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23.1 We have

∆∇ym = ∆(ym − ym−1) = ym+1 − ym − (ym − ym−1) = ym+1 − 2ym + ym−1

and

∇∆ym = ∇(ym+1 − ym) = ym+1 − ym − (ym − ym−1) = ym+1 − 2ym + ym−1.

So ∆∇ = ∇∆.

Also,

(∆ −∇)(ym) = (ym+1 − ym) − (ym − ym−1) == ym+1 − 2ym + ym−1.

So ∆∇ = ∆ −∇.

Also,

δ2ym = δ(δym) = δ(ym+
1

2

−ym−

1

2

) = ym+1−ym−(ym−ym−1) = ym+1−2ym+ym−1).

So δ2 = ∆∇.

Also,

µδym = µ(δym) = µ(ym+
1

2

−ym−

1

2

) = 1

2
(ym+1−ym+(ym−ym−1)) = 1

2
(ym−ym−1).

So µδ = ∆0.

Similarly,

δµym = δ(µym) = δ( 1

2
(ym+

1

2

+ym−

1

2

)) = 1

2
(ym+1+ym−(ym+ym−1)) = 1

2
(ym−ym−1).

So δµ = ∆0.

Also,

∆2ym = ∆(∆ym) = ∆(ym+1−ym−1) = ym+2−ym+1−(ym+1−ym) = ym+2−2ym+1+ym,
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and
δ2Eym = δ2(Eym) = δ2(ym+1) = ym+2 − 2ym+1 + ym.

So ∆2 = δ2E.

Further,

Eδ2ym = E(δ2ym) = E(ym+1 − 2ym + ym−1) = ym+2 − 2ym+1 + ym.

So ∆2 = Eδ2.

23.3 First row of (23.9):

U i+1

1 = (1 − 2ν)U i
1 + νU i

2 + pi
1 = (1 − 2ν)U i

1 + νU i
2 + νa(ik).

Generally,
U i+1

j = (1 − 2ν)U i
j + νU i

j+1 + U i
j−1.

Last row of (23.9):

U i+1

Nx−1
= (1−2ν)U i

Nx−1+νU i
Nx−2+pi

Nx−1 = (1−2ν)U i
Nx−1+νU i

Nx−2+νb(ik).

Hence, the formulation is correct.

23.5 Following the FTCS analysis, we have for BTCS

Ri
j =

(

∂u

∂t
− 1

2
k
∂2u

∂t2
+ O(k2)

)

−

(

∂2u

∂x2
− 1

12
h2

∂4u

∂x4
+ O(h4)

)

.

Since u satisfies the PDE (23.2), we have

Ri
j = − 1

2
k
∂2u

∂t2
− 1

12
h2

∂4u

∂x4
+ O(k2) + O(h4).

23.7 Expanding the equation in the exercise gives

U i+1

j − 1

2
ν

[

U i+1

j+1
− 2U i+1

j + U i+1

j−1

]

= U i
j + 1

2
ν

[

U i
j+1 − 2U i

j + U i
j−1

]

,

which rearranges to

(1 + ν)U i+1

j = 1

2
νU i+1

j+1
+ 1

2
νU i+1

j−1
+ (1 − ν)U i

j + 1

2
νU i

j+1 + 1

2
νU i

j−1.

Multiplying by 2 gives (23.18).

23.9 General row of (23.19) gives

(1 + ν)U i+1

j − 1

2
νU i+1

j−1 −
1

2
νU i+1

j+1 = (1 − ν)U i
j + 1

2
νU i

j−1 + 1

2
νU i

j+1,

which agrees with (23.18). The vector r
i has ri

1 = 1

2
ν[U i

0 + U i+1

0 ] and
ri
Nx−1 = 1

2
ν[U i

Nx

+ U i+1

Nx

], as required.
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23.11 General row of equation in exercise is

1

2
U i+1

j + 1

2

{

(1 + 2ν)U i+1

j − νU i+1

j−1 − νU i+1

j+1

}

= 1

2
U i

j+
1

2

{

(1 − 2ν)U i
j + νU i

j−1 + νU i
j+1

}

.

This rearranges to

(1 + ν)U i+1

j = 1

2
νU i+1

j+1 + 1

2
νU i+1

j−1 + (1 − ν)U i
j + 1

2
νU i

j−1 + 1

2
νU i

j+1,

which is equivalent to (23.18). Also, 1

2
(pi + qi)1 = ri

1 and 1

2
(pi + qi)Nx−1 =

ri
Nx−1, as required.
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