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Abstract We analyse a simple gene regulatory system where a protein enhances its
own rate of mRNA transcription. For the integer-valued, chemical master equation
formulation of the first order reaction network, the first and second moments can be
studied analytically. In particular, this allows us to characterise the noise strength in
terms of the rate constants. Motivated by the need for efficient multi-scale simulation
tools, we then consider a hybrid model where the protein is assumed to be abundant,
so that its level may be described by a continuous-valued random variable. This leads
to a stochastic differential equation driven by a state-dependent switch, and our aim
is to study the extent to which this model can accurately approximate the underly-
ing fully discrete system. We discuss some of the technical difficulties that can arise
when such a hybrid system is analysed and simulated and show that the noise strength
can be analysed by introducing a discrete-time Euler–Maruyama style approximation
and using recent results concerning the convergence of numerical methods for hy-
brid systems. In this manner, numerical analysis techniques are employed to examine
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properties of the continuous-time model by treating it as the limit of a discrete-time
approximation.

Keywords Convergence · Diffusion · Euler–Maruyama · Multiscale · Noise
strength · State dependent switch · Stochastic differential equation · Stopping time ·
Thermodynamic limit
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1 Motivation

Gene regulation models, which deal with transcription, translation and many other
events taking place inside the cell, are typically cast in terms of chemical reactions
[15, 23, 24, 26]. The most appropriate setting is usually a discrete state space, contin-
uous time Markov jump process, where integer valued random variables record the
current population counts. This so-called chemical master equation regime can be
treated by evolving the full set of probabilities over all possible states [3, 4, 11, 14,
21], or by computing individual trajectories through the state space [7, 8], but both
approaches pose significant computational challenges for large or fast systems. For
this reason, approximation techniques, either at the modelling or simulation level, are
valuable [1, 5, 17, 27].

We consider here a setting where discrete and continuous valued stochastic
processes are combined in order to provide a hybrid model of autoregulation. Al-
though the underlying biological system is stripped down to its essential features,
the resulting mathematical object—a nonlinear stochastic differential equation (SDE)
driven by a state-dependent switch—offers a number of technical challenges for
analysis and simulation that are representative of more complex modelling scenar-
ios. By focusing on a simple system we are able to characterise important properties
of the underlying fully discrete system and thereby quantify the effectiveness of this
type of multiscale approximation.

In the next section, we describe the model and show how its first and second mo-
ments can be analysed in the fully discrete, chemical master equation, regime. In
particular, this allows us to characterise the noise strength and make precise state-
ments about how the variance and noise strength of mRNA and protein vary with the
feedback level. Section 3 then looks at a hybrid, multiscale, approximation. First, we
introduce stopping times in order to deal with issues of unboundedness and negativ-
ity. Then we show how the moments of this hybrid system can be analysed as the
asymptotic limit from a discrete-time Euler–Maruyama style approximation. Over-
all, we are able to conclude that, up to a stopping time, the hybrid model recovers the
exact noise strength of the underlying fully discrete system.

2 The full autoregulation model

We consider a gene regulation model where a protein enhances its own transcription
rate. Figure 1 summarizes the scenario. Here, we assume that mRNA is produced at
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Fig. 1 Schematic representation of the autoregulatory system

some basal rate cB and decays at rate cD . A molecule of mRNA may then produce a
molecule of protein at rate kP , and protein decays at rate γP . These components agree
precisely with the framework used in the influential work of Thattai and van Oude-
naarden [26]. However, the figure also includes an autoregulatory feedback, where
an increase in the protein level positively affects the rate of mRNA production, with
associated rate constant α. This type of autoregulation is an important component of
many regulatory systems in the cell [15, 19, 20].

2.1 Fully discrete model

The system in Fig. 1 may be interpreted as a set of reactions of the form

∅ → M, with rate constant cB, (2.1)

∅ → M, with rate constant cBα, (2.2)

M → ∅, with rate constant cD, (2.3)

∅ → P, with rate constant kP , (2.4)

P → ∅, with rate constant γP . (2.5)

More precisely, in standard stoichiometric notation [7, 8], we may introduce the state
vector

X(t) :=
[
M(t)

P (t)

]
,

stoichiometric vectors

ν1 =
[

1
0

]
, ν2 =

[
1
0

]
, ν3 =

[−1
0

]
, ν4 =

[
0
1

]
, ν5 =

[
0

−1

]
,

and corresponding propensity functions

a1(X) = cB,

a2(X) = cBαX2(t),
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a3(X) = cDX1(t),

a4(X) = kP X1(t),

a5(X) = γP X2(t).

It is then clear that the reactions (2.1)–(2.5) fit into the framework of a first-order
reaction network. Therefore, we may use a general result in [6] to obtain a closed
linear system of ordinary differential equations (ODEs) that describe the evolution of
the first and second moments and correlation. Letting

z(t) :=

⎡
⎢⎢⎢⎢⎣

E[M(t)]
E[P(t)]

E[M(t)2]
E[P(t)2]

E[M(t)P (t)]

⎤
⎥⎥⎥⎥⎦ , (2.6)

this leads to

dz(t)

dt
= Nz(t) + b, (2.7)

where

N =

⎡
⎢⎢⎢⎢⎣

−cD cBα 0 0 0
kP −γP 0 0 0

2cB + cD cBα −2cD 0 2cBα

kP γP 0 −2γP 2kP

0 cB kP cBα −(cD + γP )

⎤
⎥⎥⎥⎥⎦ and b =

⎡
⎢⎢⎢⎢⎣

cB

0
cB

0
0

⎤
⎥⎥⎥⎥⎦ .

2.2 Analytical results: feedback effect

In this subsection we consider how (2.7) depends on the feedback strength, α. Let
0 ≤ α1 < α2, and let Mαi

and Pαi
denote the number of mRNA and protein molecules

at time t with α = αi . Define

y(t) :=

⎡
⎢⎢⎢⎢⎣

E[Mα2(t)] − E[Mα1(t)]
E[Pα2(t)] − E[Pα1(t)]

E[Mα2(t)
2] − E[Mα1(t)

2]
E[Pα2(t)

2] − E[Mα1(t)
2]

E[Mα2(t)Pα2(t)] − E[Mα1(t)Pα1(t)]

⎤
⎥⎥⎥⎥⎦ , with y(0) = 0.

The first two components satisfy the uncoupled system

dy1

dt
= −cDy1 + α1cBy2 + cB(α2 − α1)E[Pα2 ], (2.8)

dy2

dt
= kP y1 − γP y2. (2.9)

We will show that both components remain nonnegative for all time. Suppose the
solution is such that y1(t) = 0 and y2(t) > 0. Then from (2.8), we see that y1(t) has a
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positive derivative, so the solution returns to the first quadrant. Similarly, if y2(t) = 0
and y1(t) > 0 then from (2.9) we see that the solution also returns to the first quadrant.
Finally, if y1(t) = y2(t) = 0 both derivatives are nonnegative, so neither component
can decrease.

The remaining components then satisfy

d

dt

⎡
⎣y3

y4
y5

⎤
⎦ =

⎡
⎣−2cD 0 2cBα1

0 −2γP 2kP

kP cBα1 −(cD + γP )

⎤
⎦

⎡
⎣y3

y4
y5

⎤
⎦ + h(t),

where

h(t) :=
[

(2cB + cD)y1 + cBα1y2 + cB(α2 − α1)E[Pα2 ] + 2cB(α2 − α1)E[Mα2Pα2 ]
kP y1 + γP y2

cBy2 + cB(α2 − α1)E[P 2
α2

]

]

is nonnegative. The arguments used above for y1(t) and y2(t) may now be applied to
y3(t), y4(t) and y5(t) and we conclude that all solution components remain nonneg-
ative.

In summary, we have shown that, for any choice of model parameters, increasing
the protein feedback rate cannot decrease the first and second moments and correla-
tion of mRNA and protein.

Now, let us consider differences in the variances of mRNA and protein between
the feedback rates α1 and α2. We let

v :=
[

var[Mα2 ] − var[Mα1 ]
var[Pα2 ] − var[Pα1 ]

]
,

where var[X] denotes the variance of X; that is,

var[X] := E[X2] − (E[X])2.

We have

dv1

dt
= d

dt
var[Mα2 ] − d

dt
var[Mα1]

= d

dt

(
E[M2

α2
] − (E[Mα2 ])2

)
− d

dt

(
E[Mα1 ] − (E[Mα1 ])2

)

= cDy1 + cB(α2E[Pα2 ] − α1E[Pα1 ]) − 2cDv1

+ 2cB(α2E[Mα2Pα2 ] − α1E[Mα1Pα1 ])
− 2cB(α2E[Mα2 ]E[Pα2 ] − α1E[Mα1]E[Pα1 ]).

So,

v1 = e−2cDt

∫ t

0
h4(s)e

2cDsds,
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Fig. 2 (Color online) Differences of variances in mRNA for the feedback model, using feedback rates
αi = icDγP /5cBkP for i = 0,1,2,3,4

where

h4(t) := cDy1 + cB(α2E[Pα2 ] − α1E[Pα1 ]) + 2cB(α2E[Mα2Pα2 ] − α1E[Mα1Pα1 ])
− 2cB(α2E[Mα2 ]E[Pα2 ] − α1E[Mα1 ]E[Pα1 ]).

Because h4 contains both positive and negative terms we are not able to draw generic
conclusions about the sign of v1. Similar comments apply for v2. Thus, we cannot
show explicitly that for all sets of parameter values the mRNA and protein variances
increase with the feedback rate. However, we did observe such monotonicity in the
following simulations that use biologically realistic parameters. Figures 2 and 3 show
differences in variances for mRNA and protein, respectively. Initial conditions and
rate constants were set to M(0) = 2,P (0) = 4 and cB = 0.3, cD = 0.012, kP = 0.17
from [24] and γP = 0.0007 from [2]. We set the feedback rates as αi = icDγP /5cBkP

for i = 0,1,2,3,4. The horizontal lines are steady state values, as given in Sect. 2.3.
We see that the variances increase monotonically in α.

The Fano factor, or more loosely noise strength, for a random variable X may be
defined as

ns[X] := var[X]
E[X] .

This quantity is commonly used to summarise the intrinsic level of fluctuation [26].
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Fig. 3 (Color online) Differences of variances in protein for the feedback model, using feedback rates
αi = icDγP /5cBkP for i = 0,1,2,3,4

Figures 4 and 5 show the differences in noise strengths for mRNA and protein,
respectively, using the same feedback rates, initial conditions, and rate constants as
in Fig. 2. We see that in these examples the noise strength increases with the feedback
rate.

2.3 Feedback effect at steady state

It is straightforward to show that the ODE system (2.7) has a stable steady state if and
only if 0 ≤ α < ᾱ := cDγP /cBkP . This has a natural interpretation—the feedback
strength cannot be too great relative to the growth and decay constants governing the
transcription and translation processes. For 0 ≤ α < ᾱ, the steady state moments have
the form

E[M�] = γP cB

cDγP − kP cBα
,

E[P �] = kP cB

cDγP − kP cBα
,

E[(M�)2]

= cBcDγP (cDγP − kP cBα) + c2
BγP (kP α2cB + cDγP ) + cBγ 3

P (cB + cD)

(cD + γP )(cDγP − kP cBα)2
,
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Fig. 4 (Color online) Differences of noise strengths in mRNA for the feedback model, using feedback
rates αi = icDγP /5cBkP for i = 0,1,2,3,4

E[(P �)2] = cBkP γP (cDγP − kP cBα) + c2
Bk2

P (cD + γP ) + cBcDkP γP (cD + kP )

(cD + γP )(cDγP − kP cBα)2
.

Unlike in the general time-dependent case considered in Sect. 2.2, at steady state
we are able to establish generic monotonicity of the variance and noise strength of
mRNA and protein. For 0 ≤ α1 < α2 < ᾱ, let M�

αi
and P �

αi
denote the number of

mRNA and protein molecules at steady state with α = αi . We find that

var[M�
α2

] − var[M�
α1

]

= c2
BγP kP cD(α2 − α1)

(cDγP − kP cBα2)(cDγP − kP cBα1)(cD + γP )

+ c2
Bγ 2

P kP cD(α2 − α1)(γP + α2cB)

(cDγP − kP cBα1)(cD + γP )(cDγP − kP cBα2)2

+ c2
Bγ 2

P kP cD(α2 − α1)(γP + α1cB)

(cDγP − kP cBα2)(cD + γP )(cDγP − kP cBα1)2
,

var[P �
α2

] − var[P �
α1

]

= c2
Bk2

P γP (α2 − α1)

(cDγP − kP cBα2)(cDγP − kP cBα1)(cD + γP )
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Fig. 5 (Color online) Differences of noise strengths in protein for the feedback model, using feedback
rates αi = icDγP /5cBkP for i = 0,1,2,3,4

+ c2
Bk2

P γP cD(α2 − α1)(cD + kP )(2cDγP − kP cBα1 − kP cBα2)

(cD + γP )(cDγP − kP cBα1)2(cDγP − kP cBα2)2
,

and

ns[M�
α2

] − ns[M�
α1

]

= cBkP (α2 − α1)(α1cB(cDγP − kP cBα2) + γ 2
P cD + α2cBcDγP )

(cD + γP )(cDγP − kP cBα1)(cDγP − kP cBα2)
,

ns[P s
α2

] − ns[P s
α1

] = γP cBkP cD(α2 − α1)(cD + kP )

(cD + γP )(cDγP − kP cBα1)(cDγP − kP cBα2)
.

Hence, both variances and noise strengths increase monotonically in α over the stable
interval [0, ᾱ).

We now turn our attention to a hybrid model.

3 Hybrid stochastic differential equation for autoregulation

Autoregulation effects are studied in a hybrid discrete-continuous setting in
[19, 20]. These authors use deterministic mass action ODE kinetics to describe the
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more abundant species, while treating the low copy number species discretely. How-
ever, it has been shown for simple non-feedback gene regulation models, such as
those in [22], that this approach can systematically underestimate the variance, and
hence the noise strength, whereas a suitable continuous-valued diffusion process does
not have this drawback [12, 13, 16].

Under the assumption that the proteins are relatively abundant, we therefore study
a hybrid model over some finite time interval [0, T ] that combines a discrete Markov
jump process for mRNA with an SDE for protein. In this manner, the mRNA count
acts as a state-dependent Markovian switch for the diffusing protein level. Our
switching process, M̄(t), which represents the mRNA count, has the infinitesimal
characterisation

P(M̄(t + Δt) = s − 1 | M̄(t) = s) = ΔtcDM̄(t) + o(Δt), (3.1)

P(M̄(t + Δt) = s + 1 | M̄(t) = s) = ΔtcB(1 + αP̄ (t)) + o(Δt), (3.2)

P(M̄(t + Δt) = s | M̄(t) = s) = 1 − Δt(cDM̄(t) + cB(1 + αP̄ (t)))

+ o(Δt), (3.3)

where the protein level, P̄ (t), satisfies the SDE

dP̄ (t) = (kP M̄(t) − γP P̄ (t))dt +
√

kP M̄(t)dW1 −
√

γP P̄ (t)dW2. (3.4)

Here W1(t) and W2(t) are independent scalar Brownian motions that arise from a
chemical Langevin approximation to the fluctuations around the mean of certain Pois-
son processes appearing in the fully discrete system [9, 18]. The system (3.1)–(3.4)
may be regarded as a hybrid switching diffusion [28], and we hope to show that this
is a fruitful setting in which to study certain multiscale modelling and simulation
techniques.

Following (2.6), we will let

Z(t) :=

⎡
⎢⎢⎢⎢⎣

E[M̄(t)]
E[P̄ (t)]

E[M̄(t)2]
E[P̄ (t)2]

E[M̄(t)P̄ (t)]

⎤
⎥⎥⎥⎥⎦ . (3.5)

At this stage it is appropriate to mention two technical issues. First, it is known that
the chemical Langevin approximation is, generally, not well defined for all time [25].
In the case of (3.4) this is intuitively clear: the first diffusion coefficient

√
kP M̄(t)

does not vanish when P̄ = 0, and yet if the protein level is then pushed into the nega-
tive region, the second diffusion coefficient

√
γP P̄ (t) becomes undefined. A second

issue is that the stochastic calculus results that we wish to use have, so far, only
been established for the case where the drift and diffusion coefficients are uniformly
bounded functions of the switching variable.

To deal with these issues, we introduce the stopping times
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τ0 := inf{t ≥ 0 : P̄ (t) < 0},
τk := inf{t ≥ 0 : P̄ (t) > k or M̄(t) > k}.

The first of these, τ0, is introduced to deal with the negativity issue, and the second,
τk , deals with unboundedness. With the notation a ∧ b = min(a, b), by [28, Theo-
rem 2.1] there exists a unique solution (M̄(t), P̄ (t)) for (3.1)–(3.4) on [0, T ∧τk ∧τ0],
for any given (deterministic) initial data P̄ (0) ∈ [0, k] and M̄(0) ∈ [0, k], k > 1.

We begin by bounding first and second moments. For any t ∈ [0, T ] we have

E[M̄(t ∧ τk ∧ τ0)] = E[M̄(0)] − cDE

∫ t∧τk∧τ0

0
M̄(s)ds + cBαE

∫ t∧τk∧τ0

0
P̄ (s)ds

+ cBE

∫ t∧τk∧τ0

0
ds (3.6)

and

E[M̄(t ∧ τk ∧ τ0)
2] = E[M̄(0)2] + (2cB + cD)

∫ t∧τk∧τ0

0
E[M̄(s)]ds

+ cBαE

∫ t∧τk∧τ0

0
P̄ (s)ds − 2cDE

∫ t∧τk∧τ0

0
M̄(s)2ds

+ 2cBαE

∫ t∧τk∧τ0

0
M̄(s)P̄ (s)ds + cBE

∫ t∧τk∧τ0

0
ds

≤ E[M̄(0)2] + (2cB + cD)E

∫ t∧τk∧τ0

0
M̄(s)ds

+ cBαE

∫ t∧τk∧τ0

0
P̄ (s)ds − 2cDE

∫ t∧τk∧τ0

0
M̄(s)2ds

+ cBαE

∫ t∧τk∧τ0

0
[M̄(s)2 + P̄ (s)2]ds + cBE

∫ t∧τk∧τ0

0
ds.

From (3.4) we have

E[P̄ (t ∧ τk ∧ τ0)] = E[P̄ (0)] + E

∫ t∧τk∧τ0

0
(kP M̄(s) − γP P̄ (s))ds. (3.7)

By the Itô isometry and the Hölder inequality we then find the following upper bound
for the second moment of the protein level

E[P̄ (t ∧ τk ∧ τ0)
2] ≤ 4

(
2T (k2

P + γ 2
P )E

∫ t∧τk∧τ0

0
(M̄(s)2 + P̄ (s)2)ds

+ (kP + γP )E

∫ t∧τk∧τ0

0
(P̄ (s) + M̄(s))ds

)
.

This leads us to the following lemma.
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Lemma 3.1 There exists a positive constant K = K(T ) such that

E[P̄ (T ∧ τ0)] + E[M̄(T ∧ τ0)] ≤ K and E[P̄ (T ∧ τ0)
2] + E[M̄(T ∧ τ0)

2] ≤ K.

(3.8)

Proof By (3.6) and (3.7)

E[M̄(T ∧ τk ∧ τ0)] + E[P̄ (T ∧ τk ∧ τ0)]
≤ E[M̄(0)] + E[P̄ (0)] + T cB

+ E

∫ T ∧τk∧τ0

0
((kP − cD)M̄(s) + (αcB − γP )P̄ (s))ds

≤ E[M̄(0)] + E[P̄ (0)] + T cB

+
∫ T

0
(kp + cD)E[M̄(s)]1{s<τk∧τ0} + (αcB + γP )E[P̄ (s)]1{s<τk∧τ0}ds

≤ E[M̄(0)] + E[P̄ (0)] + T cB

+ C

∫ T

0

(
E[M̄(s ∧ τk ∧ τ0)] + E[P̄ (s ∧ τk ∧ τ0)]

)
ds,

where C = max {kp + cD,αcB + γP }. By Gronwall’s inequality we then have

E[M̄(T ∧ τk ∧ τ0)] + E[P̄ (T ∧ τk ∧ τ0)] ≤ (E[M̄(0)] + E[P̄ (0)] + T cB) exp(CT ).

Fatou’s lemma completes the proof for the first moments. The inequality involving
second moments can be proved analogously. �

It is also useful to observe that

E[P̄ (T ∧ τ0 ∧ τk)
2] + E[M̄(T ∧ τ0 ∧ τk)

2]

≥ E[1τk<T ∧τ0 P̄ (τk)
2] + E[1τk<T ∧τ0M̄(τk)

2]

≥ E[1τk<T ∧τ0 2k2].
Hence

lim
k→∞ P(τk < T ∧ τ0) = 0.

Loosely, the probability is small that the process will explode either in finite time or
before hitting zero.

3.1 Moments for hybrid approximation

First and second moments for the fully discrete model were characterised in Sect. 2.1
Based on insights from simpler cases [12, 13] we aim to test whether the hybrid
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model reproduces these moments. We would like to emphasize that the presence of
a state-dependent switch greatly complicates the SDE analysis, and standard tools
from stochastic calculus may not apply. In particular, direct application of a generali-
sation of the Itô Lemma is not straightforward. Our approach is to introduce a discrete
approximation to the hybrid SDE that, as well as providing a practical means to sim-
ulate the model, also allows us to study the moments of the underlying continuous
time process, via finite-time convergence theory from [28].

We therefore consider an Euler–Maruyama type approximation to the hybrid SDE
(3.1)–(3.4). Let M̄n and P̄n denote our discrete time approximations at t = nΔt . Then
M̄n may be defined through

P(M̄n+1 − M̄n = −1 | M̄n, P̄n) = ΔtcDM̄n + o(Δt),

P(M̄n+1 − M̄n = 1 | M̄n, P̄n) = ΔtcB(1 + αP̄n) + o(Δt),

P(M̄n+1 − M̄n = 0 | M̄n, P̄n) = 1 − Δt(cDM̄n + cB(1 + αP̄n)) + o(Δt),

where we assume that the o(Δt) terms are uniform in P̄n, and the protein level is
given by the Euler–Maruyama approximation

P̄n+1 = P̄n + Δt(kP M̄n − γP P̄n) +
√

kP M̄nΔWn
1 −

√
γP P̄nΔWn

2 . (3.9)

In the same way as before we define stopping times

λk = inf{n ≥ 0 : P̄n > k or M̄n > k} and λ0 = inf{n ≥ 0 : P̄n < 0}.
Let

Zn∧λ0 =

⎡
⎢⎢⎢⎢⎣

E[M̄n∧λ0 ]
E[P̄n∧λ0 ]
E[M̄2

n∧λ0
]

E[P̄ 2
n∧λ0

]
E[M̄n∧λ0 P̄n∧λ0 ]

⎤
⎥⎥⎥⎥⎦ .

To simplify notation we will calculate these moments under the assumption that n <

λk ∧ λ0. Our aim is to produce discrete analogues of the relations derived for the
continuous-time model. We have

E[M̄n+1] = E[M̄n+1 − M̄n] + E[M̄n]
= E[E[M̄n+1 − M̄n|M̄n, P̄n]] + E[M̄n]
= E[−P(M̄n+1 − M̄n = −1|M̄n, P̄n) + P(M̄n+1 − M̄n = 1|M̄n, P̄n)]

+ E[M̄n]
= E[−ΔtcDM̄n + ΔtcB(1 + αP̄n)] + E[M̄n] + o(Δt)

= − ΔtcDE[M̄n] + ΔtcB(1 + αE[P̄n]) + E[M̄n] + o(Δt).

This implies that

E[M̄n+1] − E[M̄n]
Δt

= −cDE[M̄n] + cBαE[P̄n] + cB + o(1). (3.10)
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In a similar way, we can show that

E[M̄2
n+1] − E[M̄2

n]
Δt

= (2cB + cD)E[M̄n] + cBαE[P̄n]

− 2cDE[M̄2
n] + 2cBαE[M̄nP̄n] + cB + o(1),

(3.11)

E[P̄n+1] − E[P̄n]
Δt

= kP E[M̄n] − γP E[P̄n], (3.12)

E[P̄ 2
n+1] − E[P̄ 2

n ]
Δt

= kP E[M̄n] + γP E[P̄n] − 2γP E[P̄ 2
n ]

+ 2kP E[M̄nP̄n] + ΔtE[(kP M̄n − γP P̄n)
2], (3.13)

E[M̄n+1P̄n+1] − E[M̄nP̄n]
Δt

= kpE[M̄2
n] − (γp + cD)E[M̄nP̄n] + cB(E[P̄n]

+ αE[P̄ 2
n ]) + E[Δt(kpM̄n − γpP̄n)(cB(1 + αP̄n)

− cDM̄n)]. (3.14)

We give more details in the Appendix and also show that first and second moments
are appropriately bounded.

3.2 Agreement of the moments

The results in Sect. 3.1 essentially show that the moments of the discrete time, Euler–
Maruyama approximation correspond closely to an Euler approximation of the ODE
(2.7) that governs the evolution of the exact moments for the fully discrete model.
Because the Euler approximation is convergent over finite time intervals, the triangle
inequality then allows us to conclude that the moments of the hybrid SDE (3.1)–(3.4)
exactly match those of the fully discrete model.

To formalize this argument, we first define the stopping time

θ0 = τ0 ∧ λ0.

Theorem 3.1 The first and second moments and correlations for the fully discrete
and hybrid diffusion models agree, in the sense that z(t) = Z(t) for t ∈ [0, T ∧ θ0].

Proof Letting t = (n + 1)Δt denote a general mesh point, the triangle inequality
gives

|z(t) − Z(t)| ≤ |z(t) − Zn+1| + |Zn+1 − Z(t)|, (3.15)

where | · | denotes the Euclidean norm.
Now an Euler scheme for (2.7) has the form

Ẑn+1 = Ẑn + NẐnΔt + bΔt, (3.16)
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and classical numerical ODE theory [10] gives

|z(t) − Ẑn+1| = O(Δt).

It follows from (3.10)–(3.14) that

Zn+1 = Zn + NZnΔt + bΔt + CZnΔt2 + o(Δt), (3.17)

where the matrix C has the form

C =

⎡
⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 k2

P γ 2
P −2kP γP

kP cB −γP cB −kP cD −γP cBα kP cBα + γP cD

⎤
⎥⎥⎥⎥⎦ .

Using the discrete Gronwall inequality with (3.16) and (3.17) gives

|Ẑn+1 − Zn+1| = o(1).

Therefore

|z(t) − Zn+1| ≤ |z(t) − Ẑn+1| + |Ẑn+1 − Zn+1| = o(1).

Hence, from (3.15) it remains to show that

lim
Δt→0

|Zn+1 − Z(t)| = 0 for all t ∈ [0, T ∧ θ0].

Defining the stopping time

χk = λk ∧ τk,

we first observe that

|Zn+1 − Z(t)| ≤ |Zn+1 − Zn+1∧χk
| + |Zn+1∧χk

− Z(t ∧ χk)| + |Z(t ∧ χk) − Z(t)|.
Now by [28, Theorem 5.13] we have

lim
Δt→0

|Zn+1∧χk
− Z(t ∧ χk)| = O(Δt).

From Appendix and Lemma 3.1 we know that there exists a constant K such that

Zn+1 + Z(t) ≤ K.

Therefore

lim
k→∞|Zn+1 − Zn+1∧χk

| + |Z(t ∧ χk) − Z(t)| = 0,

which completes the proof of the theorem. �
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4 Discussion

The main goal of this work is to show how certain analytical difficulties can be
overcome in order to conclude that hybrid diffusions, and their discrete approxima-
tions, form a useful framework in which to study certain types of multiscale model.
We studied an autoregulation model that has clear-cut biological properties. For the
discrete-space, master equation formulation, we analysed the first and second mo-
ments directly and showed that interesting, and perhaps counterintuitive, effects arise:
although the first and second moments of mRNA and protein, and the correlation be-
tween them, are always monotonically increasing functions of the feedback strength,
the same is not true in general of the variances and the noise strengths at any partic-
ular point in time. However, if we look at their steady state values, we find that the
variances and the noise strengths are monotonic, up to the stability threshold. This
gives a useful set of behaviours to study for the hybrid model. Overall, by carefully
analysing a discrete version of the model, we were able to show that the hybrid model
recovers these important properties.

This work represents a proof-of-principle, where we focused on a linear reaction
network with a linear autoregulatory effect. Our aims were to point out technical
issues that arise even in this biologically simple case, and to show how they can
be overcome to derive results about the quality of the diffusion approximation. The
linearity allowed us (a) to obtain explicit characterizations of the moments in the un-
derlying discrete-space model and (b) to analyze a corresponding hybrid switching
SDE model using recent results from stochastic numerics. It would, of course, be of
great interest, but also extremely challenging, to extend these results to more general
scenarios. Within the autoregulation setting, it would be natural to study non-linear
switching rates—for example the feedback rate could take the form of a hill-type
function. In this case the underlying fully discrete model is less amenable to analy-
sis since it is no longer a first order network, and it is highly relevant to study the
accuracy of the hybrid diffusion (which is cheaper to simulate). Similarly, we could
look at simulating autoregulation in a reaction network that was not of first order.
Some computational tests in [13] for a simple second order regulation network, with
no feedback, indicated that a suitable diffusion approximation can give good results.
More generally, although the issue of negative solutions was dealt with here through
the use of stopping times, it would be more satisfying to have a generic, modelling-
based, procedure for building non-negativity into the diffusion process.

Appendix: Analysis of moments in hybrid model

In this appendix we establish the moment relations (3.11)–(3.14) and confirm that
the first and second moments of the mRNA and protein level in the discrete time,
Euler–Maruyama approximation in Sect. 3.1 are bounded.

Introducing conditional expectations, we have

E[M̄2
n+1] = E[(M̄n+1 − M̄n + M̄n)

2]
= E[(M̄n+1 − M̄n)

2 + 2M̄n(M̄n+1 − M̄n) + M̄2
n]



Hybrid simulation of autoregulation within transcription 193

= E[E[(M̄n+1 − M̄n)
2|M̄n, P̄n]]

+ E[E[2M̄n(M̄n+1 − M̄n)|M̄n, P̄n]] + E[M̄2
n]

= E[Δt(cDM̄n + cB(1 + αP̄n)) + o(Δt)]
+ 2E[Δt(−cDM̄2

n + cB(M̄n + αM̄nP̄n))] + E[M̄2
n].

The relation (3.11) follows immediately.
Next, consider the first and second moments of the protein level. Taking expecta-

tion in (3.9) gives the first moment relation (3.12). Squaring of (3.9) gives

P̄ 2
n+1 = P̄ 2

n + 2P̄n

[
Δt(kP M̄n − γP P̄n) +

√
kP M̄nΔWn

1 +
√

γP P̄nΔWn
2

]

+ (Δt(kP M̄n − γP P̄n))
2 + kP M̄n(ΔWn

1 )2 + γP P̄n(ΔWn
2 )2

+ 2
√

kP M̄nΔWn
1

√
γP P̄nΔWn

2

+ 2Δt(kP M̄n − γP P̄n)
(√

kP M̄nΔWn
1 +

√
γP P̄nΔWn

2

)
.

Noting that Wn
1 and Wn

2 are independent, we find that

E[P̄ 2
n+1] = E[P̄ 2

n ] + 2Δt[(kP E[M̄nP̄n] − γP E[P̄ 2
n ])]

+ Δt2
E[(kP M̄n − γP P̄n)

2] + ΔtkP E[M̄n] + ΔtγP E[P̄n].
This gives (3.13).

Now, consider the correlation. By the law of total probability

E[M̄n+1P̄n+1] = E[E[(M̄n+1 − M̄n + M̄n)P̄n+1 | M̄nP̄n]]
= E[E[M̄nP̄n+1 | M̄nP̄n]]

+ E[E[P̄n+1 | M̄nP̄n]P(M̄n+1 − M̄n = 1 | M̄n, P̄n)]
− E[E[P̄n+1 | M̄nP̄n]P(M̄n+1 − M̄n = −1 | M̄n, P̄n)]

= E[E[M̄n(P̄n + Δt(kpM̄n − γpP̄n)) | M̄nP̄n]]
+ E[E[P̄n + Δt(kpM̄n − γpP̄n) | M̄nP̄n]Δt(cB(1 + αP̄n)

− cDM̄n)]
= E[M̄nP̄n + Δt(kpM̄2

n − γpM̄nP̄n)]
+ E[(P̄n + Δt(kpM̄n − γpP̄n))(Δt(cB(1 + αP̄n) − cDM̄n))]

= E[M̄nP̄n] + Δt(kpE[M̄2
n] − γpE[M̄nP̄n])

+ E[P̄nΔt(cB(1 + αP̄n) − cDM̄n)]
+ E[Δt2(kpM̄n − γpP̄n)(cB(1 + αP̄n) − cDM̄n)]

= E[M̄nP̄n] + Δt(kpE[M̄2
n] − γpE[M̄nP̄n])
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+ Δt(cB(E[P̄n] + αE[P̄ 2
n ]) − cDE[P̄nM̄n])

+ E[Δt2(kpM̄n − γpP̄n)(cB(1 + αP̄n) − cDM̄n)],
giving (3.14).

The next two lemmas concern moment boundedness.

Lemma A.1 Let N > 0 be any positive integer. Then there exists a positive constant
C = C(T ) > 0 such that

|E[M̄N∧λ0 ]| + |E[P̄N∧λ0 ]| ≤ C.

Proof From (3.10) and (3.12)

|E[M̄n+1]| ≤ |E[M̄n]| + |cDE[M̄n]Δt | + |cBαE[P̄n]Δt | + cBΔt + o(Δt)

and

|E[P̄n+1]| ≤ |E[P̄n]| + |kP E[M̄n]Δt | + |γP E[P̄n]Δt |.
Therefore

|E[M̄n+1]| + |E[P̄n+1]| ≤ |E[M̄n]| + |E[P̄n]|
+ ((kP + cD)|E[M̄n]| + (cBα + γP )|E[P̄n]|)Δt

+ cBΔt + o(Δt).

Summing up from n = 0 to N ∧ λk ∧ λ0 − 1 we find that

|E[M̄N∧λk∧λ0 ]| + |E[P̄N∧lk∧λ0 ]|
≤ |E[M̄0]| + |E[P̄0]|

+
N−1∑
n=0

((kP + cD)|E[M̄n∧λk∧λ0 ]| + (cBα + γP )|E[P̄n∧λk∧λ0 ]|)Δt

+
N∧λk∧λ0−1∑

n=0

(cBΔt + o(Δt)).

Using the fact that

N−1∑
n=0

(cBΔt + o(Δt)) ≤ (1 + cB)T ,

we obtain

|E[M̄N∧λk∧λ0 ]| + |E[P̄N∧λk∧λ0 ]|
≤ |E[M̄0]| + |E[P̄0] + (1 + cB)T |
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+ K

N∑
n=1

(
|E[M̄n∧λk∧λ0]| + |E[P̄n∧λk(n)∧λ0 ]|

)
Δt,

where K = max{cBα + γP , kP + cD}. The discrete Gronwall inequality and Fatou’s
lemma then yield

|E[M̄N∧λ0 ]| + |E[P̄N∧λ0 ]| ≤
(|E[M̄0]| + |E[P̄0]| + (1 + cB)T

)
exp (KT ). �

Lemma A.2 Let N > 0 be any positive integer. Then there exists a positive constant
C = C(T ) such that

E|M̄N∧λ0 |2 + E|P̄N∧λ0 |2 ≤ C.

Proof By (3.11) and (3.13) we have

E[M̄2
n+1] + E[P̄ 2

n+1] = E[M̄2
n] + E[P̄ 2

n ]
+ ((2cB + cD + kP )E[M̄n] + (cBα + γP )E[P̄n])Δt

− 2cDE[M̄2
n]Δt − 2γP E[P̄ 2

n ]Δt

+ (2cBα + 2kP )E[M̄nP̄n]Δt

+ cBΔt + o(Δt)

+ Δt2
E[(kP M̄n − γP P̄n)

2].
By Young’s Inequality

E[M̄2
n+1] + E[P̄ 2

n+1] ≤ E[M̄2
n] + E[P̄ 2

n ]
+ ((2cB + cD + kP )E[M̄n] + (cBα + γP )E[P̄n])Δt

+ (2k2
P Δt − 2cD + cBα + kP )E[M̄2

n]Δt

+ (2γ 2
P Δt − 2γP + cBα + kP )E[P̄ 2

n ]Δt

+ cBΔt + o(Δt).

By Lemma A.1 there exists a constant C > 0 such that

E[M̄2
n+1] + E[P̄ 2

n+1] ≤ E[M̄2
n] + E[P̄ 2

n ] + CΔt

+ K[E[M̄2
n] + E[P̄ 2

n ]]Δt + cBΔt + o(Δt),

where K = max {|cBα + kP + 2k2
P Δt − 2cD|, |cBα + kP + 2γ 2

P Δt − 2γP |}. Now
the proof can be completed in an analogous way to that of Lemma A.1. �
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