(xO;

D < Oa(wo,y) + d(z, g)~ 9,

1
for d(x, z9) > Zd(mo,y).

Here d(x,y) denotes the geodesic distance on M between points x and y.

Given any f € LP(Q), let f be the extension of f onto M defined by f(ac) =0,
for all z € M\ Q. Then the following results hold:

(a) If r > n and 1 < p < oo, then the map

(2.10) L' LP(Q) — DIFee

s well defined, continuous and compact for any 1 < ¢ < oo such that
1 1 1 n

2.11 sz (— - 1) :

( ) q D + n—1\r

and € = £(p,q,7) > 0 small. Hence, there is a constant C = C(p,q,r) > 0 such
that

(2.12) 1LYl prse < Cll fll zz(a)-
(b) If r > n/2 and 1 < p < oo, then the map
(2.13) L™t LP(Q) — D=1
is well defined, continuous and compact for any 1 < g < oo such that
1 1 2 n
2.14 sz (— - 1) ,
( ) q P + n—1\2r

and € = £(p,q,7) > 0 small. Hence, there is a constant C = C(p,q,r) > 0 such
that

(2.15) 1L (D)llpea < Cllf Nl ez

We will prove Theorem 2.3 in a series of smaller lemmas and propositions. There
are many examples of operators satisfying (2.9). Consider the following setting from
[19].

Let L be a general second-order, strongly elliptic, formally selfadjoint operator
acting on sections of a vector bundle £ over a compact Riemannian manifold M of
dimension n > 3. Assume that the Hermitian structure on £ has C' coefficients,
that the metric tensor g on M is C', i.e.,

(2.16) gij € CH(M)
and that, in local coordinates U C M over which & trivializes,

D a3 O ws O .
(2.17) L\U—Zzgjajfa_erzz;bjﬁa_%Jrz;C s
J « o

Jk o8
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where

(2.18) a?,f ecCt, b?ﬁ eL>® Pel” r>n/2

Let us note that the formal selfadjointness hypothesis can be relaxed to
(2.19) degree(L — L*) < 1.

Since we want to consider boundary value problems on @ C M, the operator L
could be conveniently modified on M \ Q to satisfy the required hypotheses.

A basic example of an operator L satisfying these hypotheses is provided by the
Hodge Laplacian

(2.20) A=—6d—ds

acting on sections of the £-th exterior power of the tangent bundle of a Riemannian
manifold M satisfying (2.16) in the absence of global ¢-harmonic fields, 1 < ¢ <
n — 1, assuming also that g;; € H?" for some r > n.

In the scalar case (£ = R), which is our primary concern, (2.20) takes the
standard form in local coordinates:
(2.21) Au = g~129,(g"* g1/ Oy u).

We use the summation convention, take (g7%) to be the inverse matrix to (g;x), and
set g = det(g;x). As shown in [22], we can relax (2.16) and assume g € C* for some
a > 0 in this case.

The estimates (2.9) on the kernel E(z,y) for the operator L of the form (2.17) we
are seeking are obtained in [19]. Proposition 2.5 together with other considerations
in section 2 of [19] give us that (2.9) holds, provided the metric tensor g is C'*, both
L and L*, locally given by (2.17), satisfy (2.18), and L is invertible as a map from
HY2(M,E) onto H=Y2(M, ).

Obviously, at least in the scalar case, the assumptions (2.16) and (2.18) could
be further relaxed following [21] and [22]. We are not going to try to achieve the
lowest possible regularity of the coefficients, as was presented in [22] for the Laplace
operator, since this would add additional difficulties to our exposition. We note,
however, that instead of assuming (2.16) it suffices to have a Lipschitz metric tensor,
as was shown in [21].

Now we begin a sequence of small reductions which simplify our problem. First,
as follows from the definition of the space LP(£2), it is enough to prove the estimates
(2.12) and (2.15) for functions in LP2(€2) of the form fg, where f € L"(Q) and
g € DO,

Secondly, as our steps closely resemble section 3 of [3], we maintain brevity by
pointing out only the most important differences. We start with an analogue of
Lemma 3.1 of [3]. From now on we work mainly in local coordinates; hence in
(2.9), we can replace the geodesic distance d(zx,y) between two points by |z — y|,
the Euclidean distance between these points in the local coordinates.

Lemma 2.4. Assume that (2.9) holds. Let x € M be an arbitrary point and r > 0.
Consider a geodesic ball B(x) of radius r around x, and assume that g € L>°(M)
is a given function with support in B.(x) and bounded in absolute value by one on
M. Let f be a function in LP(M) and let u solve the equation

(2.22) Lu=fg inM, i.e., u=L"Y(fg).
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If p > n/2, then there are an € > 0 and a constant C = C(p) such that for any
v,y € M,

pn(p=1)/p
(2.23) |U(y)| < |CW”JCHLP(M);
lu(y) — u(y')] F(p=1)/p "
ly—v'|c  ~—  (r+min{|jz —yl|, |z — ¢|})» 2t LP(M)-

Also, for such vy, y', if dy, = dist(y, By(x)) and d,, = dist(y’, Br(x)), then

uly) — ()l _ 1 f9llLrar)
|y _ ylls = min{dy, dy,}n—ZJ,—s .

c
(224)  Ju(y)l < Z= I fglleian  and
Y

If p > n, then there are an € > 0 and a constant C = C(p) such that for any
v,y €M,

2.25 v C pr(p=1)/p
: < - . 7
[Vuly) — Vu(y) pr(p=1)/p
= ~ 11l oasy-
ly —y'[° (r + min{|z — yl, |z — y/|})n—1+te

Proof. We show only (2.23), since (2.25) is very similar. Using the Holder inequality,
we can estimate

(2.26) u(y)| é/ |E(y, 2)[|f(2)] dVol(z) < v(y)®~/P|| f Lo,
where
(2.27) o) = [ B 2P avol(e).
Similarly,

u(y) — u(y’ _
(228) PO =L < (/)2 oy
where

E(y.2) — E(, 2)[P/®V

(2.:29) w(y,y’)z/B Y |Z)_ Z,|£y ) dVol(z).

The integrals (2.27) and (2.29) are very similar to the integrals estimated in the
proof of Lemma 3.1 of [3]. For this reason we consider closely only (2.27).

First, we take y € Bar(z). We estimate v(y) using (2.9). Assume for simplicity
that » > 0 is small enough so that we can consider just one geodesic coordinate
chart centered at = that contains the ball Bg,.(x). In this chart we can also assume
that z is at the origin. We integrate over (n — 1)-dimensional shells S, = 9B,(y)
centered at y. A simple estimate using (2.9) gives

3r 1 p/(p—1)
v(y) < C/o /S (7|z — y|"2> do(z) dp

3r
1
(2.30) - c/o /S e () de
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Since the surface area of S, is of the order of p"~! from (2.30) we get for p > n/2
that n — 1 — (n — 2)p/(p — 1) > —1, i.e., the function inside the following integral
is integrable:

3r
(2.31) v(y) < C/ p"ilf("*Q)P/(Pfl) dp < Cyn—(n=2)p/(p—1)
0

(2.31) together with (2.26) yields

(2.32) [u(y)l < Cr2 2| fll Loary.

By possibly enlarging the constant C' in (2.23) we can see that (2.32) and the first
line of (2.23) are equivalent for y € By, (x).

Now we consider y outside the ball By, (z). Denote by d,, the distance between
y and By(x) and by d the distance between x and y. Clearly for y ¢ Ba,(z) we
have d =~ dy. Also, for z € B,(x) we have |E(y,z)| < Cdy_("_Q) ~ Cd~ (=2, The
volume of B,.(z) is of the order r", which gives
(2.33)

n(p—1)/p

C r
< [ 1B VolE) < gl s < O W lon

(2.33) is equivalent to the first line of (2.23) for y ¢ Ba,.(z). To see (2.24) one
should make an estimate very similar to (2.33). For d,, = dist(y, B, (x)) we get that
|E(y, z)| < C’d;(nfz) for z € B,.(z). Hence
(2.34)
C C
|u(y)| S/ )|E(y,2)||f(2)9(2)| dVol(2) < —=5 I /9lle1m,) = =z llFgllrcan-
(T Yy Yy

O

Next we establish an analogue of Proposition 3.2 from [3].

Proposition 2.5. Assume that r > 0 is small. Let g € L™ (M) be a function on
M bounded in absolute value by one with support in By.(x) N Q, where x is a point
from the boundary 0, and let f be any function from LP(M). Denote by u the
solution to the equation Lu = fg in M, i.e., u= L™(fg).

(a) If p > n, then there exists € = e(p) > 0 such that

(2.35) M ull o) < O | flloean, — for1<g<l+e.
(b) If p > n/2, then the mazimal operator MEu can be written as

(2.36) Meu =o' +07,
where
(2.37)

||U1HL4(,99) <Cr" Y| fllze, forany 1 <q < 1+¢eo(p) and any 0 < & < o(p),
and
(2.38)

v ooy < Cllfgllr,  for any 1< q < (n—1)/(n—2) and any 0 < & < £1(p,q).

The constants C in (2.35), (2.37), and (2.38) might depend on p and q, but not on
r.
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Proof. We first look at (2.35). Since r > 0 is small, we can find a small neighborhood
U of x such that in this neighborhood there are smooth local coordinates in which

(2.39) UNQ={z= (2" 2,) €U : 2, > (')},

where ¢ is a Lipschitz function with a Lipschitz constant bounded by L. Here
L does not depend on the chosen point x € 9Q2. We will consider nontangential
approach regions v(z) to any point z = (2/,¢(z)) € 9Q such that the vertex of
v(2) at z is sharp enough. Namely, we require that any half-ray with vertex at z
that lies wholly in (z) has “steepness” (absolute value of its slope) at least 2L.
Hence in the local coordinates (2.39) we have

(2.40) (=) ={y =¥ yn)iyn — 20 > 2Ly = 2|},
for any z = (2, z,) € 0QNU.

From this it follows that there exists a universal constant k (independent of 7)
such that we can split points z € 99 into two distinct sets. If z = (2, p(2')) € 9N
and |2/ — 2’| < kr, then v(z) might intersect B,(x). At such a point, by (2.23) and
(2.25) we have:

MOu(z) < O 7P| flpeany,  MOVU)(E) < Cr TP flloan),
o ’
(2.41) Teu(z) def sup [Vuly) Y?(y )
Yy’ €v(2) |y -y |
The exact choice of € > 0 in (2.41) will be specified later.
On the other hand, if |2’ —2'| > kr, then the distance between any point w € (z)

and z is greater than or equal to +|z’ —2/|. This means that for such z we get from
(2.23) and (2.25)

S Crlfn/pszfHLp(M).

Mous) s 0Ty
T (r+ kTN =) Lr(M)>
" 1o T < T
( : ) ( u)(z) = (7" + k?_1|23/ — J)/|)n_1 ||f||LP(M);
[Vu(y) = Vu(y)| rrP—1/p
Tfu(z) = sup <C FllLecan-
) .y’ €7(2) ly—v'I° (7"+k71|2/_x'|)n7176” lzecan

Now we can estimate the L? norms of M%, M°(Vu) and 7u. Taking the sum
of these three numbers, we get, on By, (z) N 0L,

Qa3 [ (M) doty) < O
By (2)NON
Similarly, off By, (xz) N 09 we get
ay [ M) da(y) < Gt
N Bior ()

For details, see [3]. Since p > n, we can pick € > 0 small for which 1—e—n/p > 0.
From this for ¢ = 1 we get that ¢(1 —¢ —n/p)+n—1 > g(n — 1). By possibly
making £ > 0 smaller, we can therefore claim that for any 1 < ¢ < 1+ ¢ we have
g(1—e—n/p)+n—1> q(n—1). This means that for |r| bounded we can estimate
(2.43) and (2.44) from above by er<n*1)||f||%p(M).

Now we put (2.43)-(2.44) together. For p > n and any 1 < ¢ < 1+ ¢ we get

(2.45) M 2| pagany < Crm TN £y < P Fll -
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This gives (2.35). Next we look at (2.36). On the set By, (z) we can do the same
estimate as before, giving us

(2.46) / (MOu(y))? do(y) < CrrtaC=D=Y Fe, ).
Bkr(x)ﬁaﬂ

Clearly, for any p > n/2 one can see that for any ¢ > 1 small enough we have
n+q(2—-n/p)—1>q(n—1). Hence, if X, (, is the characteristic function of
the set Byr(x), we get that for any p > n/2 there is an € = €(p) > 0 such that

(2.47) X5, ()M ull Laoay < Cr™ | £l e, forany 1 <g<1+e.

The problematic part is to estimate the L? norm of (1 — Xp, (5))M"u. The
estimate (2.42) gives that for any 1 < ¢ < (n —1)/(n — 2) (to keep the integral
finite) we have
(2.48) 11 = Xp,,, @) Ml Laae) < Cr?/ PV f] Lo

At this point, for n/2 < p < n clearly np/(p—1) < n—1; hence we cannot estimate
the right-hand side of (2.48) from above by Cr™ || f||», which would be desirable.

There is a way around. If we use (2.24) instead of (2.23) to estimate the L? norm
of (1 — Xp,, (2))M°u, we get

A
1
a9 | (MOuly))" dotu) < Clf ol || i dotw) do.
OO\ Bier (2)NOQ kr Js, P

where S, = 0B,(z). We also used that, for y ¢ By,(z), d, = dist(y, Br(z)) =~

dist(y, ) = p. Since the (n — 2)-dimensional measure of S, is of the order p"~2, we

get that for any 1 <¢g < (n—1)/(n —2),
(2.50)

A
1L = Xp,, () M ][4 50y < C||fg|\qL1(M)/0 p" 21D dp < (@) fall i s

hence

(2.51) [(1 = Xp,, ()M ull aan) < C(@f9llLran-
This establishes (2.36)-(2.38) for ¢ = 0. It is not difficult (using (2.23) and (2.24))
to establish estimates similar to (2.47) and (2.51) for the L?(02) norm of
_ ’
(2.52) Rfu(z) = sup M, where x € 0§
vyere Y=Y

All the above steps will go through, provided ¢ is kept sufficiently close to zero. [
The previous results are key to the following proposition.

Proposition 2.6. Assume that the function g : €2 — R belongs to DOP for some
1 <p< oo and that f € L™(Q). Consider the extension h of the function h = fg
defined as in Theorem 2.3, and denote by u the solution to

(2.53) Lu=h inM, e, u=L"'(fg)

(a) If r > n, then there exists e = e(r,p) > 0 such that the nontangential mazimal
function of MYy belongs to LP(9Q), and for some C = C(r,p) > 0,

(2.54) lullpre=r < Clfllr@llgllpor = | fallc2(q)-
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(b) If r >n/2 and p > r(n — 1)/(r — 1)n, then there exists € = (r,p) > 0 such
that w € D*P and
(2.55) [ullper < Clp, ) fllzr@llgllpor = (1 f9llcpie)-

(c) Ifr >n/2,1 <p< (n—1)/(n—2) and fg € L' (), then there exists
e =¢(p,r) > 0 such that uw € D*P and
(2.56) lullpe» < Clp,7) (IIf]

Remark. Note that the intervals where (2.55) and (2.56) are valid overlaps; hence
the whole interval 1 < p < oo is covered.

L'r~(Q)||9HDOm + Hf9||L1(Q)) ~ ||f9HU;(Q)~

Proof. We will be brief, since the proof follows exactly the steps in our paper [3]
that led to the proof of Theorem 3.5 of [3]. The main ingredient is a decomposition
of a function g € L>®(Q), |g(x)| < 1, with support in the set Pim(A) C Q. The
definition of this set is given in Definition 3.3 of [3]. Any such function can be
written as g = ZZ’ gi, where |g;| < 1, supp ¢; C B(z;,¥;) for some z; € 0%,
= Ko/2™, m=0,1,2,..., and

(2.57) lgllpos < a(A) = "
=1

Here o(.) denotes the surface measure of the set A C 9. Given this, Proposition
2.5 implies that for u = L=(fg),

(2.58) MUl Laaqy < ClIfllLr@yo(A), forl<g<l+e.
The second estimate for u (for r > n) is due to classical elliptic regularity:
(2.59) fgeL"(Q), r>n = ucC'(Q),

ie.,

(2.60) M u| oo a0y < Cllfllr (-

The rest goes as in [3] (interpolation of (2.58)-(2.60), additional decomposition and
use of the Holder inequality). Details can be found in the proof of Theorem 3.5 of
[3]. This proves part (a).

Parts (b) and (c) are similar. We put u; = L™*(fg;). Since supp g; C B(x;,£;),
part (b) of Proposition 2.5 applies, giving us that the maximal operator M®u; can
be written as v} + vZ, where
(2.61)

ol oy < CEYfllzr, forany 1< q< 1+ o(p) and any 0 < & < eo(p),

and
(2.62)
||vi2HLq(aQ) < C|fgillrr, foranyl<gqg< (n—1)/(n—2)and any 0 <e < e1(p,q).

We would like to see whether it is possible to control the L*°(9€) norm of
vl =3 v}

Pick any y € 90 and i € N, and consider when v} (y) > 0. Clearly this happens
only if y € B(x;, k¢;), where k is the same constant as in Proposition 2.5. Moreover,
we know that ¢; = K/2™ for some m =0,1,2,....

Hence, if we fix m, we claim that the cardinality of the set

(2.63) Im(y) ={i € N;y € By, (2, k¢;) and ¢; = Cy/2™}



1376 MARTIN DINDOS

is finite and bounded from above by some constant K that does not depend on
the point y, the number m or the set A. Seeing this is not difficult. Clearly all
points X, = {z;;i € I (y)} belong to a ball of radius kCy/2™ centered at the
point y. Also it follows from properties (b) and (c) of the decomposition Cy, Cs, ...
that the distance between any two distinct points from X, is at least C/2™, with
C depending only on the Lipschitz character of the boundary 0€2. From this the
existence of the constant K follows by a simple geometric argument.

Now, for each i € I,,(y), according to part b) of Proposition 2.5 we can bound

v} (y) by

) y Ko 2—e—n/r
260 W) <O Wlean =0 (50) Il
Here € > 0 is small enough so that
(2.65) 0=2—c—n/r>0.

It follows that

o] 00 K() 0
P =Y o) < &3 C(52) Il
i=1 m=0
oo
(2.66) <Clflerony Y 27 < CO oy
m=0
On the other hand, by (2.61) we get
(2.67) 0!I Lao) < YN0t lLaoe) < C D fller < Co(A)| £l
i=1 i=1

for any 1 < ¢ < 1+ eo(r).
Interpolating between (2.66) and (2.67), we get that for any 1 < g < oo there is
a 0 = d(q) > 0 such that

(2.68) 1! l[zagony < CIfllL-o(A)/4F°.
On the other hand, (2.62) gives us immediately, for v? = ", vZ,
(o) o0
(2.69) 0%l ooy < D 07 llLaon) < D Clifgiller = CllfgllLrcan
i=1 i=1

forany 1 <¢g<(n—1)/(n—2).
If we look at (2.69) we see that || fgllzr < ||fllz-|lgll ., where 7' = r/(r — 1).
Since r > n/2, clearly 1 <1’ < n/(n —2). We also know that

lgllzrcan < D Vol(B(ai, £;)) < Co(A)"/ (1),
(2.70) g/l Lo (ary < 1.
The last estimate in the first line follows from (3.77) in [3]. Hence
271) 9l 2 (ary < Co(A)M/ (=1,
Notice also that

n n—2

(2.72) e R &
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If we put (2.69)-(2.72) together, we get, for any 7'(n—1)/n < g < (n—1)/(n— 2),

(2.73) 02| Lagas) < CllfllLro(A)™™ =D < C|| f[|ro(A)H T+,
where
n 1

Finally, we put (2.68) and (2.73) together to get

1=1 La(9%) La(9%)

(2.75) < [0Y a0y + [10* [l Laaa) < Ol fllra(A) 7+

for any v(n — 1)/n < ¢ < (n —1)/(n — 2) and some ¢ = &(r,q) > 0. Here
C = C(r,q) > 0. On the other hand, since fg € L"(M), for r > n/2 it follows that
u= L7Y(fg) € C5(M), and hence we have

(2.76) [Mul| L0y < CllfllL-(ar)-

Interpolation between (2.75) and (2.76) yields that for any r > n/2 and any
r'(n —1)/n < ¢ < oo there exist € = (p,q) > 0 and § = §(p, q) > 0 such that
(2.77) MUl £a(a0) < C(p,q) )U(A)l/qué-

From this part (b) follows. Part (c¢) if 1 < ¢ < (n —1)/(n — 2) is based on
modification of the estimate (2.75). We get
(2.78)

[MEul| aany < [0t Laony + 102 La@ay < CUIFllLr-o (A9 + | fallriq)).

for some € = (r,q) > 0. Here § = 6(r,q) > 0if ¢ > 1, 6 = 0 if ¢ = 1. Once again
(2.78) is crucial. The rest goes as in Theorem 3.5 of [3]. O

i Msui

i=1

[MEul Laon) =

Proof of Theorem 2.3. We have almost all the required ingredients in place. Notice
that if r is close to n (n/2, respectively), Proposition 2.6 gives us results that are
almost optimal, in the sense that the improvement in Theorem 2.3 is minimal. On
the other hand, if r = co, Theorem 2.3 is much stronger than Proposition 2.6. Once
again, it is enough to prove (a) and (b) on the level of estimates of a type (2.77) or
(2.78) for the function h = fg, where f € L"(Q) and g € L>®(Q), |g(z)| < 1, and
supp g C Pim(A) for some A C 0f2. We start with (a).
Consider the map

(2.79) T, : f s M0y,
defined by u=L7(f g) T, is continuous and sublinear, with estimates
L"+€(Q) — LP(99), M ullLo@a) < Cllgllpos /]

(2.80) Tg P L2(Q) — L2 (09), M *ul| (o0 < Cllgllposll Il ).
forany s < (n—1)/((n—1)/p—1) and p <n—1. Here § = () > 0, and € > 0 is
arbitrarily small.

Marcinkiewicz’s interpolation theorem gives that T; is bounded as a map from
L7(Q) to LT (dQ), where the number 1/ is given by the right-hand side of (2.11)

and ¢ = §'(sg) > 0 is some number going to zero as s — (n—1)/((n—1)/p — 1).
From this (2.12) follows.

Lr+e(Q)s
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If p > n—1, the situation is somewhat more complicated. Here, if we interpolate
between (2.58) and (2.60) and then use (3.84) of [3] and Marcinkiewicz’s interpo-
lation theorem, we eventually get that for any ¢ > (n —1)/(n — 2), r > n, and any
¢’ > 0 there exist 6 = d(q,r,&’) > 0 and a constant C = C(q, r,¢’) such that

(2.81) MU Lagany < C|If]

From this (2.12) follows.

The proof of (b) goes similarly. For (n—1)/(n—2) < ¢ < (n—1)/(n—3) we use
Marcinkiewicz’s interpolation as in (2.80). For ¢ > (n —1)/(n — 3) we interpolate
between

(A= (n/r=1)/ (=)=’

LT(M)O

(2.82) MUl Lagog) < Ol fl|L=o(A)H/ a2/ rm=e
and
(2.83) MOt Lao) < Cllf | nrzrea(A)9,

for any € > 0 and some d = 0(g,e) > 0. This gives that for any ¢ > (n—1)/(n — 3),
r > n/2, and any &' > 0 there exist 6 = §(q,r,¢’) > 0 and a constant C' = C(q,r,€’)
such that

(2.84) IMOul| aony < Ol fllra(A)H/amr/r=2/(nm=<,

The other case to consider is r(n —1)/(r —1)n < g < (n —1)/(n — 2), which has
to be considered only for n/2 < r < n, since for r > n the result follows from part
(a) by the embedding theorem. Fix € > 0. What we have established so far gives

||M5U'HL(”—l)/(n—S)—a(aQ) < C||f| LnO'(fl)(niQ)/(nil)7

(2.85) ||M6u||L('lLfl)/('rLfZ)(aQ) <C|f] Ln/2+a(7(A)(n_2)/(n_1).
Hence interpolation gives, for n/2 < r < n and any & > 0,
(2.86) M|l pn1ysnmssmsm—er a0y < ClIfllra(A)=2/ =1,

for some § = 4(e’) > 0.
On the other hand, from (2.12) for p = 1 we have

(2.87) IMCull L1/ 20— (952 < CIIf|

[n+e O‘(14)7

where €,&’ > 0 are arbitrarily small. Marcinkiewicz’s interpolation between the
second line of (2.85) and (2.87) consequently gives

(2.88) ||M5u||L(,L,W(,,L,z),a,(m) < O\ fllpro(A)—/r=D/(=1)

where ¢’ > 0 is arbitrarily small.

Finally, for f fixed we can interpolate between (2.86) and (2.88). This gives that
forany (n—1)/(n—2)<g<(n—1)/(n—4+n/r) we have
(2.89) ||M5UHL<1(SQ) < CHf”LTO.(A)l/q—(n/r—Q)/(n—l)—ez

for any ¢’ > 0 and some 6 = 6(¢’) > 0. This is the same statement as (2.84).

The last case we have to deal with is ¢ < (n —1)/(n — 2). Recall (2.43). It
follows that M%u can be bounded from above by v!' + v2, where v', v> have the
same meaning as in (2.66) and (2.69). Crucially, it follows from (2.69) that
(2.90) [0%]| Lacaey < Cllfgll L,

for any ¢ < (n —1)/(n — 2).
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It remains to bound v'. Consider instead of T}, the mapping
(2.91) T,: f o'

Mappings T, and ?g have similar properties, i.e., both are sublinear, and we can

establish estimates similar to (2.89) for T,. We leave the details to the reader, and
just state the result. We get that

(292) 1Ty £l paay = 0" [ Lagon) < CllfllLra(A)H/a=n/r=2/(n=0=<
for ¢ > (n—1)/(n—3—n/r) and &’ > 0 arbitrarily small. From this Theorem 2.3
follows. 0

At this stage it would be possible to state results similar to Theorems 3.6, 3.7
and 3.8 in [3]. We instead choose to develop more on the Dirichlet problem for the
equation Lu = f, and only after that state the analogues of the theorems mentioned
above.

3. DIRICHLET PROBLEM FOR THE SCALAR EQUATION

In this section we want to combine results on general second-order scalar strongly
elliptic linear equations contained in section 3 of [19] with results from [2] that al-
low us to consider less smooth coefficients and with the new development contained
in the previous section of this paper. In addition, we prove a uniform estimate for
the solutions of such equations. This estimate (3.7) will be crucial in the subsequent
sections. The main result is contained in Theorem 3.1.

As in the previous section, let L be a general second-order, strongly elliptic, for-
mally selfadjoint scalar operator acting on real functions on a compact Riemannian
manifold M of dimension n > 3. That is, in local smooth coordinates U C M,
(2.17) simplifies to

0 0 0
(3.1) L|U:Z%ajka—xk+2bj%+0.
gk j J
In [I9], section 3, it is assumed that
(32) ajk € C1+7, b]‘ S Hl’r, ce Lr,

for some v > 0 and r > n = dim M. It was also assumed that the metric tensor on
M has regularity H>" for some r > n.

As has been shown in [21], the assumption on the coefficients a;x and the metric
tensor g is unnecessarily strict in the scalar case for the Laplace-Beltrami operator.
The theory there extends in a straightforward way for the operator (3.1). Hence
we are going to assume that

(3.3) ajx € Lip, b; € HY", ce L'/?,
for some 7 > n = dim M. We will also assume that the metric tensor g on M is

Lipschitz.

Theorem 3.1. Let M be a smooth n-dimensional Riemannian manifold (n > 3)
whose metric tensor g is Lipschitz. Let L be a strongly elliptic, (formally) selfad-
joint, negative definite second-order differential operator acting on functions on M
that can be locally written as (3.1) with coefficients satisfying

(3.4) ajx € Lip, bj € H®, c € L*/?,
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for some s >mn. Let Q C M be a connected Lipschitz domain on M.
There exists e = (2, L, s) > 0 such that the following is true: If 2 —e < p < 00
and 1 < q < oo satisfy

1 1 2 n
3.5 S C (— - 1) ,
(3:5) P q + n—1\2r
for some r > n/2, then, given any g € LP(00Q), f € L), and V > 0, V €
L*/2(Q), the Dirichlet boundary problem

(3.6) (L=V)u=f, in Q, u‘ag =g, ueD",

has a unique solution. The trace of u on OS) is taken in the nontangential a.e.
sense. Moreover, there is a constant C = C(L,p,Q) > 0, independent of V, such
that

(3.7) l[ullpo.r < C(||f]
If Q is C1, the claim is true for any 1 < p < oo as long as 1/s+ (n —1)/np < 1.

ca) T lgllzro0))-

Proof. We first deal with the issue of the existence of a solution. Assume for a
moment that f = 0. If we also assume that ¢ in (3.4) and V in (3.6) are more
regular and both belong to L*(Q2) for some s > n, then for 2 —e¢ < p < 2+¢
the existence and uniqueness of a solution to (3.6) follows from Theorem 3.1 of
[19], including the estimate (3.7), except the fact that the constant C' > 0 in this
estimate might depend on V.

Indeed, the fact that L is strongly elliptic and negative definite implies that
L — V satisfies a nonsingularity hypothesis relative to any domain D C M as long
as V > 0. Recall that an operator L satisfies the nonsingularity hypothesis relative
to a Lipschitz domain D (possibly all of M), provided

(3.8) ue Hy*(D), Lu=0in D = u =0 in D.

This means that all assumptions of Theorem 3.1 of [19] are satisfied. It turns out
that we can lower the assumptions on ¢ and V', and the argument in [19] still holds.
As long as s > n/2 the operator (V +¢) : H***P(M) — H-1T%P(M) is well
defined and compact; hence L — V is a compact perturbation of the operator L — c.
From this our claim follows. There is also an alternative argument based on the
estimate (3.7). We present it later in this proof.

On the other hand, the existence for p = oo follows from the maximum principle.
One can actually deal with a more general class of domains than just Lipschitz. Now
we can interpolate. The map

(3.9) T: g Mou,

where u is determined by the equation (3.6), is well defined, continuous and sublin-
ear on L?>7¢(99) (by Theorem 3.1 of [19]) and also on L>(99). Hence Marcinkie-
wicz’s interpolation theorem gives us that T is well defined and bounded on LP(952)
for any 2 — ¢ < p < co. In the case the domain is C'! the existence and uniqueness
can be established using layer potentials for any 1 < p < co. See e.g. [4] for details.

Now we deal with the case when f # 0. By Theorem 2.3 we see that h =
(L—V)~Lf € D*? for some & > 0, and also ||h|ps., < C||f] cr()- Now, if w solves
(L—=V)w=0in Q and w‘aﬂ =g- h‘aﬂ’ then clearly u = w + h solves (3.6). The
fact that h|,., € LP(99) follows from Theorem 2.5 of [3].
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Next, we want to establish the uniform estimate (3.7). Let us introduce the
following notation. We denote by Ly the operator
(3.10) Ly=L-V,
and by uy the solution to the corresponding Dirichlet problem
(3.11) Lyuy = (L —V)uy = f, in Q, uv|89 =g, uy €D,

If V = 0 is the function identically zero on §2, the solution to the problem (3.11)
is now denoted by ug. The claim is that for f, g as in Theorem 3.1 and V > 0,
V € L*(Q), for some s > n, there is a constant C' > 0, independent of V', such that

(3.12) luv ([por < CUIfllzace) + 9llzra0))-

The proof requires several steps. First, for any function h : © — R let us
introduce

(3.13) h™ = max{h,0} and h~ = max{—h,0}.

Clearly h*,h~ >0, h =h" —h~ and supp h*N supp h~ = . Following (3.11), let

us denote by ug) the solution to

(3.14) Lvu§,+) =(L—- V)u§,+) =—f",inQ, u§/+)
)

+ 0,
oo =97 uft) e DO,

and by u§,7 the solution to

(3.15) Lvug,_) = (L - V)u§/_) =—f*, in Q, ug,_)}ag =g, u§/_) e PP,

Clearly uy = uy) — u§,_). Also, since
(3.16)
£l 220y = Hf+||££(ﬂ) +1f 7 220 lgllLeo0) = 19T ILean) + 119~ | Lr a0

it follows that the existence of a uniform constant C' > 0 for which (3.12) holds
would follow, provided we show that

(3.17) 0< ug;r) < uéﬂ and 0 < ug;) < u((f).

(3.17) is essentially a consequence of the maximum principle. It (3.17) suffices to
show only the first part of (3.17), since the other one is very similar.

First, we want to argue that ug) > 0. Assume the contrary, i.e., for some

x € Q, u§,+)(x) < 0. We approximate the function g™ by a sequence (g;)ien of
C(09) functions and f~ by a sequence (f;)ieny of L*(£2) functions such that

gi — gt in LP(09), 0 < gi,
(3.18) fi— [~ in LI(Q), 0< f;.

(If r = oo we instead find (f;)ien such that f; — f in £2(Q) for any s < 0.)

Continuity in the variables f and g implies that there is an index ¢ € N such that
i,(+)
1%

u(z) = ui}(ﬂ(x) <0, where u =u solves

(3.19) Lyu=(L—-Vyju=—f",nQ, ul,, =g, ueD".

The important point is that the solution u to (3.19) belongs to C(Q2) N CL (),
since the boundary data are continuous and f; € L*°(). Let O be the open
connected component of the set {y € Q;u(y) < 0} that contains the point z.
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Clearly O CC €, since on the boundary u > 0. It follows that u € C'(O). Define
the function v: M — R by

ol(y) = {u(y), for y € O,

(3.20) = .
0, otherwise.

It follows that v € Lip(M) C HY?(M). Now Lyv = —f7 <0on O, and Lyv =0
otherwise. Hence

(3.21) (Lyv,v) / i (w)v(y) dVol(y) >

This is a contradiction, since Ly is negative definite and v # 0.

() <+ () _y ()

Similarly, u o ) holds for the same reasons. The difference w = U

solves the PDE

(3.22) Lw=-Vul) <0, inQ, =0, weD

w0
So, the same argument as above implies that w > 0 in . This proves (3.17).

As we indicated above, the estimate (3.7) can be used to prove the existence of
a solution for V' € L*(Q2), s > n/2, knowing only that the solution exists and is
unique for V € L*>®(£2). We present this simple argument here.

Assume therefore that V' € L*(Q) for some s > n/2. Then we can find a sequence
of L* functions (V;);en such that

(3.23) Vi—=V in L%(Q) as i — oo, o<V, i=12,....

With f, g as in Theorem 3.1, for each ¢ € N there is a unique function u; solving
(3.24) (L—=V))u; = f, in £, “i‘ag =g, u; €D,
We claim that the sequence (u;);en is Cauchy in D%? and denote its limit by u. To
see this, consider the PDE satisfied by the difference w;; = u; — u;. We get

(3.25) (L — W)w” = Kij, where Kij = (‘/J — V;;)Uj, wij|89 =0, Wij € DoP,

Clearly, (3.12) and (3.24) give us that all u; are uniformly bounded in the D%
norm. This together with (3.23) implies that

(326) ||KZJ||[,€(Q) —0, asi,j— oo,

provided p > s(n — 1)/(s — 1)n. This can always be guaranteed by modifying e
in the statement of Theorem 3.1, for s close to n/2. Now (3.12) used on equation
(3.25) gives

(327) ||winD0,p >~

r) — 0, asi,j— oo,

ij
where the constant C' does not depend on 4, j. This establishes our claim. It also
follows that the limit u € D%P satisfies the boundary condition u‘aﬂ = g. Now,
taking the limit in (3.24), we get that, in the sense of distribution,

(3.28) Lyu=(L-=V)u=f.

Finally, Proposition 2.1 of [T9] gives that actually u € C{ (£2) for some small § > 0.
Notice also that (3.12) remains valid even for this more general V, with the same
constant C' > 0 (independent of V).

It remains to establish uniqueness of the constructed solution u to (3.28) based

on uniqueness for V € L>*(0Q).
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Assume that the equation (3.6) has two solutions, u; and us. Using the sequence
(Vi)ien from (3.23), it follows that for each ¢ € N, the difference w = uy — uz solves
the PDE

(3.29) (L—Vi)w=h;, nQ, w|,,=0 weD",

where h; = (V = V;)w € L2(Q). For given h; the solution to the equation (3.29) is
unique, and moreover (3.7) gives us that

(3.30) |w|lpor < Cllhill £ ()
The final point is that the norm of h; goes to 0 as i — oo, since V. — V; — 0 in the
L*(Q2) norm. So (3.30) implies that w = 0, i.e., u1 = ua. O

Corollary 3.2. Fiz f and g as in Theorem 3.1. The map
(3.31) V= uy,

where u = uy is the solution to (3.6), is a continuous map from L3/?(Q)N{V > 0}
to DOP. Here s and p are as in Theorem 3.1.

Proof. Consider Vi,V € L%/2(Q), both > 0. Denote by uj, uy the corresponding
solutions to (3.6). Then the difference w = u; — ug solves

(3.32) (L—Vi)w= (Vi —Va)ug, w|,, =0, weD.

It follows from (3.7) that

(3.33) luzllpo.r < C(Ifllzac) + ll9llzra0));

and hence

(3.34) (Vi = Va)us|izr ) < Cllfllcao) + lgllze@e)lIVi = Vallpsr2()-

Again by (3.7) (applied to (3.32)) we now get
(3:35)  [lur = uzllpor = [lwlpor < C(|[f]
Hence, if |V1 — V2|

ca) 19l ra) Vi — Vall Lar2(q)-

Le/2() 18 small, then also [[u; — uz|por is small. O

4. DIRICHLET SEMILINEAR ELLIPTIC BOUNDARY PROBLEMS, THE LP RESULTS

In the previous two sections we have developed enough tools to take on the
semilinear problem outlined in the introduction. We keep the same assumptions as
in the previous sections. Namely, M is a smooth, compact Riemannian manifold,
dim M = n > 3, with Lipschitz metric tensor. The set Q2 C M is open and con-
nected, with Lipschitz boundary. Let L be as before, a strongly elliptic, (formally)
selfadjoint, negative definite second-order differential operator acting on functions
on M that can be locally written as (3.1) with coefficients satisfying (3.4), for some
§>mn.

As in [3], we are interested in finding a solution u to the equation

(4.1) Lu—a(z,w)u=f, inQ, u|8Q =g, u e DOP,

where g € LP(09), f and a are given. We assume that the function a(z,u) > 0 is
Carathéodory, i.e., measurable in & and continuous in u.

Clearly, there has to be a certain growth condition placed on the function a in
the variable w. This is true at least in the case when we consider a general boundary
problem. As we will see in the next section, in certain special cases such as positive
solutions, etc., the growth in the variable v does not have to be restricted.



1384 MARTIN DINDOS

In the paper [3] we imposed the following conditions on a:

a(z,u) € L°(Q x R), provided p < oo,
(4.2) sup  a(z,u) < oo, forall M >0, provided p = co.
ue[m—el\gfl,M]

We are not going to improve the condition much for p = oo, but we will allow
polynomial growth in u for p < co, which is a major improvement over (4.2).
Let us therefore assume that a(z,w) is a function such that

(4.3) 0 < aa,w) < ka(e) + ka(a)|ul™,

where the functions ki, ks > 0 and the number m will be specified later. The
number m should depend on p; we will see that m — oo as p — oo. We begin with
the following auxiliary lemma.

Lemma 4.1. For any 1 < p < oo, ifv: Q — R belongs to v € DYP N Cloc(Q), then
ve LY =1(Q), and, for some C = C(p) > 0,

(1.4) ol -0 < Clollpo.s.

Corollary 4.2. Let 1 <p < oo, and assume a(z,u) satisfies (4.8) for ki € L*(Q)
and ko € LI(2), where

1 m 1 m 1 1 1

(4.5) 0<-<1——|(1-— and —|[1—-——=]+-<-<1.
q p n p qa S

Then the map T : DOP N Cloc(Q) — L5(Q) defined by

(4.6) v a(.,v(.)

is well defined and continuous.

Proof of Lemma 4.1. Let us recall the decomposition (3.63)-(3.68) of [3]. It follows
that the function v can be (3.63)-(3.68) written as v = v + > .- v;, where

supp v CC Q, ||V () < [[v][por,
(4.7) supp v; C Pim(4;), A; = {x € dQ: M% >i'/?}, i=0,1,2,...,
and || < (i4+1D)YP —i/P i=01,2,....
Also,
(48) S 0(A) % MO, 0, < 010,
i=0

It follows that we can ignore the piece v, since it belongs to L°.
We claim that for any x € Q and s > 1,

(4.9) <Z vi(x)> <D [+ 1) = i7P) Xpi ),
=0

=0
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where Xpim(4,) is the characteristic function of the set Pim(A;). Indeed, there is an
integer j(z) € N such that v;(z) > 0 for ¢ < j(z), and v;(x) = 0 otherwise. Hence

S

00 s j(z)
<zhmﬁ — [ Y w@] <@+
=0 0

i=
j(x) e’}

(4.10) =3 i+ 1) =P <Y [+ 1) = i/P) Xpin )
i=0 i=0

since supp v; C Pim(A4;). It follows that

(4.11) o]l

<C <||v|%o,p +y it Vo1(Pim(Ai))> .

=0
Here we used the fact that (i + 1)%/? — /P =~ i%/P~1, Now by (2.70)

(4.12) Vol(Pim(4;)) < o(4;)™ =1,
Now we want to pick s such that there is a constant C' (independent of ) for which
(4.13) Pl (AN <) i=0,1,2,....
Existence of such a constant follows from the inequality
(4.14) io(A;) = / i do < / (MO0)P do < [[0][2,.
A, o0
Hence
(4.15) ol 07 P A [ A

It follows that if we take s = pn/(n — 1), then (4.13) holds. This yields

qu/p L Vol(Pim(A4;)) < CZ i ('S/p_la(Ai)l/(”_l))

=0
o0

(4.16) < Ol N 0 (Ay) < OB Y.
=0

Now, we are ready for the main result.

Theorem 4.3. Let M be a smooth n-dimensional Riemannian manifold (n > 3)
whose metric tensor g is Lipschitz. Let L be a strongly elliptic, (formally) selfad-
joint, negative definite second-order differential operator acting on functions on M
that can be locally written as (3.1) with coefficients satisfying

(4.17) a;r € Lip, b; € HY, ce L¥/?,

for some s > n. Finally, let @ C M be a connected Lipschitz domain in M. Then
there exists € = (L, Q) > 0 such that the Dirichlet boundary problem

(4.18) Lu—a(z,u)u=f € LLQ) in Q, u|(,m =g € LP(09), u € DOP.
has at least one solution u € DOP NCY (Q) (5§ >0), provided 2 — ¢ < p < oo and
(i) a is a Carathéodory function such that

(4.19) 0 < a(z,u) < ki(z) + ka(2)|u|™,
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where ki, ko > 0, k1 € L5(Q) for some s > n/2, ky € L*(Q) for some t > n/2, and

2—n/t
4.2 < .
(4.20) 0<m<p —
If p = oo it suffices to assume that for any M > 0,
(4.21) sup a(x,u) € L*(Q) for some s = s(M) > n/2, a(x,u) > 0.
u€[—M,M]
(i1) g € LP(00) and f € L1(Q), where

1 1 2 n
4.22 1< q< oo, 2, —>-= (——1).
( ) <g<oo, r>n/ p>q+n—1 o
Moreover, there is a constant C = C(p,q,r) > 0 such that the solution u satisfies

the estimate
(4.23) [ullpo.r < C(IIf]

If in addition the function b(z,u) = a(z,u)u satisfies

ca) +llgllzro0))-

(4.24) osgf@AJsh@H%MMMm

with ki, ka2, m as before, then the solution u to the equation (4.18) is unique. If
p = oo the uniqueness follows, provided that for any M > 0,
(4.25)

2b(a:7 u) > 0.

sup ib(ac,u) € L*(Q) for some s = s(M) > n/2, 50

ue[—M, M) Ou
Proof. Assume first that p < oo. The idea is to consider the map
(4.26) T : D°P N Cloe () — DOP N Cloe(Q),
defined as follows. For a fixed g € LP(0N) and f € LI() (p, ¢, r are as in the
statement of our theorem) we take v = T'u to be the solution to the linear problem
(4.27) Lv —a(z,u)v = fin Q, v|89 =g, v e DOP.

We need to show that this map T is well defined for any u € D%? N Cj,c (). By
Theorem 3.1 it suffices to show that V(z) = a(z,u(z)) € L*(Q2) for some s > n/2.
This, however, follows from Corollary 4.2. By (3.7) we also have that

(4.28) [v]lpor < C([If]

for any u € D%P N Cloc(9).

Next, we need to check that the map T is continuous and compact. Continuity
follows directly from Corollaries 3.2 and 4.2. It remains to show compactness. Let
(ui)ien be any bounded sequence in the norm of D%? N Cjo.(Q). From (4.28) we
get that v; = T'u; are also uniformly bounded in the norm. It follows that

(4.29) hi = a(z,u;(z))vi(x)

belongs to L£(Q2), and there is a constant C' such that [|h;l|zzq) < C for all i.
Finally, notice that

(4.30) Lv; = f + h; in Q, Vil p = 95 v; € DYP, i=1,2,....

ca@) +llgllzeo0):

Let V; = L*1f+ L’lf;‘, where L~! has the same meaning as in Theorem 2.3. It
follows that there are § > 0 and C' > 0 such that

(4.31) Villpsw < C, i=1,2,3,....



SEMILINEAR ELLIPTIC EQUATION ON LIPSCHITZ DOMAINS 1387

Theorem 2.4 of [3] gives that D»P CC DP; hence there is a subsequence of (V;);en,
which for simplicity we denote again by (V;);en, that is convergent in D%P. Denote
this limit by Vj. Also by Theorem 2.5 of [3] this subsequence can be chosen such
that

(4.32) Vilpo — Vo in LP(0Q) as i — oo.

log
Finally, let w;, i = 0,1,2, ..., solve the equation

(4.33) Lw; =0 in Q, wi‘an =g— Vi‘am w; € DOP.

It follows from (4.32) and Theorem 3.1 that w; — wy in D% as i — oco. Since
v; = Vi + w;, we get that v; — vg in DPP as i — oo. Hence T is compact. The
Schauder fixed point theorem therefore implies that T has a fixed point which is
the desired solution to (4.18). The estimate (4.23) follows from (4.28).

If p = oo, it suffices to assume (4.21). To see this, we modify the function a
exactly as in [3]. Consider a function s defined as follows:

x, for |z| < 2M,
2Msgn(x), otherwise.

(4.34) () = {

Here M is taken to be equal to the right-hand side of the estimate (3.7). Next we
solve the Dirichlet problem

(4.35) Lu — a(z, Yy (u))u = fin u|(,m =y, u e D%,

The exact choice of 2 < ¢ < oo is not important. Notice that a(z, ¥ (u)) €
Lmin{s:th(Q); hence (4.19)-(4.20) hold. Tt follows that there is at least one solution
u to (4.35). We will show that this u also solves the original equation.

To see this, set V(x) = a(x, ¥ (u)) € L*(Q) for some s > n/2. Consider the
linear problem

(4.36) (L—V)v=finQ, |0 = 95 u € DY,

for any 2 < ¢ < oo. Since g € L*>(Q), Theorem 3.1, namely the uniqueness and
existence results there, gives us that there is a unique function v € D%2 solving
(4.36), and moreover v € D% = [°(Q). Since u from (4.35) solves (4.36) and
u € D%2_ it follows that u = v; hence u € L ().

Finally, the estimate (3.7) shows that |[u|[~q) < M. That is, ¥ (u(z)) = u(x)
for all x € Q, and hence u indeed solves (4.18).

For uniqueness, it has been shown in [3] (Example 5.3) that (4.18) might have
more that one solution. Hence we need a stronger condition on the function a.
(4.24) and (4.25) give us that. Let uy, us € D NCloc(2) be two different solutions
to (4.18) with ul‘ag = uQ‘aﬂ. Then, writing

(4.37) a(@,u1(x))ur(z) — a(z, uz(z))uz(z) = Viza(z)(u1(z) — uz(z))
with
(4.38) Vig(x) = /0 (,%b(a:, ug(z) + t(u1(x) — uz(x)) dt,

we have Via(xz) > 0 and Vip € L*(Q), for some s > n/2. Hence, the function
w = uy — ug satisfies the PDE

(4.39) (L —Viz)w=0 1inQ, 0, w € DOP.

w‘an =
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The uniqueness result from Theorem 3.1 for this linear equation guarantees that
w =0 in . O

Example 4.4. A good example illustrating Theorem 4.3 is the equation

(4.40) Au — |ulfu =0 in Q, =g € LP(09),

u|8§2

for some ¢ > 0. Theorem 4.3 gives us that the solution « to the equation (4.40)
exists and is unique, provided that
(4.41) 0<q< -2
n

If p = 00, ¢ can be taken arbitrarily large. In particular, if dim M = 3, then, given
any g € LP(9Q) (p > 2 — €), the solution u exists, provided ¢ < p. As we will
see later, if we consider only nonnegative solutions (i.e., g > 0), then the condition
(4.41) is not necessary, and the solution u € D%P exists for any given ¢ > 0.

We can also extend the range of ¢ for which (4.40) is solvable to negative numbers,
namely the interval —1 < ¢ < 0. This does not follow immediately from Theorem

3.2, and the proof requires a bit of additional work.
Denote by ¢; : R — RT the function

(4.42) di(u) = {|u|q, for jul > 178,y

o i , 2,
179 otherwise,

Since ¢;(u) € L>*(R), it makes sense to consider an approximate solution to the
equation (4.40):

(443) Au; — @-(ui)ui =0in Q, =gc Lp(éQ), U; € Do’p,

“i‘an

for any 2 — e < p < co. Theorem 4.3 tells us that u; exists and, for some C > 0,
(4.44) luillpor < CllgllLron), =1,2,3,....

We want to argue that (u;);en has a convergent subsequence in D%P. To see this,
consider h; = ¢;(u;)u;. Clearly,

(4.45) il = |i(ui)ui| < Jug T+

Since 0 < 14 ¢ < 1, it follows from (4.44) and (4.45) that for some C > 0,

(4.46) |hillpor < C, i=1,2,3,....

This means u; solves the PDE

(4.47) Au; = h; in Q, =g € LP(0Q), u; € DOP.

Uil o
Compare this with (4.29)-(4.30)! Hence, essentially the same argument as used in
(4.29)-(4.33) gives us that a subsequence of (u;);en (again denoted by (u;)ien) is
convergent in D%P. Denote this limit by u. Clearly, u| 80 = = ¢ almost
everywhere on 9. Also, for any test function ¢ € C§°(12),

= (u’i7 Aw) - (|ui|quia w) + (|ui|qu’i - (bt(ut)uta w)a 1= 1) 27 SRR

Uilgn
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Now, u;(x) — u(x) for every z € 09, and we also have that u; — u in Cic(Q).
Hence clearly the first two terms on the right in (4.48) converge to (u, Ay) —
(Ju|9u, ) as i — oco. The last term is nonzero only if |u;| < i~1. Hence we get

Hm [(fug| u; — ¢i(ui)ui, )| < lim 2|ug| e dVol
e 700 e |ui(z)|<i~1}
(4.49) < 2 lim i~ ||| oo () VOL(Q) = 0.
11— 00

Hence:
(u, AY) = (Jul*u,v) =0, for all ¥ € C°(9),
or equivalently

(4.50) Ay —Ju|?u =0 in Q in the sense of distributions.

This proves the existence. For uniqueness, let uy,us € D%P be two different
solutions to the equation (4.40) for some —1 < g < 0andp >2—¢. Pick anyi € N
and consider the following two sets:

(4.51) D ={z€Q:|u(r)] <i ™t & Jua(z)| <i™'}, Oy =0\ Q.

We claim that if € €5, then

|ua ()| Tua (2) — Jua(@)|Tug(x)
uy(x) — uz(w)

The first inequality is clear, and the second one can be proven by considering two

cases when uq(z) and uz(x) have the same signs and when the signs are different.
Let

<i 9

(4.52) 0<

w1 (z)—uz(z

Vi) = \Ul(9C)|“U1(96)—|u2(3¢))\qw(ﬂc)7 for z € o,
’ 0, for z € O,
|ug(2)|uy (z) — Juz(x)]|tuz(x), for x € Q,

0, for x € Q.

(4.53) hi(z) = {

It follows that Vi, h; € L>(Q) and ||hil|pe(q) < 20777 If we denote by w the
difference u; — ug, we get that

(4.54) (A=Viw=hi,  w|,,=0, w € DOP.
This and Theorem 3.1 yield that there is C' > 0, independent of i, such that
(4.55) wllpor < Cllhi| Lo () < 2077179

Since i can be taken arbitrarily large, it follows that |w||po.» = 0; hence uq = us.

5. BOUNDARY VALUE PROBLEMS FOR NONNEGATIVE SOLUTIONS

Consider now a special case of the equation (4.1) when the solution u does not
change sign, i.e., it is either always nonnegative or nonpositive. We formulate our
result only for nonnegative solutions, since the other case is analogous. The main
point is that instead of the condition (4.24) we have to require (4.25) only.

Theorem 5.1. Let M be a smooth n-dimensional Riemannian manifold (n > 3)
with Lipschitz metric tensor g. Let L be a strongly elliptic, (formally) selfadjoint,
negative definite second-order differential operator acting on functions on M that
can be locally written as (3.1) with coefficients satisfying (4.17) for some s > n. Let
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Q C M be a connected Lipschitz domain in M. Consider the following Dirichlet
boundary problem:

(5.1) Lu—b(z,u) = f in Q, u‘ag =g € LP(0Q), u € PP,
where b(z,u) is a Carathéodory function, b(x,0) =0 and for any M > 0,
0

(5.2) sup 2b(x,u) € L*(Q) for some s =s(M) > n/2, —b(x,u) > 0.
we[—M,M] ou ou

There exists € = ¢(L,) > 0 such that the following is true. For any 2 —e <
p < oo, if r,q satisfy the conditions

1 1 2 n
5.3 1<g<oo, r>n/2, —->- (——1),
(5:3) Sqsoo, r>n/ D q+n—1 2r
then, given any g € LP(0Q), g > 0, and f € LL(Q), f <0, there exists a unique
solution u € D°P to the equation (5.1). (Here the trace of u on 0 is taken in the
nontangential a.e. sense.) Also, u >0 and u € C2 () for some § > 0.

loc

Moreover, there is a constant C = C(p,q,r) > 0 such that
(5.4) llullpor < CIfllzac) + lI9llLra0))-

Proof. Notice that the equation (5.1) does not differ from equation (4.1), since we
can put

1
0
5.5 = —b(x, tu) dt.
(55) atan) = [ Frblo.t
It follows that a(z,u)u = b(x,u), and moreover a(x, u) satisfies, for any M > 0,
(5.6) sup  a(x,u) € L*(Q) for some s = s(M) > n/2, a(x,u) > 0.
wE[—M,M]

Fix f and g as in the statement of our theorem. First we solve the following
linear problem:

(5.7) Lv = fin Q, =g € LP(09), veDOP,

The solution to this problem exists by Theorem 3.1, and moreover v > 0, as follows
from (3.14) and (3.17). Also,

(5:8) [vllpor < C([|f]

We solve (5.1) by constructing a sequence of approximate solutions (u;);en and
then letting ¢ — co. We take

(@) = {g(m), if g(x) <4,

1, otherwise,

”|aQ

ca@) T 19llLro0))-

(5.9) Filz) = {f(w), if dist(x, 00) > 1/4,

0, otherwise.

Notice that g; € L>°(0€) and f; € L™(£2). Let u; be the solution to the nonlinear
equation

(5.10) Lu; — b(z,u;) = f; in Q, ui‘aﬂ = gi, u; € DV,

First, we have to make sure the equation (5.10) is solvable. This is quite clear, since
Theorem 4.2 applies. This theorem also gives that u; € L*°(Q) and w; is uniquely
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determined since (5.2) holds. Also the same argument as used for the function v
shows that u; > 0.
Our goal is to prove that for any i =1,2,3, ...

(5.11) 0 <wu; <ujpr <o

Fix any ¢ € N. The difference w; = u;11 — u; solves the PDE

(5.12) (L — Vy)w; = h; in £, wi|89 = gi+1 — i, w; € DY,
where h; = fit1 — fi € L"(Q), h; <0, and

(5.13) Vi(z) = /0 %b(m,ui(a:) + t(uipr (x) —wi(z)) dt,

i.e., Via(z) > 0 and Vi3 € L*(R2) for some s > n/2 by (5.2). Hence w; > 0 by (3.14)
and (3.17). Similarly, the difference W; = v — u; solves the PDE

(5.14) L(W;) = H; = —=b(z,u;) + f — fi in Q, Wiy = 9— 9is W; € DOP.

Since u; > 0, we have —b(x,u;) < 0. Also f — f; < 0, from which follows that
H; < 0. Moreover, b(xz,u;) € L*(Q), f — fi € L2(Q), and therefore H; € LI().
Finally, Wz‘ 50 = 0, which again gives that W; > 0. So (5.11) holds. It follows that
for any z € €2 the number
(5.15) u(z) = lim w;(z)
71— 00

is well defined and 0 < u(z) < v(z). Hence the function u belongs to D% and the
estimate (5.4) holds. We also see that u|8Q = g a.e. on 0f2, where this trace is
taken in the nontangential sense. This follows from the fact that for all ¢ we have
ui‘m =g; a.e., v‘aﬂ =gae. and g; — g as i — 0.

It remains to prove that

(5.16) Lu—b(z,u) = fin Q
in the sense of distributions. But this is easy. Take any test function i € C§°(12).

On O = supp ¥ CC Q we have that U‘o € L>°(0) and also u;(x) — u(z) pointwise
for x € O. From (5.10),

Hence b(z,u;(x)) — b(x,u(z)), and by (5.2) the sequence (b(.,u;(.)))ien has an L®
(s > n/2) majorant on O. Finally, f; — f in L"(O). This means that we can pass
to the limit as ¢ — oo in all three terms of (5.17) to get the desired result:

(518) (UaLW’) - (b(xau)vw) = (fﬂ/))

This proves the existence of a solution to (5.1). The proof of uniqueness goes as
follows. Assume that u; and ug both solve (5.1). Consider an increasing sequence
of connected Lipschitz domains 2y CC Qo CC ... converging to Q2 = ), such that
the Lipschitz character of these domains is the same. That is, there is a universal
constant L > 0 such that for any z € 0f) there are a neighborhood U of = and a

smooth coordinate system on U in which for each i = 0,1, 2, ... we can write U N¢;
as
(5.19) UNQ ={z=(a",z,) €U : 2, > pi(2')}

(compare with (2.39)), where the functions ¢; have Lipschitz constants bounded
by L. On each domain §2; one can consider the linear Dirichlet boundary problem
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(3.6). Onme also gets the appropriate estimate (3.7) for ;. Crucial here is that
the constant C' in the estimate (3.7) can be taken the same for each domain £,
i.e., independent of i. This follows from the fact that these domains have the same
Lipschitz character. (See also [20] for more details.)

Denote Vj;(z) = a(x,uj(x))|9i, fori=1,2,... and j = 1,2. (The function a is
defined by (5.5).) Since uj € L. (Q), clearly Vi;j € L*(€;), for some s > n/2. Tt
follows that u; restricted to §2; solves the PDE

(520) (L — V;‘j)uj' = f in Qi, uj|8§2' = Gij, u; € Do’p(Qi),
where
(5.21) 9ij = Uil € LP(OQ), i=1,2,....

It is possible to identify the boundaries 0S2; with 9 via the flow of a smooth vector
field X on M, nonzero near 92 and pointing inside Q (see [4] for more details).
Using this identification, it follows that

(5.22) gij —g nLP(0Q)asi— o0, j=1,2.
This, (5.20) and (3.7) give us, on each domain Q; for j = 1,2,
(5.23)  llujllporey < Cllfllcan + I9iillLro0:) < C1f]

This gives that u; € Cioc(2) for j = 1, 2. Interior regularity results for the equation
(5.20) actually give u; € CZ (), for some § > 0.
The difference w = u; — w9 satisfies in €; the PDE

ca@) t19llLro0))-

(5.24) (L-V)w=0inQ,  w|,, =g1—gi, weD"P(Q),
where
~ Lo
(5.25) Vi(z) = / %b(x, ur(x) + t(ug(x) —ui(x)) dt, for x € Q.
0

It follows that V; € L#(82;) for some s > n/2, and V; > 0. Hence, again by (3.7),
we get

(5.26) [wllpor(ay < Cllgin — gizllLro0;) — 0, asi— oo.

Now, as follows from Definition 2.1, an appropriate choice of nontangetial regions
{7(.)} for the domains §2; and {7(.)} for £ implies that

(5.27) ||wHDo,p(Q) = lim ||’LUH’DO,D(Qi) =0.
1— 00

Hence u; = ug, and uniqueness follows. O

6. DIRICHLET BOUNDARY PROBLEMS WITH BMO BOUNDARY DATA

As we saw in Theorem 4.3, if u|8Q € L*>°(99Q), we do not require any condition
on the growth of a(z, ) in the variable u, whereas u|8Q € LP(09), p < oo, requires
at most polynomial growth in the variable u.

Recall that the space BMO of bounded mean oscillations introduced by John
and Nirenberg [14] is contained in all L? spaces for p < oo but is larger than L.
Hence we can expect that the boundary condition u| a0 € BMO(092) should allow
us to solve the nonlinear problem for functions a(x, ) with faster than polynomial
growth in the variable u, but not arbitrary growth as in the L°° case. This is indeed
the case, as follows from Theorem 6.5. Let us start with a few definitions.
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Definition 6.1. We say that f : 92 — R is a function of bounded mean oscillation,
and write f € BMO, provided that

(a) f is an integrable function on 952, and

(b) there exists a constant A such that, for any ball B on 09,

1
(6.1) 57 | 11@) = fo] dofa) < 4.

Here o is the surface measure on 0 and fp = o(B)™" [ f do(x).

The smallest bound A for which (6.1) holds is taken to be the norm of the space
and is denoted by || f|lBmo. Notice that the constants have zero BMO norm. To
avoid this problem, we put

(6.2) | fllbmo = [ flIz1(a02) + [IfIBMO-

(6.2) satisfies all properties of a norm. The L! norm in (6.2) could be replaced by
the L? norm for any g < oo, giving us an equivalent norm. The space equipped
with the norm (6.2) we denote by bmo or bmo(91).

Remark. The balls on the boundary 02 are defined using the distance function
d(.,.) inherited from the manifold M. Hence for any x € 92 and r > 0 we can take

(6.3) B = B(z,r) ={y € 0Q:d(z,y) <r}.

The paper [14] by John and Nirenberg established several important properties
of bmo functions. The first one is that there is a constant C' > 0 such that for any
bmo function f and any 2 < p < o0

(6.4) lgllra0) < Cpllgllbmos

i.e., the LP? norm of f increases at most linearly as p — oo.
If a function satisfies (6.4), then the measure of the level set {z € 9Q; f(z) > a}
decays exponentially as a — 00, i.e., there are positive constants K, b such that

(6.5) o({z € 0; f(z) > a}) < Ke b,

Here b on the right-hand side of (6.5) depends on the right-hand side of (6.4);
namely, (6.5) works for any b < C/||g||Bmo-

For reasons that will become clear later, we want to work with a space slightly
larger than bmo, but satisfying (6.4). We call this space LI(092) (LI stands for
linear increase). We also define the space D™ in a way that resembles Definition
2.1.

Definition 6.2. Let LI(09) be a space of all functions f : 92 — R for which
(6.6) LI(0©) = {f: 09 = R; sup P fllzecon) < oo}
P>

Then for any 2 < ¢ < oo the space LI(9f2) equipped with the norm

(6.7) [fllq =sup p~ I fllLro0)
p>q

is a Banach space. Also all norms ||.||, are equivalent. Consider also

(6.8) 1lloo = lina [1£lg-
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Definition 6.3. Let the meaning of Q C M, {y(z)}sco0 and Q be exactly the
same as in Definition 2.1. Consider

(6.9) DM ={f:Q - R,M"f € L1(0N)}.
Then
(6.10) [ fllpe = [MOfllgs  for 2 < g < oo,

defines a norm on the space D™ for any 2 < ¢ < co (a pseudonorm if ¢ = co). All
these norms are equivalent, and moreover the normed space D™ is complete.

Remark. The proofs of the statements in Definitions 6.2 and 6.3 are fairly straight-
forward. Clearly (6.4) implies that bmo(02) C LI(092). We note that ||.||s and
|-l pur satisfy all the properties of a norm except

(6.11) l9llc =0 = g=0 and  |flpy =0 = f=0.

For example, if g € L*(9), then ||g||lcc = 0. However, the number | g|o still
carries information on b in the estimate (6.5). In particular, there exists C' > 0
such that (6.5) is true for any b for which

(6.12) b< C/llgllc and g € LI(0N).

It follows from (6.5) and (6.12) that, given any 1 < p < oo, there exists a
constant C' = C(p) > 0 such that for any g € LI(092) and any

(6.13) a < C/||glsos we have exp(ag) € LP(0Q).

In particular, if ||g|lcc = 0, then exp(ag) is integrable for any a € R. Since for any
feDH,

(6.14) exp(aM’f) € LP(0Q) = exp(af) € LP(Q),

(6.13) also implies that for any 1 < p < co and f € DY there exists C = C(p) > 0
such that

(6.15) a<C/|flpx = explaf) € LP(Q).

Definition 6.4. Let a = a(z,u) be a Carathéodory function. We say that a grows
at most exponentially in the variable u, provided we can bound a by

(6.16) a(z,u) < k(z)erl

for some A >0 and k > 0, k € L*(Q), where s > n/2.

We say that a grows less than exponentially in the variable u, provided there is
s > n/2 such that for any A > 0 there is a function k > 0, k € L*(Q2), for which
the bound (6.16) holds.

Finally, we have everything in place to proceed.

Theorem 6.5. Let M be a smooth n-dimensional Riemannian manifold (n > 3)
whose metric tensor g is Lipschitz. Let L be a strongly elliptic, (formally) self-
adjoint, negative definite second-order differential operator acting on functions on
M that can be locally written as (3.1) with coefficients satisfying (4.17) for some
s>mn. Let Q C M be a connected Lipschitz domain in M. Consider the following
Dirichlet boundary problem:

(6.17) Lu—a(z,u)u = f in Q, = g € LI(09), u € DY,

U‘SQ
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Let a(xz,u) > 0 be a Carathéodory function that grows at most exponentially in the
variable u, i.e., (6.16) holds. Also, let r,q satisfy the following conditions:

(6.18) r>n/2, q> 2(1%_/1(270))

Then there exists a constant C > 0 such that for any given f € L£1(Q2), g € LI(09Q)
and

(6.19) lglleo < C/A, where A is the number from (6.16),

there exists a solution u € DTN CY (Q) (6 > 0) to the equation (6.17). Moreover,
for some C' = C(p,r) >0

(6.20) [ullpyr < C(I1f]

ey gl Mlullpy < Cllglleo

In particular, if the function a grows less than exponentially, the solution to
(6.17) exists for all g € LI(0N).
If in addition the function b(x,u) = a(x,u)u satisfies

0 Alu
. < — < | ‘
(6 21) 0 ub(:c, u) k‘(:c)e y

where A and k are the same as in Definition 6.4, then the solution u to (6.17) is
unique among all functions in DY for which ||lullpu < C/A. In particular, if the
function a grows less than exponentially, the solution u is unique in D,

Corollary 6.6. Keeping the same assumptions on M, ), L, q, r as in the theorem
above, it follows that the Dirichlet problem

(6.22) Lu—a(z,u)u = f € L1(N), = g € bmo(990), u € DM,

U}SQ

is solvable for any g € bmo(dNY), provided the Carathéodory function a(x,u) > 0
grows less than exponentially in .

If a(z,u) > 0 grows exponentially in w, then the Dirichlet problem (6.22) is
solvable, provided g can be written as

(6.23) g9=g1+ g2, where g1 € L™®(Q) & g2]lBmo < C/A,

for some C > 0 and A from the estimate (6.16). (Said differently, (6.23) means
that (6.22) is solvable for small BMO perturbations of L* boundary data g.)

Proof. We will be brief, since the main idea of the proof is the same as in Theorem
4.3. We begin with the observation we made in [3], that for fixed r, ¢ the constant
C > 0 in the estimate (3.7) can be taken independent of 2 < p < oo; that is, the
solution u to (3.6) satisfies

(6.24) |Jullpor < C(Ifllz2(0) + lgllzrae)) for any 2 < p < oo and g € LP(99).

This essentially follows from the fact that (6.24) is a result of interpolation between
the estimates for p = 2 and p = co.

Next, let the meaning of f+, f=, g7, g7, u§,+) and u!;”) be the same as in (3.14)-

(3.17). Tt follows from (3.17) that the solution u = uy = ug;r) - ug;) to (3.6)
satisfies

(6.25) luy ()] < ui (@) +ul ) (@) < hz) = u§P (@) +uf (@),
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where uéﬂ and u((f)

(6.24) implies that

are solutions for V' =0 to (3.14), (3.15), respectively. Clearly

(6.26) [Allpor < C(Ifllz2) + l9llLra)) for any 2 <p < co.
Now, since g € LI(0), i.e., [|g|lzra0) < Cp, (6.26) gives us
(6.27) [l ppr < C(1 /]

ey gl lhllpy < Cllgllee-

Hence by (6.15) and (6.16) there exists C' > 0 such that for any g € LI(0)
satisfying ||g|lcc < C/A, where A is the number from (6.16), we get that V =
kexp(Ah) € L (Q) for some s’ > n/2.

It follows that the map T : u — v defined by (4.27) is well defined as a map from
the set

(6.28) S={u:Q—-R: ueCo(Q) & |Ju(z)| <h(x) for all z € Q|}

into itself. Notice also that the set S is closed and convex in the topology of D°P
for any 2 < p < co. As before, the map T : S — S is continuous and compact in
the D topology; hence by the Schauder fixed point theorem, T has a fixed point
in §. This proves the existence.

For uniqueness, the argument given in the proof of Theorem 4.3 goes through,
provided the solutions w1, us that we consider satisfy

a ’
(6.29) %b(,uz()) € L* (), forsomes >n/2, i=1,2.
Given this and (6.21), it follows that u; = ug. (6.21) also gives that (6.29) certainly
holds, provided |u;[|py < C/A. O

Now we return to the discussion of Example 5.11 of [3] in the light of Theorems
5.1 and 6.5.

Example 6.7. In [3] we considered the following situation. Let  C M be a con-
nected Lipschitz domain on a two-dimensional compact Riemannian manifold M.
We want to impose a given Gaussian curvature K (z) < 0 on the set by confor-
mally altering a given metric g whose Gauss curvature is k(z). By a well-known
formula, whose proof can be found in appendix C of [23], if ¢, ¢’ are conformally
related, i.e., ¢’ = e?“g, then K and k are related by the PDE

(6.30) K(z) = e ?“(=Au + k(z)),

where A is the Laplace operator for the original metric tensor g.

As explained in [3], the fact that this problem is only two dimensional and we
mainly considered the case of dim M > 3 is not too important. The only reason we
did not consider the case dim M = 2 in close detail is that in this case the kernel
E(z,y) of the inverse L~! of the operator (2.17) does not satisfy (2.9) but contains
a logarithmic singularity of the form log |z — y|. Hence it would require additional
space to develop the results of section 2 for this case. However, it can be shown
that all results of sections 2 and 3 (and hence also section 4) extend to this case.
It is therefore legitimate to consider (6.30).

It follows from (6.30) that we want to solve the PDE

(6.31) Au + K (z)e*" = k(z).
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We also want to impose Dirichlet boundary conditions on u, i.e., we specify ¢’ on
€. Rewriting (6.31) in the form considered in Theorems 5.1 and 6.5, we see that

eQu _

(6.32) a(z,u) = —K(x) and f(z) = k(x) — K(z).

Clearly, a(z,u) > 0, since K(x) < 0. Tt follows that (6.16) holds provided K (z) €
L#(f2), for some s > 1. If we also assume that k € L*(2), then all assumptions of
Theorem 6.4 and Corollary 6.5 are satisfied. Notice that phe uniqueness condition
also holds, since b(x,u) = —K (x)(e?" —1), and therefore a%b(x,u) = 2K (x)e?* >
0.

It follows that there is a constant C' > 0 such that, given any h = u|8Q € LI(09)
with ||h]|ec < C (or given any h = hy + he with hy € L>(9€) and ||hz|lsmo < C),
we can construct a unique conformal metric ¢’ on € with prescribed curvature
K(z) <0, K(z) € L*(Q) (s > 1) and boundary “values”

(6.33) 9 o0 = thg‘am

where g is the original metric tensor on M.

In some cases Theorem 5.1 also applies. It is enough to assume K (x) € L°(2) for
some s > 2. The reason we do not want just s > 1 is that in order to have (3.26) we
need p > s(n —1)/(s — 1)n, where n = dim M. This condition does not represent
a problem for n > 3. For n = 2 it means that we should take s > (1 — 1/2p)~,
where p is the regularity of the boundary data. To be on the safe side, s > 2 would
always suffice.

We also need h = u‘aﬂ >0 and k(z) — K(x) < 0. Hence, given k, K € L*(Q) for
s > 2 such that
(6.34) k(x) < K(x) <0, for all x € Q,

then for any h € LP(9), h > 0, and p > 2 — ¢ there is a unique conformal metric
tensor g’ on {2 whose curvature is K (z) and has boundary “values” given by (6.33).

Notice that the solution u to (6.31) is nonnegative and g’ = e2“g; hence at every
point z € Q we have ¢’ > g. This has the following consequence. If d, is the
distance function on €2 generated by the metric tensor g and dg is the distance
function generated by ¢’, then, for any two points z,y € €2,

(635) dg(xvy) < dg’ (x,y),

i.e., the distances (and therefore also the volume of ) have increased.
Due to the symmetry, there is one more case to which we can apply Theorem
5.1. Namely, if k, K € L*(Q) with s > 2 and

(6.36) K(z) <0, K(z)< k(z),

then for any h € LP(0R), h < 0, and p > 2 — ¢ there is a unique conformal metric
tensor ¢’ on  whose curvature is K (z) and which has boundary “values” given by

(6.35).
In this case v < 0 on €2, and so for any two points z,y € ) we have
(6.37) dg(z,y) > dg (z,y).

For a discussion of a different boundary value problem (with u — oo as z — )
for this PDE, see the paper by Mazzeo and Taylor [17].
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