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Abstract. Generative artificial intelligence (GAI) refers to algorithms that create synthetic but re-
alistic output. Diffusion models currently offer state-of-the-art performance in GAI for
images. They also form a key component in more general tools, including text-to-image
generators and large language models. Diffusion models work by adding noise to the avail-
able training data and then learning how to reverse the process. The reverse operation
may then be applied to new random data in order to produce new outputs. We provide
a brief introduction to diffusion models for applied mathematicians and statisticians. Our
key aims are to (a) present illustrative computational examples, (b) give a careful deriva-
tion of the underlying mathematical formulas involved, and (c) draw a connection with
partial differential equation (PDE) diffusion models. We provide code for the computa-
tional experiments. We hope that this topic will be of interest to advanced undergraduate
and postgraduate students. Portions of the material may also provide useful motivational
examples for those who teach courses in stochastic processes, inference, machine learning,
PDEs, or scientific computing.
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1. Motivation. Generative artificial intelligence (GAI) models are designed to
create new outputs that are similar to the examples on which they were trained.
Over the past decade or so, advancements in GAI have included the development of
variational autoencoders [9, 23], generative adversarial networks [19], and transform-
ers [40]. In this work we focus on denoising diffusion probabilistic models [15]; for
simplicity we use the term ``diffusion models."" They currently represent the state of
the art in image generation [7] and form a key part of more sophisticated tools such as
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608 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

DALL-E 2 and 3 [32]. We refer to [4, 6, 8, 30], and the references therein, for details
of the historical developments that have led to the current state of the art in GAI.

The somewhat counterintuitive but deceptively powerful idea behind diffusion
models is to destroy the training data by adding noise. While doing so, the model
learns how to reverse the process. In this way, the final model is able to start with
new, easily generated, random samples and denoise them, thereby generating new,
synthetic examples. The task of building and applying a simple yet impressive model
can be described very succinctly---see Algorithms 5.1 and 5.2 in section 5. However,
deriving the expressions that go into these algorithms is not so straightforward, and
we believe that there is a niche for a careful and accessible mathematically-oriented
treatment.

Our intended readership is advanced undergraduate and postgraduate students in
mathematics or related disciplines. The material should be suitable for independent
study, and there are many directions in which it can be followed up---the literature is
rapidly expanding, and new extensions and connections are being discovered at pace.
We also hope that portions of this material will provide higher education professionals
with topical and engaging examples that can be slipped into courses on stochastics,
numerics, partial differential equations (PDEs), or data science.

We aim to keep the prerequisites (given below) to a minimum:
\bullet For sections 2--5, ideas from statistics: mean, variance, Gaussian distribution,

Markov chains, conditional probability.
\bullet For sections 4--5, ideas from deep learning: the stochastic gradient method,

artificial neural networks.
\bullet For section 6, ideas from PDEs: multivariate calculus, the divergence theo-

rem, spectral analysis.
We focus here on the task of image generation. We describe a bare bones form of

a diffusion model, explain carefully how the key mathematical expressions arise, and
illustrate the concept via computational examples. The key reference for this article
is [15], which built on [36] and is currently receiving more than 100 citations per day.
We also found [26] to be a very useful resource.

In section 2 we present some pictures that give a feel for the idea of diffusion
models in GAI. We then provide details of the relevant forward and backward pro-
cesses in sections 3 and 4, respectively, which leads to the algorithms presented in
section 5. We continue in section 6 with more speculative material that suggests a
connection between stable diffusion models and deterministic PDEs, providing a link
to more traditional applied mathematics.

We emphasize that this is a very active and fast-moving research topic with
connections to many related areas. In section 7 we provide some links to the relevant
literature. That section also highlights wider issues around performance evaluation,
computational expense, copyright, privacy, ethics, bias, explainability, and robustness.

2. Illustration. A diffusion model [15] aims to generate realistic-looking images
and works by

(i) taking an existing image and iteratively adding noise until the original infor-
mation is lost;

(ii) learning how to reconstruct the original image by iteratively removing the
noise.

After training, we can then use the reverse diffusion process to generate a realistic
image from a new, random, starting point---we remove the noise and see what emerges.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DIFFUSION MODELS FOR GENERATIVE AI 609

One way to conceptualize this method is to imagine an (unknown) probability
distribution over the collection of all natural images. We hope to sample from this dis-
tribution; more likely images should be chosen with higher probability. We don't have
access to this magic probability distribution, but instead we have training data; that
is, examples of natural images. We also have a pseudorandom number generator that
allows us to sample from a standard Gaussian distribution. In item (i) above, we are
doing the easy part, mapping from the image distribution to the Gaussian distribution.
In item (ii) we learn the inverse operator, mapping from the Gaussian distribution to
the image distribution. This allows us to convert Gaussian samples into images.

We illustrate the idea using a diffusion model trained on images from the widely
studied MNIST data set [24]. Here, each image represents a handwritten digit from the
set \{ 0,1,2, . . . ,9\} . These low-resolution images are black and white with 28\times 28 pixels,
resized by the model to 32\times 32. Figure 1 shows a representative collection of 64 images.

Figures 2--4 were produced with a diffusion model based on a Mathworks tutorial
at https://uk.mathworks.com/help/deeplearning/ug/generate-images-using-diffusion.
html. Figure 2 illustrates the forward process that is used in the training phase. At
time t= 0 we have an MNIST image. At each integer time t= 0,1,2, . . . ,499, Gaussian
noise is added. At t= 500 there is no visible evidence of the original image.

Figure 3 shows the effect of the backward process that is available after training.
The top left panel displays nine randomly chosen final time t = 500 images---pure
noise matrices consisting of independent Gaussian samples. We show the effect of
applying the backward, denoising process as time is reversed. At t= 0 the model has
produced new, synthetic examples that, in at least eight of the nine cases, correspond
to handwritten digits. We emphasize that labels were not used in the training process.
In this simple, unconditional model there is no way to control which (if any) of the
t= 0 images will resemble any particular category of digit.

In Figure 4 we show the results from a larger experiment. Here we used the trained
diffusion model to generate images from 500 independent time t = 500 choices. For
this figure, we separated the images into categories using an independent convolutional
neural network classifier that was trained separately on real MNIST data. Since we

Fig. 1 Representative set of 64 images from the MNIST data set [24].
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610 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

Fig. 2 Result of forward map noising over time.

Fig. 3 Result of backward map denoising over time for 9 different random choices at t= 500.

have no control over how many of the 500 images will appear in each class, the number
of synthetic outputs in each category varies considerably.

We finish with two experiments that illustrate that the backward, denoising
process is both stochastic and unpredictable. In Figure 5 we show the images gener-
ated after applying nine independent denoising runs to the same Gaussian at t= 500.
We see that the denoising process can produce considerably different results from a
single source of randomness. In Figure 6 we perform a similar experiment where the

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DIFFUSION MODELS FOR GENERATIVE AI 611

Fig. 4 500 synthetic images generated by the diffusion model from different time t = 500 noise
samples. These have been sorted into classes by a convolutional neural network classifier
that was trained separately on real MNIST data.

t = 500 data emerges from the training set. On the left we show a training image
undergoing the forward, noising process up to time t= 500. On the right we show the
results from nine independent denoising runs on this time t= 500 data. We see that
none of the synthetically generated images resembles the original.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

02
/1

6/
26

 to
 1

92
.4

1.
11

4.
22

6 
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



612 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

Fig. 5 Nine images (right) created from the same Gaussian noise at t= 500 (left).

Fig. 6 Nine images (right) created from the noisy version (left t= 500) of one original image (left
t= 0).

3. Forwards. We begin this section with some background on Gaussian random
variables; see a standard text such as [3, 28] for more details. When dealing with
Gaussians, we will always consider the multivariate, isotropic case. We denote the
probability density at a point \bfx \in \BbbR d by \scrN (\bfx ;\bfitmu , \sigma 2\bfI ), where

\scrN (\bfx ;\bfitmu , \sigma 2\bfI ) :=
1

(2\pi )d/2\sigma d
exp

\biggl( 
 - 1

2\sigma 2
(\bfx  - \bfitmu )T (\bfx  - \bfitmu )

\biggr) 
.(3.1)

Here, \bfitmu \in \BbbR d is the mean, and we will refer to \sigma 2 as the variance, since the correspond-
ing covariance matrix has the form \sigma 2\bfI , with \bfI \in \BbbR d\times d denoting the identity matrix.
Such Gaussian random variables have the important property that their sums remain
Gaussian, with means and variances combining additively: the sum of two indepen-
dent Gaussians with means \bfitmu 1 and \bfitmu 2 and variances \sigma 2

1 and \sigma 2
2 is a Gaussian random

variable with mean \bfitmu 1 + \bfitmu 2 and variance \sigma 2
1 + \sigma 2

2 . The term ``standard Gaussian""
refers to the case where the mean is \bfzero \in \BbbR d and the variance is 1. Multiplying a stan-
dard Gaussian by the scalar \sigma and shifting by \bfitmu \in \BbbR d produces a Gaussian with mean
\bfitmu and variance \sigma 2. It follows that if \bfy and \bfz are independent standard Gaussians and
a and b are scalars, then a\bfy + b\bfz is Gaussian with mean zero and variance a2 + b2, so
a\bfy + b\bfz can be sampled as

\surd 
a2 + b2 \bfitepsilon , where \bfitepsilon is a standard Gaussian.

We consider images that can be described by d real numbers, typically pixel
values, and we collect these into a vector in \BbbR d. In practice, pixel values might be
constrained---for example, only integers between 0 and 255 might be allowed---but we
ignore this issue here for simplicity.

Given an image \bfx 0 \in \BbbR d, the forward process iteratively adds noise to create a
sequence \bfx 1,\bfx 2, . . . ,\bfx T according to the rule

\bfx t =
\sqrt{} 
1 - \beta t \bfx t - 1 +

\sqrt{} 
\beta t \bfitepsilon t.(3.2)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DIFFUSION MODELS FOR GENERATIVE AI 613

Here, each \bfitepsilon t is an independent standard Gaussian and the scalar parameter \beta t is
between zero and one. The sequence \beta 1, \beta 2, . . . , \beta T , known as the variance schedule,
is predetermined. For example, in [15], linearly increasing values from \beta 1 = 10 - 4 to
\beta T = 0.02 are used. Since \beta t here is increasing, more noise is added as the forward
process evolves. It is useful to think of t as a time-like variable. At time zero we have
an image and at time T we effectively have pure Gaussian noise.

The process (3.2) defines a discrete time Markov process, and the associated
transition density may be written as

q(\bfx t | \bfx t - 1) =\scrN (\bfx t;
\sqrt{} 
1 - \beta t \bfx t - 1, \beta t\bfI ).(3.3)

This quantifies the probability of observing \bfx t at time t, given \bfx t - 1 at time t - 1.
Updating over one time step in the forward process (3.2) is straightforward; just

scale the current value and add Gaussian noise. For later use, it is helpful to know
that stepping from time zero to a general time t is possible with a single leap. To see
this, we introduce \alpha t = 1 - \beta t so that

\bfx t =
\surd 
\alpha t \bfx t - 1 +

\surd 
1 - \alpha t \bfitepsilon t.(3.4)

Then, applying (3.4) again, we have

\bfx t =
\surd 
\alpha t(

\surd 
\alpha t - 1 \bfx t - 2 +

\sqrt{} 
1 - \alpha t - 1 \bfitepsilon t - 1) +

\surd 
1 - \alpha t \bfitepsilon t

=
\surd 
\alpha t\alpha t - 1 \bfx t - 2 +

\surd 
\alpha t

\sqrt{} 
1 - \alpha t - 1 \bfitepsilon t - 1 +

\surd 
1 - \alpha t \bfitepsilon t.(3.5)

Using the properties of Gaussians mentioned at the start of this section, we see that\surd 
\alpha t
\surd 
1 - \alpha t - 1 \bfitepsilon t - 1+

\surd 
1 - \alpha t \bfitepsilon t can be combined into a single Gaussian. In this way,

(3.5) may be written

\bfx t =
\surd 
\alpha t\alpha t - 1 \bfx t - 2 +

\sqrt{} 
1 - \alpha t\alpha t - 1 \bfitepsilon t,t - 2,

where \bfitepsilon t,t - 2 is a standard Gaussian.
Proceeding inductively, suppose that for some k between t - 2 and 1,

\bfx t =
\surd 
\alpha t\alpha t - 1 . . . \alpha k+1 \bfx k +

\sqrt{} 
1 - \alpha t\alpha t - 1 . . . \alpha k+1 \epsilon t,k,(3.6)

where \epsilon t,k is a standard Gaussian. Then, replacing \bfx k using (3.4),

\bfx t =
\surd 
\alpha t\alpha t - 1 . . . \alpha k+1

\bigl( \surd 
\alpha k \bfx k - 1 +

\surd 
1 - \alpha k \bfitepsilon k

\bigr) 
+
\sqrt{} 
1 - \alpha t\alpha t - 1 . . . \alpha k+1 \epsilon t,k.

Again replacing the sum of two independent Gaussians by a single, appropriate Gauss-
ian, we have

\bfx t =
\surd 
\alpha t\alpha t - 1 . . . \alpha k \bfx k - 1 +

\sqrt{} 
\alpha t\alpha t - 1 . . . \alpha k+1(1 - \alpha k) + 1 - \alpha t\alpha t - 1 . . . \alpha k+1 \epsilon t,k - 1

=
\surd 
\alpha t\alpha t - 1 . . . \alpha k \bfx k - 1 +

\sqrt{} 
1 - \alpha t\alpha t - 1 . . . \alpha k \epsilon t,k - 1,

where \epsilon t,k - 1 is a standard Gaussian. Hence, the form (3.6) is valid all the way down
to k= 0. So, letting

\alpha t =

t\prod 
i=1

\alpha i,(3.7)

we may write

\bfx t =
\surd 
\alpha t \bfx 0 +

\surd 
1 - \alpha t \=\bfitepsilon t,(3.8)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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614 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

where \=\bfitepsilon t is a standard Gaussian. We may therefore step directly from time 0 to
any later time t using a single Gaussian. This proves convenient for the analysis in
section 4 and also for the training algorithm discussed in section 5.

In terms of a transition density, (3.8) shows that

q(\bfx t | \bfx 0) :=\scrN (\bfx t;
\surd 
\alpha t \bfx 0, (1 - \alpha t)\bfI ).(3.9)

4. Backwards. We now consider the reverse process. We are interested in the
probability of \bfx t - 1 given \bfx t and \bfx 0; that is, q(\bfx t - 1 | \bfx t,\bfx 0). To proceed we will make
use of a result in conditional probability theory known as the product rule [3, 28],
which for our purposes may be written

P (A,B,C) = P (A | B,C)P (B,C) = P (A | B,C)P (B | C)P (C).

By symmetry, we also have

P (A,B,C) = P (B,A,C) = P (B | A,C)P (A,C) = P (B | A,C)P (A | C)P (C).

Hence,

P (A | B,C) = P (B | A,C)P (A | C)
P (B | C)

.

We will use this in the form

q(\bfx t - 1 | \bfx t,\bfx 0) =
q(\bfx t | \bfx t - 1,\bfx 0) q(\bfx t - 1 | \bfx 0)

q(\bfx t | \bfx 0)
.(4.1)

Now we focus on the quantities appearing on the right-hand side of (4.1).
By the Markovian nature of the forward process, from (3.3),

q(\bfx t | \bfx t - 1,\bfx 0) = q(\bfx t | \bfx t - 1) =\scrN (\bfx t;
\surd 
\alpha t \bfx t - 1, (1 - \alpha t)\bfI ).(4.2)

Making use of (3.9) for \bfx t and \bfx t - 1, we then see that

q(\bfx t - 1 | \bfx t,\bfx 0) =
\scrN (\bfx t;

\surd 
\alpha t \bfx t - 1, (1 - \alpha t)\bfI )\scrN (\bfx t - 1;

\surd 
\alpha t - 1 \bfx 0, (1 - \alpha t - 1)\bfI )

\scrN (\bfx t;
\surd 
\alpha t \bfx 0, (1 - \alpha t)\bfI )

.(4.3)

From the definition (3.1), and ignoring the normalizing constants, we see that this
expression has the form

exp

\biggl( 
 - 1

2

(\bfx t - 
\surd 
\alpha t \bfx t - 1)

T (\bfx t  - 
\surd 
\alpha t \bfx t - 1)

1 - \alpha t
 - 1

2

(\bfx t - 1  - 
\surd 
\alpha t - 1 \bfx 0)

T (\bfx t - 1  - 
\surd 
\alpha t - 1 \bfx 0)

1 - \alpha t - 1

+
1

2

(\bfx t  - 
\surd 
\alpha t\bfx 0)

T (\bfx t  - 
\surd 
\alpha t \bfx 0)

1 - \alpha t

\biggr) 
.

(4.4)

We will show that this expression matches

\scrN 
\bigl( 
\bfx t - 1;\mu q(\bfx t,\bfx 0), \sigma 

2
q (t)\bfI 

\bigr) 
(4.5)

for appropriate \mu q(\bfx t,\bfx 0) and \sigma 
2
q (t). From (3.1), we can find \sigma 2

q (t) by considering the
coefficient of  - \bfx T

t - 1\bfx t - 1 in the exponent of (4.4). This coefficient is given by

1

2

\alpha t

1 - \alpha t
+

1

2

1

1 - \alpha t - 1
=

1

2

\alpha t(1 - \alpha t - 1) + 1 - \alpha t

(1 - \alpha t)(1 - \alpha t - 1)
=

1

2

\biggl( 
1 - \alpha t

(1 - \alpha t)(1 - \alpha t - 1)

\biggr) 
,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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DIFFUSION MODELS FOR GENERATIVE AI 615

where we used \alpha t\alpha t - 1 = \alpha t from (3.7). Hence,

\sigma 2
q (t) =

(1 - \alpha t)(1 - \alpha t - 1)

1 - \alpha t
.(4.6)

Using the functional form (3.1) again, we can find \mu q(\bfx t,\bfx 0) by considering the vector,
say, \bfv , such that \bfx T

t - 1\bfv is the cross-product in the exponent of (4.4). We see that

\mu q(\bfx t,\bfx 0)

\sigma 2
q (t)

= \bfv =

\surd 
\alpha t \bfx t

1 - \alpha t
+

\surd 
\alpha t - 1 \bfx 0

1 - \alpha t - 1
.

Hence, using (4.6),

\mu q(\bfx t,\bfx 0) =

\surd 
\alpha t (1 - \alpha t - 1)\bfx t +

\surd 
\alpha t - 1(1 - \alpha t)\bfx 0

1 - \alpha t
.(4.7)

We wish to compute a sample from the distribution in (4.5). This will allow us
to perform the required transition along the backwards process. Our approach is to
estimate the mean in (4.5) and then shift with an appropriate Gaussian in order to
match the required variance.

If we know \bfx t and \=\bfitepsilon t in (3.8), then we may write

\bfx 0 =
\bfx t  - 

\surd 
1 - \alpha t \=\bfitepsilon t\surd 
\alpha t

.

Substituting this expression for \bfx 0 into (4.7), we see that the mean of \bfx t - 1, given \bfx t

and \bfx 0, takes the form

\mu q(\bfx t,\bfx 0) =

\surd 
\alpha t(1 - \alpha t - 1)

1 - \alpha t
\bfx t +

\surd 
\alpha t - 1(1 - \alpha t)

(1 - \alpha t)
\surd 
\alpha t

\bfx t  - 
\surd 
\alpha t - 1(1 - \alpha t)

\surd 
1 - \alpha t

(1 - \alpha t)
\surd 
\alpha t

\=\bfitepsilon t.

(4.8)

Noting from (3.7) that \alpha t - 1/\alpha t = 1/\alpha t and \alpha t \times \alpha t - 1 = \alpha t, we find that in (4.8) the
coefficient of \bfx t simplifies as follows:

\surd 
\alpha t(1 - \alpha t - 1)

1 - \alpha t
+

\surd 
\alpha t - 1(1 - \alpha t)

(1 - \alpha t)
\surd 
\alpha t

=
1

\surd 
\alpha t(1 - \alpha t)

(\alpha t(1 - \alpha t - 1) + 1 - \alpha t) =
1

\surd 
\alpha t
.

Similarly, the coefficient of \=\bfitepsilon t in (4.8) simplifies to

 - 
\surd 
\alpha t - 1(1 - \alpha t)

\surd 
1 - \alpha t

(1 - \alpha t)
\surd 
\alpha t

=  - 1 - \alpha t\surd 
\alpha t

\surd 
1 - \alpha t

.

Hence, (4.8) may be written

\mu q(\bfx t,\bfx 0) =
1

\surd 
\alpha t

\biggl( 
\bfx t  - 

1 - \alpha t\surd 
1 - \alpha t

\=\bfitepsilon t

\biggr) 
.(4.9)

The missing ingredient here is \=\bfitepsilon t---the noise that drove the transition from \bfx 0 to
\bfx t. To deal with this we will train a neural network to predict \=\bfitepsilon t. After training, the
network will be a black box which takes as input

\bullet a value of t and a noisy image \bfx t

and returns
\bullet a prediction of \=\bfitepsilon t.
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616 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

We will denote the prediction by the function \bfitepsilon \theta (\bfx t, t), where \theta represents the pa-
rameters in the neural network---these will be learned during the training phase. In
each training step, we select an image \bfx 0 from the training set, take a Gaussian \=\bfitepsilon t,
and form a sample of \bfx t using (3.8). The job of the network is to make the output
\bfitepsilon \theta (\bfx t, t) as close as possible to \=\bfitepsilon t. This leads to the pseudocode forming Algorithm 5.1
in section 5.

Recalling the expression (4.5) for the required transition density, using the neural
network prediction \bfitepsilon \theta in the expression (4.9) for the mean, and adjusting the variance
using (4.6), we obtain \bfx t - 1 from

\bfx t - 1 =
1

\surd 
\alpha t

\biggl( 
\bfx t  - 

1 - \alpha t\surd 
1 - \alpha t

\bfitepsilon \theta 

\biggr) 
+ \sigma q(t)\bfz ,(4.10)

where \bfz is a standard Gaussian. This allows us to run the denoising process from t= T
to t= 0, leading to the sampling procedure described in Algorithm 5.2 of section 5.

Having set up the required expressions, in the next section we outline the resulting
training and sampling algorithms.

5. Algorithms. The training process is summarized in Algorithm 5.1, which
first appeared in [15]. This pseudocode applies to the case of a basic stochastic
gradient method [13]. In steps 1, 2, and 3 we choose an image, a time point, and
a standard Gaussian. These quantities are used to create a noisy image for training
purposes. In step 5 we apply a least-squares loss function to this single, randomly
chosen training image in order to update the network parameters. The simple least-
squares formulation can be justified from a likelihood perspective [4, 15, 16, 35].

For the MNIST training experiment in section 2, each image was resized from 28-
by-28 pixels to 32-by-32 pixels and rescaled to take pixel values in the range [ - 1,1].
Rather than basic stochastic gradient, a batch version was used---in step 2 we sampled
128 images and in step 4 we therefore required 128 independent standard Gaussian
samples in order to create the 128 training images corresponding to the randomly
chosen time t. The sum of the least-squares loss over these samples was then taken in
step 5, and the Adam optimizer [22] was used with learning rate of 0.0005, a gradient
decay factor of 0.9, and a squared gradient decay factor of 0.9999. The training
proceeded over 50 epochs. The network architecture in step 5 combined residual
and attention blocks in a U-Net [34] type structure, motivated by the choice in [15].
Overall, that network has 12.9 million parameters across 205 layers.

Algorithm 5.2 from [15] summarizes the sampling process. This is a straight-
forward implementation of (4.10). Here we define \sigma q(1) = 0, so that only the mean
estimate based on (4.9) is used at t= 1.

6. PDEs. For many applied mathematicians, diffusion is synonymous with certain
parabolic PDEs. Here we aim to draw a PDE connection with the process described
in section 3. From a PDE perspective, the forward problem combines a smoothing

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bffive .\bfone . Training with the forward process [15].
1: \bfr \bfe \bfp \bfe \bfa \bft 
2: \bfx 0 \sim q(\bfx 0)  \triangleleft choose an image from training set
3: t\sim Uniform(\{ 1,2, . . . , T\} )
4: \bfitepsilon \sim N(\bfzero , \bfI )  \triangleleft standard Gaussian sample
5: Take gradient step w.r.t. \theta on \| \bfitepsilon  - \bfitepsilon \theta (

\surd 
\alpha t \bfx 0 +

\surd 
1 - \alpha t \bfitepsilon , t)\| 22

6: \bfu \bfn \bft \bfi \bfl converged
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DIFFUSION MODELS FOR GENERATIVE AI 617

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bffive .\bftwo . Sampling with the backward process [15].
1: \bfx T \sim N(\bfzero , \bfI )  \triangleleft standard Gaussian sample
2: \bff \bfo \bfr t= T,T  - 1, . . . ,1 \bfd \bfo 
3: \bfz \sim N(\bfzero , \bfI )  \triangleleft standard Gaussian sample

4: \bfx t - 1 =
1\surd 
\alpha t

\Bigl( 
\bfx t  - 1 - \alpha t\surd 

1 - \alpha t
\bfitepsilon \theta 

\Bigr) 
+ \sigma q(t)\bfz 

5: \bfe \bfn \bfd \bff \bfo \bfr 
6: \bfr \bfe \bft \bfu \bfr \bfn \bfx 0

dispersive process, a rescaling process, and a stochastic perturbative (noise) process.
This results in a (semigroup) flow over a suitable function space. The notion of
continuously renormalizing a diffusion process takes us outside the realm of standard
textbook analysis and opens up issues of independent interest. Depending on our
choice of basic PDE, there are several ways to ensure that the norm of some derivative
of the solution remains unchanged over time. Here we illustrate this general idea by
continuously rescaling to preserve the norm of the gradient of the solution, that is,
the total variation over the domain.

We consider a real-valued field u(x, t), where x\in \Omega , a bounded domain in \BbbR d with
a piecewise smooth boundary, \partial \Omega , and time t\geq 0, subject to diffusion and rescaling,

ut =\Delta u+ r(t)u, x\in \Omega , \nabla u \cdot \bfn = 0, x\in \partial \Omega ,(6.1)

with a given initial condition u(x,0) = u0(x). Here r(t)> 0 is a shadow time-dependent
variable (akin to a Lagrange multiplier), which continuously rescales u so that the L2

norm of the gradient of u is preserved. More explicitly, r(t) must be such that a
functional J [u] is conserved, where

J [u] : =

\int 
\Omega 

\nabla u \cdot \nabla udx\equiv R> 0 (constant), t\geq 0.(6.2)

For this particular choice of J [u] we are conserving the L2 norm of the gradient of
the solution, yet everything in what follows may be generalized to allow J to depend
smoothly on (x,u,\nabla u).

Taking the gradient in (6.1), then forming the scalar product with \nabla u and inte-
grating over \Omega , we obtain

1

2

d

dt

\int 
\Omega 

\nabla u \cdot \nabla udx=
\int 
\Omega 

\nabla u \cdot \nabla (\Delta u)dx+ r(t)

\int 
\Omega 

\nabla u \cdot \nabla udx.

We have the identity \nabla \cdot (\nabla u\Delta u) = (\Delta u)2 +\nabla u \cdot \nabla (\Delta u). So, using the divergence
theorem [27], in order to ensure that J [u] is conserved we must set

Rr(t) =

\int 
\Omega 

(\Delta u)2 dx\geq 0.

Hence, we may write (6.1) and (6.2) as the nonlinear integro-differential equation

ut =\Delta u+
u

R

\int 
\Omega 

(\Delta u)2 dx, x\in \Omega , \nabla u \cdot \bfn = 0, x\in \partial \Omega .(6.3)

Now, for any R> 0, the constrained equation represented by (6.1) and (6.2) has
infinitely many possible steady states, each of which is of the form u = \mu k\phi k(x) and
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618 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

r = \lambda k, where (\phi k(x), \lambda k) is the kth (k = 0,1,2, . . .) eigenfunction-eigenvalue pair for
the negative Laplacian on \Omega with no-flux boundary conditions, in ascending order of
the nonnegative eigenvalues. However, \mu k here must satisfy \mu 2

k = R/
\int 
\Omega 
| | \nabla \phi k| | 2 dx,

and hence k \geq 1, since the simplest eigenfunction satisfies | | \nabla \phi 0| | \equiv 0. In fact the \phi 0
component of u is of no interest here (it is equal to

\int t

0
r(s)ds

\int 
\Omega 
u0(x)\phi 0(x), dx) and

may be set to zero.
Linear stability analysis shows that each steady state is stable with respect to

perturbations in all higher eigenmodes, yet is unstable with respect to any perturba-
tions in lower eigenmodes. Thus, over a long time, the solution profile must decay to
the first eigenmode, \mu 1\phi 1(x).

Now we add a stochastic noise component to the equation:

ut =\Delta u+ r(t)u+ \eta \scrW (x, t), x\in \Omega , \nabla u \cdot \bfn = 0, x\in \partial \Omega , t > 0,(6.4)

u(x,0) = u0(x).(6.5)

Again r(t) must be such that

J [u] :=

\int 
\Omega 

| | \nabla u(x, t)| | 2 dx\equiv R (constant), t\geq 0,(6.6)

where R = J [u0]. When discretized, the simplest noise term \scrW takes i.i.d. random
values uniformly distributed in [-1,1], while the amplitude, \eta \geq 0, may be varied.

Figure 7 shows some numerical solutions of (6.4)--(6.6) obtained using finite dif-
ferences on a uniform grid (\delta x= 0.01 and \delta t= 0.000015), with i.i.d. random forcing,
\scrW , at all grid points. The instability in the \phi 0 component of the solution has been
constrained to zero. Notice that as \eta increases, more of the total variation, J [u], is
made up from the noise response, and consequently less amplitude is available to the
otherwise stable first eigenmode.

Suppose that for a set of K distinct initial values we calculate the solution at
some fixed time T > 0. The set of pairs H = \{ (u(0, x), u(x,T ))\} can be considered
as containing elements in X \times X for an appropriate function space, X, such as the
Sobolev space W 1,2(\Omega ) (the space of square integrable functions on \Omega having weak
first derivatives that are also square integrable on \Omega ).

In general, we have a forward map: \phi : X \rightarrow 2X such that \phi (u(x,0)) = u(x,T ),
which is one-to-many owing to the stochastic forcing. H merely contains some obser-
vations.

We wish to represent the generative backward map, \psi :X\rightarrow 2X , such that

u(x,0)\in \psi (v) for all v \in \phi (x,0).

This too is one-to-many owing to the nature of the forward problem.
In essence, the generative neural network constructs and learns this backward

map from the (observed/calculated) elements of H. Alternative methods might also
be successful.

For the numerical solution of the forward problem, as in Figure 7, we may solve
on a fixed grid with, say, N grid points and use finite differences and time-stepping
for the derivatives and quadrature required by (6.4)--(6.6). Hence, the elements of X
are approximated by elements of \BbbR N . Alternatively, if solutions represent pixelated
images, then there will be a natural N -point grid. This makes matters somewhat
easier in practice.
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DIFFUSION MODELS FOR GENERATIVE AI 619

Fig. 7 The case where d = 1, \Omega = [0,1], and J [u] \equiv R = 2, with noise amplitude \eta increasing. In
each graph the numerical solution profiles of u in (6.4)--(6.6) obtained on a uniform grid
with \delta x= 0.01 and \delta t= 0.000015 = 0.15\delta x2 are shown for some successive time steps (2k for
k = 1,2 . . . ,14), with different colors, where the (instability in the) \phi 0 component has been
constrained to zero. We have increased the stochastic component: (a) \eta = 0, (b) \eta = 10,000,
(c) \eta = 12,500, (d) \eta = 15,000.

In this example, the parabolicity of the forward PDE dynamic evolution, (6.4)
and (6.6), means that, formally, the backward PDE is ill-posed, there being no global
solution guaranteed (with instabilities, discontinuities, and point masses possibly oc-
curring as time moves backwards). But we do not attempt that: the generative algo-
rithm (or any proposed alternative) for \psi implicitly assumes well-definedness (hence
sufficient smoothness).

This framework and others in physics (see [43, 44]) suggest a number of ways in
which GAI might exploit, or be explained by, PDE theory.

7. Furthermore. In this final section we touch upon some issues that may have
occurred to the reader and we provide references where further information may be
found.

How do we judge the performance of GAI? A generative model must balance
the contradictory aims of producing outputs that are plausible (like the training data)
and novel (not like the training data). Any attempt to quantify performance must
involve somewhat arbitrary choices that allow this circle to be squared. A popular
quantitative measure, which focuses on the plausibility aspect, is Fr\'echet inception
distance [12]. This measure approximates and compares the probability distributions
of the real and synthetic image spaces, under a Gaussian assumption. Some stud-
ies also make use of subjective human opinions, which raises new issues, including
reproducibility and representativeness.

What are useful applications of diffusion models? Given that the internet al-
ready stores a bewildering array of real images, it is reasonable to ask whether the
world needs synthetic examples, however realistic. Nevertheless, in some domains rep-
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620 CATHERINE HIGHAM, DESMOND J. HIGHAM, AND PETER GRINDROD

resentative artificial data is valuable. In medical imaging, for example, synthetically
generated data may help address scarcity, class imbalance, and privacy concerns within
an educational setting [21]. Perhaps the biggest attraction of diffusion models lies in
their use within larger systems. A diffusion model for image generation may be viewed
as a representation of the hidden, or latent, distribution of real-world images. By con-
ditioning or guiding the image generation according to user-specified requirements, it
is then possible to tailor the output to meet certain goals [2, 10, 17, 47]. For example,
diffusion forms part of several systems with text-to-image capabilities, including Open
AI's DALL-E 2 [32], stability.ai's Dreamstudio, which builds on [33], and Google's Im-
agen [35]. Inpainting and overwriting unwanted pixels is also possible [30, 46].

Stable diffusion may also be exploited within ChatGPT-style large language mod-
els; an example is stability.ai's StableLM-3B-4E1T [41].

How computationally expensive is it to train and employ a diffusion model?
For the simple low-resolution examples in section 2, using a pretrained network to pro-
duce new images is feasible on a standard desktop machine. However, high-resolution
image generation with a state-of-the-art pretrained diffusion model is a ``resource
intensive and slow task that prohibits interactive experience and results in huge com-
putational costs on expensive GPUs"" [1]. The size of many diffusion based models also
raises storage issues: ``generating high-resolution images with diffusion models is often
infeasible on consumer-grade GPUs due to the excessive memory requirements"" [30].

Training is greater challenge. For the examples in section 2 we trained the net-
work for 500 epochs in under 35 minutes on a single NVIDIA GeForce RTX 3090
GPU. It is reported in [42] that training the model in [7] consumes 150--1000 days of
NVIDIA V100 GPU time. StableLM-3B-4E1T [41] is a 3 billion parameter language
model trained on 1 trillion tokens of diverse English and code data sets; a 7 billion
parameter version was later released. Developing smaller-scale versions of such mod-
els, or applying the models to compressed latent spaces, is therefore an active area of
research [33, 45].

In terms of power usage when a trained model is deployed, Luccioni, Jernite,
and Strubell [25] estimated that ``the most carbon-intensive image generation model
(stable-diffusion-xl-base-1.0) generates 1,594 g of CO2 for 1,000 inferences, which is
roughly the equivalent to 4.1 miles driven by an average gasoline-powered passenger
vehicle.""

Is it a coincidence that (3.4) and (4.10) look similar to a numerical discretiza-
tion of a stochastic differential equation? It is natural to compare (3.4) and (4.10)
with the Euler--Maruyama method [14], and indeed there are variations of the for-
ward diffusion model that have a direct correspondence with stochastic differential
equations [15, 26, 30, 38]. The reverse process may also be associated with backward
stochastic differential equations [42].

What about the dark side: Ethics, privacy, bias, and related concerns? Carlini
et al. [5] showed that diffusion models have a tendency to memorize and reproduce
training images. For tests on Stable AI [33] and Imagen [35], they were able to ``extract
over a hundred near-identical replicas of training images that range from personally
identifiable photos to trademarked logos."" Somepalli et al. [37] also found examples
where a diffusion model ``blatantly copies"" from training data. The resulting harms
to professional artists are considered in [20]; these include ``reputational damage,
economic loss, plagiarism and copyright infringement."" When we move into the realm
of text-to-image algorithms there are many further issues to consider, including fair-
ness, toxicity, and trust [11].
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DIFFUSION MODELS FOR GENERATIVE AI 621

The figures in section 2 indicate that the output from a simple diffusion model is
difficult to predict and hence to interpret. In particular, very different results can be
generated from the same input. Explainable AI is a serious challenge in this setting.

On a more general note, any machine learning algorithm is likely to reflect the
biases, omissions, and errors in the training set [29]. See [18] for a proposed framework
for data transparency.

We also mention that discussions around ethics in this field often assume that AI
is, or will become, all-powerful, thereby overlooking empirical observations that these
systems may fail to operate as intended---the so-called fallacy of AI functionality [31].
So, as well as the important question of what tasks should AI be used for, we must
also ask what tasks can AI reliably perform. This latter issue is ripe for mathematical
and statistical contributions [39].

Using GAI to create content (text, images, music, videos, and so on) that is
difficult or impossible to discriminate from human generated content may allow fakery
and conspiracy theories to undermine societal safety and benefits. This begets novel
risks that are already upon us, identified in part by the inaugural AI Safety Summit
which met at Bletchley Park in November 2023.1 Arguably, some of the decadal
data science focus on ethics and privacy should have been redirected toward the
societal risk of fake truths and the widespread inability to discriminate among content,
and the introduction of bias. These risks now require in-depth consideration, as we
seek to uncover and tackle the full range of possibilities. An understanding of the
mathematical foundations of GAI methods will be key to ensuring transparency.

Data Statement. For the computational experiments in sections 3 and 4, we
followed very closely the code provided by the Mathworks tutorial Generate Images
Using Diffusion.2 Illustrative MATLAB code is available at https://www.maths.ed.ac.
uk/\sim dhigham/algfiles.html.
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