ZEROS OF RAMANUJAN POLYNOMIALS

M. RAM MURTY, CHRIS SMYTH, AND ROB J. WANG

ABSTRACT. In this paper, we investigate the properties of Ramanujan polynomials, a family of reciprocal
polynomials with real coefficients originating from Ramanujan’s work. We begin by finding their number
of real zeros, establishing a bound on their sizes, and determining their limiting values. Next, we prove
that all nonreal zeros of Ramanujan polynomials lie on the unit circle, and are asymptotically uniformly
distributed there. Finally, for each Ramunujan polynomial, we find all its zeros that are roots of unity.

1. INTRODUCTION

This paper investigates the properties of Ramanujan polynomials, which, for each k > 0, the
authors of [2] define to be

k+1

BsojBaogi2-2; ;
R — J J 27
w1(2) = )2k +2—2j)1"

where B; denotes the jth Bernoulli number. Of particular interest is the location of the zeros
of these polynomials, whose knowledge will give rise to explicit formulas for the Riemann zeta
function at odd arguments in terms of Eichler integrals.

Ramanujan polynomials are reciprocal polynomials with real coefficients, meaning that they
satisfy the functional equation

1
Rop1(2) = 22 2 Ry <z> ;

where 2k + 2 = deg(Roi41). This elegant property greatly simplifies the analysis of their zeros,
the details of which will be unveiled in later sections.

To begin, this paper will derive certain basic properties of Ramanujan polynomials, including
a bound on the sizes of their real zeros. Furthermore, we will show that the largest real zero of
Roj1 1 tends to 2 from above as k approaches infinity.

The subsequent section will give a proof that all nonreal zeros of Ramanujan polynomials lie
on the unit circle. In particular, we prove that for each k, these zeros (which take the form e')
are interlaced between angles 6 for which sin k6 assumes the values £1. Hence, as k tends to
infinity, the nonreal zeros of Raogy1 become uniformly distributed on the unit circle.

The final section of the paper will determine which zeros of Rogy1 are 2k-th roots of unity.
Specifically, the roots of unity that are zeros of Royy1 are

e Both +i if £ is even;
o All four of +p, £p if k is a multiple of 3,

and no others. Here p is a primitive cube root of unity.
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2. MOTIVATION

In Ramanujan’s notebooks, we find the following remarkable formula involving the odd values
of the Riemann-Zeta function (see [3]):

1 —2k—1 —2k—-1
a” { C(2k +1) +Z Qan_l} (-3)7* { C(2k +1 +Z wn_l}
(1) k+1

; B2 Boj12-2; i i
22k ] J J k+1—j7 nj
Z k2o 7

where a, 8 > 0 with a8 = 7, and k is any positive integer. We recognize immediately that the
sum involving the Bernoulli numbers is

ak+1R2k+1 (Z \/E) .

A rigorous proof of this formula together with a generalization was obtained by Grosswald. He
proved the following (see [1]):

Theorem 2.1 (Grosswald). Let
n) = Z d*
din

and set

o0
_ Uk(n) 2minz
=D e

n

n=1

for (z) > 0. Then

2k+1
@ Faal) - B (-1 ) = 0+ DEF - 1)+ BT R (e,

The function Fj(z) is an example of an Eichler integral, and the above formula relates the
values of two Eichler integrals to ((2k + 1) through the Ramanujan polynomial. In particular,
zeros of Rop11(2) that lie in the upper half plane and that are not 2k-th roots of unity give us
a formula for ((2k + 1) in terms of Eichler integrals. Indeed, the results of this paper tell us
that, for each k > 4, there exists at least one algebraic number a with |a| = 1, a?* # 1 lying in
the upper half plane such that Rgj1(cr) = 0 and hence

Fopra(a) — o Fypy (—1/a)
2k _ 1 :

$(2k+1) =

In other words, there exists an explicit formula for the Riemann zeta function at odd arguments
9,11,13, ... in terms of the difference of two Eichler integrals.

Though Ramanujan polynomials have appeared in the work of Grosswald and others, they
were never studied for their own sake. It turns out that they are of tremendous interest in their
own right, and serve as motivation for further applications. Indeed, the authors of [2] study the

function

2
Gawr1(2) = —gp—7 (Fowra(2) = 2 FPos1(—1/2))

and show that the set

[Gor1() |S(2) > 0, 2 € Q, 22 # 1}

contains at most one algebraic number.
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3. BASIC PROPERTIES OF RAMANUJAN POLYNOMIALS

Let us begin with the following simple well-known observation.

Lemma 3.1. Suppose that the polynomial
P(2) = po +p122 + - + pgz

has real coefficients pj, and satisfies pg—; = pj, j = 0,...,d. Then P(z) is a reciprocal
polynomial and, for z on the unit circle, z~*P(z) is real.

Proof. We have

2dp( ) Zp S Zpd 27 = ZPJ =

Hence for z on the unit circle,

24P(z) = 2P () =z79P(z).

z

Corollary 3.2. Ramanugjan polynomials are reciprocal.

Proof. This follows from the fact that the coefficient of 2%/ of Ry, 2(2) is the same as that of
2k+2-2j O
z .

From this corollary we see that replacing z by —1/z in the identity (2) gives the same identity
again.

Before moving on, let us take a moment to list the first few Ramanujan polynomials and
their zeros (the values given in parentheses are approximations to exact solutions by radicals).
Notice that, for 1 < k < 8, Ror11(2) has exactly 4 real zeros. Furthermore, the largest of the
real zeros is always between 2 and 2.2 (and it seems to be approaching 2 as k increases). On
the other hand, the nonreal zeros seem to lie exactly on the unit circle.

Ri(2) = 55 (2% +1) (this is the trivial case) Zeros: +1
Rs(z) = Gl( 24522 1) Zeros: + 1/ M (+2.1889, +0.4569)
Rs(z) = 197 (22° = 72 = 727 + 2) Zeros: +i,+1\/ 2505 (42,0653, 40.4842)
Rr(z) = 15(—32% +102° + 72" + 102 — 3) Zeros: =+ p,+p, £/ % (£2.0221, £0.4945)
Ry(z) = 15(102'0 — 332% — 2226 — 222% — 3322 4 10)

Zeros: *£1, :l:\/ig + 3‘{1%071 + % 12%209 + 12%@, :I:\/ 3\/ﬁ \/ 21839 1292\0/?

(£2.0071, £0.4982, £0.7112 + 0.70307)
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And a few more cases (all zeros other than +i, +p, +p are approximations):

Ri1(2) = 515 (—13822"2 4 455020 + 30032® + 28602° + 30032" + 45502 — 1382)

Zeros: + 2.0022,40.4995, £0.3081 + 0.95134, +0.8146 + 0.58004

Ri3(2) = 55 (2102 — 6912'% — 455210 — 42928 — 42926 — 45521 — 69127 + 210)
Zeros: = i,p, =5, £2.0006, £0.4998, +£0.8715 =+ 0.49043

Ri5(2) = o1 (—108512' + 357002 + 234942"2 4 2210020 + 218792°

4 221002% + 234942* + 357002% — 10851)
Zeros: =+ 2.0002,40.5000, +£0.2219 + 0.9751, -£0.9058 + 0.4238i, +0.6247 + 0.7809i

Ri7(2) = 55(4386702'% — 144318326 — 9496202 — 8927722'2 — 88179027

— 8817902% — 8927722° — 9496202* — 144318322 4 438670)
Zeros: = i,£2.0001, £0.5000, 0.3822 + 0.92414, +0.9279 + 0.3729i, 0.7091 4 0.70514.

4. ON REAL ZEROS OF RAMANUJAN POLYNOMIALS

Invoking the identity

By 20(2))
@i @)
where ¢ denotes the Riemann zeta function, we may define
k . .
(2k + 2)! %42 20(25)C(2k + 2 — 2j) o;
M = 7R = 1 — J
wn(2) = T, P =) S ey

which is just the monic companion of Roy1(2).
We now verify the existence of a real zero of Majy;.

Theorem 4.1. For k > 1 we have Msp11(2) = —2k — 1.

Proof. Recall that the generating function for Bernoulli numbers is
t x= Bat"
et —1 Z n! ’
n=0

and that all B, with n > 3 and odd are 0. Hence

(29 () - (520 (5 20).

j=0 n=0

and the coefficient of 22 (for k£ > 1) in this product of sums is

Qkf% i Qkf _BiBakiaj o
= M2k 2= ) o 312k 42 = )
_ ki:l BojBaj 122 02
(2/)!(2k + 2 — 25)!
= Rops1(2).

Now, notice also that

2t to\ t 2t
et —1)\et—1) (et =12 2 e2—-1’

d/ #N _ 2 t2 t2
dt \et —1) et —1 e —1 (et —1)2

and furthermore
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- 2 .
Hence we can eliminate (ett_il)z to obtain

2t ¢ 2 o d P t 2t
e2t—1)\et—1)  et—1 et —1 dt\et—1 2 e 1

_ § :Bn n n+1 n 3 n
n=0
B
= =) ((n=Dr (1420t
.
n=0

So for n = 2k + 2 with k > 0 the coefficient of 2512 ig
—(2k + 1) Bayo

2k+2)! Rak+1(2),
since Bogt+1 = 0. Then
2k 4+ 2)!
Moy 1(2) = R2k+1(2>(32k+2) =—(2k+1).

O

We mention in passing that the two formulae for Roxy1(2) in the above proof give, for k£ > 0,
the identity
k+1

BojBoy19_2; 2 Baj42
921 — _(2k + 1) 2k+2_
Z:%(zj)!(zmz—zj)! @k + D) or s o

between Bernoulli numbers.
Now, it is only a pleasure to state the following corollary:

Corollary 4.2. For k > 1, Msp1 has exactly four distinct real zeros.

Proof. Now Myy1(2) is positive for z real, positive and sufficiently large, so, by the intermediate
value theorem, it has a real zero, zg say, greater than 2. As Moy 1(2) is reciprocal, 1/z¢ € (0,1/2)
is also a zero. By Descartes’ Rule of Signs, we see that Moy11(2) can have at most 2 positive
zeros, so zop and 1/zp are the only positive zeros. Since My 41 is an even function, we may also
conclude that —zp and —1/zy are the only negative zeros. U

We may in fact give an upper bound on the size of the largest real zero. This bound, coupled
with the proof that all nonreal zeros of Ma 41 lie on the unit circle (which will be given in the
next section), will tell us that the zeros of My 1 are uniformly bounded for all k.

Theorem 4.3. The largest real zero of Magrq1 does not exceed 2.2 (for any k > 0), and ap-
proaches 2 as k — oo.

Note that, for 0 < k < 4, we already have explicit expressions for the real zeros of Moy1,
and they are certainly bounded above by 2.2. Hence for the rest of this section, we focus on the
case k > 5.

Now, to prove the theorem above, we require three lemmas.

Lemma 4.4. For n > 2, we have the inequalities
1
142" <((n) <14 2029
n—1
Proof. The lower bound is immediate from the definition of {(n). As for the upper bound,

1 00
-n
n+1

n—1

= 1+ 27",



6 M. RAM MURTY, CHRIS SMYTH, AND ROB J. WANG

The second lemma presents two known results concerning series involving the zeta-function.

Lemma 4.5 (see [4, equations (45) p. 163 and (193) p.178]). We have
i ¢(25) _ 4
42
j=1

o0

and

¢(25)—1) =

H
PN

<.

Proof. Now

Y - N
|
>

15=1

<
Il
—

<
Il

I
Mg

B
Il

1
— (2k)? -

> 1
Z:<2k—1 2k+1>

I
wMg

w\r—‘

27
where the second equality follows from changing the order of summation, and last equality
follows from telescoping series.

The second result is proved in a similar manner. O

Next, we need the following estimate.

Lemma 4.6. Fork>1andj=1, ..., k, we have
C(2k +2 —2j) i~ (k+1
CRR+2-2)) g yi-tesn)
C(2k +2)
Proof.
C(2k + 2 — 2j) .
— -1 < 2k+2-25) -1
C(2k +2) < 7)
2k +3 — 2j4j7(k+1)
2k+1—-25
< 3.4~ (k+1)
using Lemma 4.4, and the fact that j < k. O

Equipped with these lemmas, we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. We have
Mop1 (VA +1) CC(2)) ¢k +2-2)) 1
1-2)
j=l

e 4+t C@kt2) @R

¢(2 )

which, on replacing 1 by 2 Z
7=1

gz; 1 (1 1 C(2k+2-2j)
22 4+t)k+1+2;C(2j)(M_(4+t)J C(2k +2) )

J=k+1

using Lemma 4.5, gives
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We now claim that May11(1/4 + t) is positive for some small ¢ > 0 that goes to 0 as k — oc.
For this to hold, we see from the above expression that a sufficient condition is

— _iC(2k +2 —2j)
477> (441) JW

Using the upper bound in Lemma 4.6, it is therefore sufficient that

£\’ 4
<1+4) >1+43. 477K+,

forj=1,..., k.

or equivalently

t A .
s (1 cgI— RN
1> (1+3 )

Since for a > 0 and 0 < 6 < 1 we have (1 + a)5 < 1+ ad, we replace this condition by

3477k

.

This lower bound attains its maximum at j = k, and hence we obtain our final sufficient
condition for Mosy11(v/4 + t) to be positive, namely that
3

t —.
~ %

t>

Hence for k > 5 the zero zg of M4 lies in the open interval (2, £/ 4+ %) It follows that
29 < 2.15 for k> 5 and zg — 2 as k — oo. O

5. ZEROS OF RAMANUJAN POLYNOMIALS ON THE UNIT CIRCLE
We now ascertain the location of the nonreal zeros of Moy 1.
Theorem 5.1. For k > 0, all nonreal zeros of Ramanujan polynomials lie on the unit circle.

From Section 3, we know that this result is true for £k < 4. We are therefore again entitled
to assume that k > 5.
The idea of the proof is to approximate Masy11(2) by the polynomial

(3) A(z) = B(2)(z* — 422 + 1),
where
P |

Not only does A have integer coefficients, but we know its zeros exactly. We then define A(z)
by

(5) Mopi1(2) = A(z) — A(z).

To proceed, we need two lemmas, which enable us to describe quantitatively the approximation
of Moky1(2) by A(2).

Lemma 5.2. Fork>5and k—12>j > 2, we have

(2 +1)(2' +1)
2/ =D 1)

< 2.5,

where 7' =k +1—j.

Sketch of Proof. Treat this as a calculus problem involving a function of j. Then the left hand
side is maximized at j = 2, and setting k > 5 gives the desired result. O
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Lemma 5.3. For k > 5, the polynomial A(z) satisfies |A(z)| < 1.3 for z on the unit circle.
Furthermore, writing

k—1
A(z) = (e1 = 1)(22 +2°%) + ) g52%,
=2
we have, for 1 < j <k,
o (C(25)C(2k +2 —25)

Proof. The formula for ¢; follows from the easily-verified fact that
A(z) = 2262 3520 _0,%h=2 .91 322 4 1.
To bound A(z), we first note that, since 1 — 1 and all the ¢; for 2 < j < k — 1 are positive,

k—1

A <2 -1+ &

=2

for z on the unit circle. We therefore need to bound this sum from above.
Recalling that €; = £;41_;, invoking Lemma 4.4 gives

g1 =¢€ = 12 QC(%) -2
LT T 6 2k +2)
2 2k+1
< 3<1 2]{:_14 >—2
< 1.3

for k > 5, since the right hand side of the inequality in Lemma 4.4 is strictly decreasing.
Now, once again invoking Lemma 4.4, we have

2j 2’ +1 .
: 2( (142 12g7 STy~
o2 ((e ) () )

(AL, 2L IV g
2j —1 25" —1 (27 —1D(2' - 1)

Summing both sides over j and using Lemma 5.2 gives us

k—1
2]—|—1 ) -
Y e < 422 —4 1(1{—2)4’“
j=2
2 5 k
— 4Z<1+2_1>4 ﬂ+4(k—2)4
7j=2

5
= 2log3— 3 + - (k: 2)4~F
< 0.7
for k > 5, using the fact that

14z 0 x2jfl
1 =2
Og(l—x) sz—1
Jj=1
and so

1
log3=1+14 743
og + ]Z:Z 1
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on setting x = 1/2. Hence

k—1
2e1-1)+ > g < 2x03+0.7
j=2
= 1.3,

We are now ready prove Theorem 5.1:

Proof of Theorem 5.1. We first note that the polynomial A(z), which approximates Magy1(2),
can, using (3), be written as

k —k

A(z) = Paan (2 —c

z—z1

) (G- ),
Restricting z to the unit circle (in other words, putting z = €%) gives us
in k6
“HDA(z) = —(2 4 4sin?0) " = f(0
D AG) = — (24 4sin ) T = £(9),
say. In particular, f is a real-valued function of 6. Next, consider

9(9) — e*(kJrl)iGA(eiG)'

Note that, by Lemma 3.1, A(z) is reciprocal, and g(0) is real-valued; also, by Lemma 5.3, it is
bounded above by 1.3.

Finally, by confining our attention to 6 € (0, 7), we see that f(f) > 2 whenever sinkf = —1
and f(0) < —2 whenever sinkf = 1. This is because

2+ 4sin? 6
ﬂ 2 4+ 4sin? 9
sin 6

> 2

on the interval (0, 7).
Therefore the function

€(k+1)i9M2k+1(ei9) _ f(a) +g(0)

has a zero between every consecutive pairs of values of 6 € (0, w) with sin kf = 1. There are
precisely k values for which sin k# = +1, namely

20+ 1)m
2k

giving k — 1 zeros of Msi11 on the upper half of the unit circle. Taking complex conjugates
yields another & — 1 zeros on the lower half of the unit circle. Hence My has exactly 2k — 2
zeros on the unit circle, which is what we wanted to show. U

=1,k

Observe that the above theorem not only gives the modulus of the nonreal zeros, but also
gives some restriction on their distribution. In particular, these zeros are interlaced between
angles 0 for which sin k6 assumes the values 41, which means that, asymptotically, they are
uniformly distributed on the unit circle.

We also observe another useful result concerning zeros of Ramanujan polynomials:

Corollary 5.4. Ramanujan polynomials have no repeated zeros.

Proof. The real zeros of Mayy1 were already shown to be distinct. The nonreal zeros on the
unit circle are strictly interlaced between angles 6 for which sin k6 assumes the values £1, and
hence never coincide with each other. O
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6. ZEROS OF RAMANUJAN POLYNOMIALS THAT ARE R0oOTS OF UNITY

In this section we find all zeros of the Ramanujan polynomial Roj 1 that are roots of unity.
We do this in three stages. First, we show that any such zero must be a 2k-th root of unity.
Next, we show that such a zero must in fact be a primitive 3rd, 4th, or 6th root of unity. Finally,
we calculate for which values of k these three cases occur.

Let \f
1 3.
P=gt gt

a primitive cube root of unity, and ¢y(z) be the ¢-th cyclotomic polynomial, whose zeros are
the primitive ¢-th roots of unity.
Our main result is the following.

Theorem 6.1. The roots of unity that are zeros of Mak41 are
e Both +i if k is even;
o All four of £p, £p if k is a multiple of 3,

and no others.

In terms of polynomial factors, this says that the only cyclotomic factors of Ropq are 22 + 1
when k£ is even, and

(2 +24+1)(Z%—2+1)
when k is a multiple of 3.

Proposition 6.2. Any zero of Ropi1 that is a root of unity must be a 2k-th root of unity.

Proof. As in the previous section, we work with Moy rather than Rori1, and write
Mapy1(2) = A(z) — A(2),

where A and B are given by (3) and (4). Note that A(+1) = —2k, so that any 2k-th root of
unity that is a zero of A is also a zero of B. Suppose that My, 1(2z) = 0 at a primitive ¢-th
root of unity — call it w — so that ¢y is a factor of Myk1 (¢ must be a factor since Moy 1 has
rational coefficients). Then
Alw) = A(w)

and since, by Lemma 5.3, |A(z)| < 1.3 for z on the unit circle, we have |A(w)| < 1.3. If w is
not a 2k-th root of unity, then the resultant Res(¢,, B) must be a nonzero integer, and so at
least 1 in modulus. But (see [5, Section 5.9]) this resultant is equal to

II BG.
z: ¢ (2)=0
Hence, choosing w to be such a z where |B(z)| is largest, we must have |B(w)| > 1. Since
|2t — 422 411> 2
for z on the unit circle, we see from (3) that |A(w)| > 2, a contradiction. O

Next, we need the following lemma.

Lemma 6.3. Every cyclotomic polynomial ¢, except for ¢z, ¢u and ¢g has a zero z = €' with
0 €0, Brjulr— m, ).

Proof. If £ = 1, £ = 2 or £ > 8, then the zero e?™/¢ of ¢, has its argument 6 in the required
range. Also ¢35 has the zero e*™/5 and ¢7 has the zero e5™/7, with both these zeros also having
their arguments in the required range. U

Proof of Theorem 6.1. The theorem holds for k < 8 by the computations of Section 2; we can
therefore assume that k£ > 8. Suppose that w is a root of unity lying in the upper half plane
such that Msgi1(w) = 0. By Proposition 6.2, w must be a 2k-th root of unity. Then, since
A(w) = 0, we have A(w) = 0. If w is an ¢-th root of unity then, since A has rational coefficients,
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¢ divides A. Hence, using Lemma 6.3, unless £ = 3, 4 or 6 we can assume, by appropriate
choice of zero of ¢y, that w = e with 6 € [0, A7) U [r — I, 7).
Now from (5) we have
WwAW) = (61 — D(w+ w7 + gj(W¥ 1 4 W2EHI=) L)
where the ¢; are given by (6), and where the * indicates that the final term is halved for k£ odd.
So, on putting w = € we obtain
|42

 _((2k) S (2602002 +2 - 2)) . _
<3.C(2k+2)—3>20080+ ]; < kT2 —2>2cos((2j—1)0)0.

We now introduce an integer parameter r, to be chosen later, lying in the range 1 < r < L%J

Then we have

72 2 C(2k) 4 ) .
( - 3) cosf + 3 <C() - 1) cos 6 + 2;(@(23) —1)cos((24 —1)0)

’ 2k +2

oo (S22 2)) |
+ 2 2¢(29) (W — 1> cos((27 — 1))

L) , |

o (((20)¢(2k +2 — 2) | i
’ 2;;1 ( C(2k +2) - 1) cos((2j—1)0) = 0.
Hence, defining
71'2 T
h, () = <3 - 3> cos 0 + 22(((23’) —1)cos((25 —1)0),
=2

we have

72 C(2k) . [ C(2k +2 —27)
hO)] < '<<@h+m“>+2§:“%)< (@h D) ‘1)

k+1j

oy (G )

Jj=r+1
2 T
T .
< 5 (C(2k) = 1)+ 2 C(25)(C(2k +2 —2r) — 1)
j=2
@
2
+2 Z C(k+1)—1)
Jj=r+1
LS 2k+1 2k+3 (o1
. r)
< 3 QZg b T e

LB
k+2
2 2j) (1 + =22+ ) g
+A§j<«g>(—+ '
Jj=r+1
using Lemma 4.4.
For the last sum of this upper bound, we have, using Lemma 4.5, that, for r < (k+1)/2,
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|32

2 i (g(zj) <1 + 1“222*’““)) - 1)

j=r+1

3 4 k+2 k+1
<323 -+ s+ (S5t - r),

giving finally that

all other terms go to 0 as k — oc.

We now choose r = 4. Then a Maple plot of h4(0) shows that it is a decreasing function of 8
for 0 < 6 < m/3, and takes the value 0.01398 at 6 = 4577 However, the upper bound for |h,(6)|,
calculated above, is a decreasing function of k, and, for r = 4 and k = 8, equals 0.01255. So at
this value we must have 0> 1§7r As |h4(0)] is an even function of 6, we see that 6 lies in the
interval (4577 m— E 7). So £ must be 3, 4 or 6.

The above discussion tells us that for £ > 8, if w =¢
then w is a primitive 3rd, 4th, or 6th root of unity.

# is a root of unity with Mogy1(w) = 0,

We now proceed to prove that Moy1(7) = 0 if and only if & is even, while Mag1(p) = 0
if and only if 3 | k. To begin, we see from (3) that for k£ odd, A(i) = 6, so that |A(i)| < 1.3
implies that Map41(7) = A(i) — A(7) # 0. Similarly, if k£ is not a multiple of 3, then |A(p)| = 5,
which again shows that Moa11(p) # 0.

On the other hand, for & even we have %deg(Mng) =k + 1 is odd, so by the evenness and
the functional equation for My, 1we have

MQk-Jrl(i) = <_1)k+1M2k+1 (Z)7

giving Maj41(i) = 0.
Next, fix k = 0 (mod 3) and recall that p satisfies

1
—p=1+p=—-.
p

Now, since p lies in the upper half plane, we may evaluate Grosswald’s formula at p, yielding

1 1 27ri)2k+1
Fopy1(p) — p* Fopin (_p> = 5((27? +1)(p* — 1) + (Q)I)Rzml(ﬂ),

or equivalently
(2 7”)21@—}— 1

R .
20 2k+1 (P)

Fopy1(p) — Fop1(1+p) =
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But since
— 02k+1(n)
2k+1 ;
Fo1(14+p) = Z ﬁe%rm(l-‘rp)

n=1
o0

=y 72l aring

- n2k+1
n=1

= F2k+1(p)a

the left-hand side of the above equality is 0, giving Rog+1(p) = 0.

Now, from Mopi1(—i) = Mopi1(i) we see that Mogi1(i) = 0 if and only if Mopi1(i) =
0. Similarly, we have Mag11(p) = Mogy1(p) and Mogy1(—p) = Magy1(p), since Mok is a
polynomial in z2. So all four of 4p, &p are zeros of Mo if any one of them is. Hence both of
+i are zeros of Moy 1 if and only if k is even, and all four of +p, +p are zeros of Moy if and
only if k£ is a multiple of 3. These are the only zeros of My 1 that are roots of unity. O

As a final observation, for k even, the fact that Ror11(i) = 0 allows us to deduce that,
k+1
Sy Dby
Hk+2—-25)

J=0

which agrees with claim (2) in [2]. This also follows (1), on putting o = 8 = /7.
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