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23.1 We have
AVYm = AYm = Ym-1) = Ymt1 — Ym — Ym — Ym—1) = Ym+1 — 2Ym + Ym—1
and
VAYm = V(Uni1 = Ym) = Ymt1 — Ym — Um = Ym—1) = Ym+1 = 2Ym + Ym—1.

So AV = VA.
Also,

(A - v)(ym) = (ym-i-l - ym) - (ym - ym—l) == Ym+1 — 2ym + Ym—1-
So AV=A-V.
Also,
52ym = 5(5ym) = 5(ym+%_ym—%) = ym-i—l_ym_(ym_ym—l) = ym+1_2ym+ym—l)-
So 62 = AV.
Also,
110Ym = p(0Ym) = (Y2 —Ym-1) = $Wmi1=Ym+Ym—Ym-1)) = $(Ym—Ym-1).
So o = Ag.
Similarly,
Oym = 6(1ym) = 03 (Um+ 1 HUm-1)) = 3 (Umi1Hym=(Ym+Ym-1)) = 3(Yn—Ym-1).
So o = Ag.
Also,

A% = A(AYn) = AWmi1—Ym-1) = Ymro—Ymi1—Umi1—Ym) = Ymr2—2Ym+1+Ym,
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23.5

23.7

23.9

and
62Eym - 52(Eym) = 52(ym+1) = Ym+2 — 2ym+1 + Ym-
So A? = §°F
Further,
Eézym = E(52ym) = E(ym—i-l - 2ym + ym—1> = Ym+2 — 2ym+1 + Ym.-
So A? = E§2.
First row of (23.9):
Ut = (1 = 20)U; + vUy + p = (1 — 2v)U7 + vUs + va(ik).

Generally, '
U;H (1= 20)U; + U} + Uj_y.

Last row of (23.9):
Uity = (1-20)Ux, 1 +vUy, o+, 1 = (1=20)Uy, _+vUyx, _o+vb(ik).
Hence, the formulation is correct.

Following the FTCS analysis, we have for BTCS
; ou 0?u 9 0*u 50 4
R; = (at at2+0(k))_(m__hﬁ+0(h))
Since u satisfies the PDE (23.2), we have

¢ %y ma O(kE*) + O(h*
R, =—3 o WJF (k%) +O(h%).

Expanding the equation in the exercise gives

Ut — s [US] — 20 + U] = Ul + v [U]

-2 UL
which rearranges to

(I+)U™ = WU + WU + (1= v)U) + WU, + 30U
Multiplying by 2 gives (23.18).
General row of (23.19) gives

(L+v) Ut — U — U = (1= v)U; + Ul + WU},

which agrees with (23.18). The vector r’ has | = Lw[Uj + Us™'] and
ry. 1 = W[U&, + U, as required.
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23.11 General row of equation in exercise is
W {1+ 20) UM —vU —vU Y} = U+ {(L = 20)U; + U} + U}, }
This rearranges to

(1+ V>U;+1 - %VUJZ:JJ:% + %VUJZ:J—F% +(1- V)U; + %VU;—l + %VU;+17

which is equivalent to (23.18). Also, 3(p' +¢')1 =i and §(p" +¢')n, 1 =
T?vz_l, as required.



