FINDING MAXIMAL TORSION COSETS ON VARIETIES
ISKANDER ALIEV AND CHRIS SMYTH

ABSTRACT. We describe a new algorithm for finding all maximal torsion cosets on vari-
eties of G},. We illustrate the algorithm with some examples.

The starting point for this study is the search for points on a given variety whose
coordinates are roots of unity. Sometimes these points are isolated, but often they are
part of larger families of such points, called torsion cosets. (These are in fact elements
of finite order in some quotient group of GI.) Of greatest interest are maximal torsion
cosets, not contained in any larger ones. The number of maximal torsion cosets on a
variety is known to be finite, and it of interest to find upper bounds for the number of
these, in terms of the dimension and the total degree of the variety. We summarise what
is known about such bounds.

1. INTRODUCTION

Here we are concerned with finding cyclotomic points on a given variety, that is, points
whose coordinates are roots of unity. One place where finding cyclotomic points on varieties
arose was in [18], where the problem was to factorize polynomials

Rym(2) = 22422 — 2 — 1) 4 220dm) p 20m4D) 2 » 11

These can readily be shown to have at most one zero in |z| > 1, so, for a fixed d, m, all
irreducible factors of Ry,,(2), except perhaps one, are cyclotomic polynomials. Putting
x = 22?1 y = z?™ this leads to the problem of seeking cyclotomic points on the surface

v(2 =z —D4aoy  +y2 -2 —2+1=0. (1)

For a given variety V), we denote by n its number of variables, by d its total degree, and
by h the number of hypersurfaces whose intersection defines V.
A fundamental result needed, as in Beukers and Smyth [2], is the following.

Lemma 1 (]2, Lemma 1]). (i) If g(x) € Clz],g(0) # 0, is a polynomial with the prop-
erty that for every zero o of g, at least one of £a? is also a zero, then all zeroes of
g are roots of unity.
(ii) If w is a root of unity, then it is conjugate to exactly one of —w,w? and —w?.
Conversely, if a« # 0 and either o® or —a?
unity.

s conjugate to «, then « is a root of

The value of this lemma for our purposes lies in the fact that, for a variety V(H) defined

by a set H of hypersurfaces, the lemma enables us to enlarge H to obtain a collection of (in
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general smaller) varieties V(H') with the property that the cyclotomic points on UV(H')
are the same as those on V(H). In particular, for hypersurfaces we have the following.

Lemma 2 ([1, Theorem 1.3]). Let f € C[X,...,X,] be an irreducible polynomial with
L(f) = Z™. Then there exist m < 2"' — 1 polynomials f1, fa, ..., fm with the following
properties:
(i) deg(f;) < 2deg(f) fori=1,...,m;
(ii) For 1 <i < m the polynomials f and f; have no common factor;
(iii) For any torsion coset C' lying on the hypersurface f = 0 there exists some 1 < i <m
such that the coset C' also lies on the hypersurface f; = 0.

When f is in fact defined over Q, the polynomials f; are a subset of f(+xy,...,+x,)
(not all + signs) and f(+z%,...,+z2). We also need the following simple lemma.

Lemma 3. Suppose that L is a full (i.e. n-dimensional) sublattice of 2", with determinant
D > 1. Then there is a basis of L, and a factor m > 1 of D with the property that one of
the basis vectors has all its components divisible by m.

Proof. Consider an n x n matrix whose rows are a basis of L. Now put this matrix in
Hermite Normal Form ([4, Section 2.4.2]), so that the rows of this new matrix are again
a basis for L. Then it is upper triangular with diagonal elements dy, ..., d, say, with all
elements in a column being nonnegative and strictly less than the diagonal element in that
column. Since [[,d; = D, not all the d; are 1. Let ¢’ be the largest index i such that d; > 1.
Then d;; > 1 is the only nonzero entry in row i’ of the matrix. O

1.1. Definitions and earlier results. Let G, denote the multiplicative group of C, as a
variety, and let G = (G,,)™ be the direct product consisting of n-tuples & = (z1,...,z,)
with x; € G,,. By a subtorus H of G], we mean an irreducible algebraic subgroup. By
torsion coset we will understand a coset wH, where H is a subtorus of G}, and u =
(u1,...,u,) is a torsion point, that is all u; are roots of unity. Let V be an algebraic
subvariety of G'. A torsion coset uH C V will be called maximal in V if there is no
torsion coset wH' with uH ; uH' C V. By the dimension of a torsion coset uH we
understand the dimension of the torus H. A maximal O-dimensional torsion coset will
be also called isolated torsion point. Let VY(H) be the union of all maximal cosets uH
contained in V' and let

ve=JviH),

where the union being over all subtori H of G} .

Lang [9] conjectured that if V' is a subvariety of G” defined over Q then V'V is the union
of a finite number of torsion cosets. This conjecture was proved by Thara, Serre and Tate
(see §8.6 of Lang [9]) when dim V' = 1, and by Laurent [11] if dim V' > 1. Different proofs
of this result were also given by Sarnak and Adams [15]. In Zhang [19] and in Bombieri and
Zannier [3] it has been shown that V" is the union of at most ¢(d,n, [K : Q], M) torsion
cosets when the defining polynomials of V' had coefficients in a number field K and had
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degrees < d and heights < M. Furthermore, in [17] Schmidt has given a bound of this
kind.

Let 7 (V') denote the number of maximal torsion cosets lying on the subvariety V' and
let

7T (n,d) = max TV),

where the maximum is being over all subvarieties V' C G, defined by the polynomial
equations of degree at most d. Schmidt [17] has shown that

T(n,d) < (11d)" exp (4 (n ; d) !) . 2)

The proof of this bound is based on a result of Schlickewei [16] about the number of nonde-

generate solutions of a linear equation in roots of unity. The latter result was significantly

improved by Evertse [7]. Because of his result, the bound (2) can be replaced then by

o a\ O 3
. )

Although the estimate (3) is much better than (2), it is still of exponential growth in d.
Recently, such bounds that are polynomial in d have been obtained for varieties defined
over Q by de Piro [6], using methods and results from model theory. Earlier, David and
Philippon proved a result [5, Proposition 5.6] from which such a bound can follows, for
varieties defined over Q. We have also obtained such a bound in [1], improving on these
bounds. The main result of [1] asserts that, for any fixed dimension n, the number of
maximal torsion cosets on subvarieties of G} is polynomially bounded in d. First, our
bound for maximal torsion cosets on hypersurfaces.

T (n,d) < (11d)”2<

Theorem 1 ([1]). Let f € C[Xy,..., X,], n > 2, be a polynomial of total degree d, and let
H =H(f) be the hypersurface in G defined by f. Then

Nigr(H) < e1(n) d =™, (4)

where c1(n) and ca(n) are effectively computable constants. Indeed we can take

n 1
cr(n) = P and  cy(n) = 1—6(49 5" —4n —9)..

1.2. Examples. The following family of examples shows that the upper bound on the
number of maximal torsion cosets on a hypersurface cannot be too small. In particular, a
general bound must be exponential in the dimension n.
Define the following hypersurfaces Hy, : fr(z1,...,2,) = 0 in GJ:
e In general for k = 1,2,...,n f; is the kth elementary symmetric function of the
n terms (z¢ — 1),..., (2% —1). In general the hypersurface H; has degree kd
and (,",)d"~*=Y (k —1)-dimensional maximal torsion cosets obtained by choosing
n— (k—1) of z1,..., 2z, to be dth roots of unity.
In particular



o fi(zy,...,mp) = (¢ —1)+ -+ (¢ - 1).

The hypersurface H; has degree d and d" isolated torsion points. They are its
only torsion cosets.

o fo(wy,...,m,) = ZK].(J:? —1)(z4 —1).

The hypersurface H, has degree 2d and (’;)d"il 1-dimensional torsion cosets
obtained by choosing n — 1 of xy, ..., x, to be dth roots of unity. They are its only
maximal torsion cosets.

o foi(r,. . mn) =300 Hj#i(x? —1).

The hypersurface H,_; has degree (n — 1)d and (",)d* (n — 2)-dimensional
maximal torsion cosets obtained by choosing two of x1,...,x, to be dth roots of
unity.

1.3. General varieties. Concerning general varieties, we obtained the following result.

Theorem 2 ([1]). There are effective constants c3(n) and cy(n) such that

T(n,d) < cx(n) 40 (5)
Indeed we can take
03(n) _ nn+2)2n—2 St eali) H c1 (Z) and c4(n) _ Cg(i)Qn_i + gn—1
i=2 i=2

2. THE ALGORITHM

To motivate our algorithm, we first study a specific example.

2.1. Example: Maximal torsion cosets on a surface. Consider the surface f(x,y, z) =
0, where

flr,y,2)=(z+1+y)r—2—-1—zy . (6)

Let o := e2™/30 and w := €2™/3. Then the maximal torsion cosets on this surface are the
1-dimensional cosets

{(1,t,8%), (=1/t2,t, 1), (t,1/t2,1/1), (t, —1,1/t), (t, —t, 1), (t, 1/t, 1), (t,w,w?), (t,w?, W),
(—w,w, 1), (—w? w2 t), (t, —w?/t,w), (t, —w/t,w?), (—w?, t,wt), (~w, t,w?t)},

where t is a free parameter, and the isolated points



{(a87 a67 a17)7(a227a247 13)7 (a147a137 a19)7(a267a67 a29)7 (a37a297 a6)7(a287 a117a23)7
(0422,0{29’ a17)7(a97 Oé177o{18)7 (0[227&117&17)7(0[470{247 0[1), <&27&127&23>7<&97&77&18>7
<&16 046 0419) (a22 0412 a13) (a21 &13 O412) (0414 0418 Ozll) (0416 &12 Ozlg) <&2 &24 O423)

) ) Y ) ) ) ) ) ) ) Y ) Y Y ) Y ) )
(()421,04170418),(0416,0423,0411), ((127,04170424),(0427,0411,0424), ((13,04197046),<Oé2670412,0429),
(a277 a77a6)7(a27a197a7)7 (a287a187 a7)7(a37a137 a24)7 (a217a237a12)7(a87a187 a17)7
(a4’a23’a29)’(a9’a29’a12)’ (OzS’a19’a13)’(a4’a17’a29)’ (am,all,a18),(a4,a18,a1),
(a267 a137a1)7(a27a17a7)7 (a37a237 a24)7(a87a17a13)7 (a287 a67 a7)7(a97a197 a12)7
<Q27’a17’a6)’(a28’a29’ 23)’ (0514,04770419),(0416,0417,0411), (0414,0424,0411),(05267047,Oél)}

How are these found? Well, generalising from the case of curves, we compute the re-
sultant of f(z,y,z) with each of the 7 polynomials f(+z,+y,+2) # f(x,y,2) and the
8 polynomials f(4z? +y? +2?). By Lemma 1, all cyclotomic points of f also lie on at
least one of these 15 surfaces. We then take further resultants, on the same principle, as
necessary.

Techniques such as this led us to formalise the process for finding all torsion cosets on a
subvariety of G as an algorithm. We now give this algorithm . A different algorithm for
this purpose was given in [1]. We denote by n the number of variables of the polynomials
describing our variety. Of course this is an upper bound for its dimension. We also denote
by V.(f1, ..., fn) the union of all maximal torsion cosets on the variety defined by the h
polynomials fi, ..., fn in Zlxy, ..., z,].

The algorithm is recursive. We can clearly assume that all hypersurfaces considered are
irreducible. For instance, if f = [], 95", then V,(f) = U/V,(g¢). Further, where more
than one hypersurface is considered, we can assume that they are distinct, that is, their
defining polynomials are not simply rational multiples of one another. In the algorithm, the
notation z# for x = (z;) € G and A = (a;;) € Z™" denotes ([[, z;°*,..., [, z:"") € GI,.

We start with hypersurfaces, computing V,,(g). We then proceed to the 2-hypersurface
case, followed by the general case.

(1) One hypersurface.

(a) n = 1. Use the 1-variable algorithm in [2]. Alternatively, write g(x) = g1(z")
with 7 maximal, and put ga(z) — ged(g1(y), 01(5), g1(~y?). Then Vi(ga) is
the set of roots of go and so Vi(g) is the set of k-th roots of these roots.

(b) n > 2.

(b1) If g r-dimensional with r < n, say 2 = ¢, where A is n x r and, for some
¢, x°g(x) = g1(t), where t = (t1,...,t,) and g; is again irreducible. Then
maximal torsion cosets of g; readily give maximal torsion cosets of g.

(b2) If g is n-dimensional and D > 1 is the determinant of its lattice, then
for some factor m > 1 of D we can, by Lemma 3, find B € Z™"
of determinant D/m such that if y = 27 then and ¢ € Z" we have



z°g(z) = g2(y7", Y2, - -, yn). Then maximal torsion cosets of g readily
give maximal torsion cosets of g.

(b3) If g is n-dimensional and D = 1 is the determinant of its lattice (so
its lattice is Z"), then from Lemma 2 there are polynomials f; with
ged(g, fi) = 1 such that V,,(g) = U;Vi.(g, fi).

(2) Two hypersurfaces. V, (g, f), where g(x1, ..., z,) is irreducible and n-dimensional,
and f(xq,...,x,) is at most n-dimensional.

(a) If f is r-dimensional, where r < n, find V,(f) and then, for each maximal

torsion coset in V,,(f), write each variable z; as a monomial in ¢y, ..., ts, where

s <r —1<mn—2. Thus the dimension of the problem is reduced.

(b) If f is n-dimensional, then V, (g, f) = Vi.(g, f, s), where s = Res,, (g, f). We
then proceed as in (a) to reduce the number of variables.
(3) General case. To compute V,(f1,..., fr), find V,(f1) (say). Then proceed as in
part 2(a).

It is not difficult to prove that this algorithm is recursive. Indeed, consider the ordered
pair (r, D), where r is the smallest dimension of any hypersurface defining the variety,
and D is the determinant of its lattice. Ordering such pairs lexicographically, we see
that, essentially, each step of the algorithm produces only smaller (in this ordering) such
associated pairs. Here, we say ‘essentially’ because in step 1(b3) it is necessary to merge
this step with 2(b) (i.e. replace V,,(g, f;) with V,,(g, fi,r)) so that the dimension is reduced.

2.2. Example: Maximal torsion cosets on the surface (1). Consider the surface
p(z,y,z) = 0, where

p(z,y,2) =2 —z— D) +a/y+yz2 -2 —2+1. (7)
is the polynomial defining the surface (1). Let a := €?>™/3° as before, and put 3 := 7/,
7y 1= e2™/18 5 := ¢?™/12 Then the 1-torsion cosets on this surface are

{(t,1,1), (¢, =1, =1), (¢, —t, —t), (t, >, 1), (t, £, 1), (t, —t, —=1), (¢, =t 2, =), (¢, 1,t7Y), (1, £, 1)},

where t is a free parameter. This time, the 68 isolated points are given by the representa-
tives of their Galois orbits:

{(062, «, a26)7 <O‘27 a97 a26)7 <O‘87 0527 a)?(a87 044, Oé), (5187 67 52)7 (77 /727 714)7
(77 /737 713)7 (77 /777 714>7 (77 787 713)7(_17 527 5)}7

the orbits being of sizes 8,8,8,8,8,6,6,6,6,4, respectively. The determination of these
maximal torsion cosets enables a complete factorization of the polynomials R,,,(z) to be
made. The details are given in [18], albeit by a somewhat more ad hoc version of this
method.
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