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Abstract
These notes were taken from a series of lectures given by Monica Vazirani at the ICMS
Summer School and Workshop: Geometric representation theory and low-dimensional topol-
ogy.

Lecture 1

Recollections on Representation Theory of G,

For the duration of the notes the main focus will be on Type A Hecke Algebras, Affine Hecke
Algebras (AHA), and Double Affine Hecke Algebras (DAHA) and their respective representation
theories. To draw the relevant comparisons between these we need to recall some notations from
the representation theory of the symmetric group &, (or S,).

Let s; = (i i+ 1) be the usual transposition in &,,. These can be represented diagrammatically

as
1 2 .. i i+l - n—-1 n
s=| > ]

Each s; satisfies the following braid relations

Braid = 4 % = %% li=dl>1,
$iSjS; = sjsi8; i —j] < 1.

These relations are called braid relations because they are the defining relations for the standard
braid group on n strands:
Br, = (91,92, --,9n_1 | Braid)

Here we changed notation to g; for the group element represented by the braid

1 2 i i+l - n—-1 n
_ AN
w=| ] K ]
AN
1 2 o i i+l - n—-1 n

noting that the crossing now has a gap to indicate which strand is over the other. These relations
along with the Quadratic relations s? = 1 for all 7 gives a presentation

&, = (51,52,...,8,_1| 52 = 1, Braid)
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which is the usual Coxeter presentation of G,,. In the group algebra CS,, the Quadratic relations

s? = 1 can be reformulated as the identity (s; — 1)(s; + 1) = 0. Moreover, there is a surjection

Br,, — 6,,.

Representations

There are many examples of sets that &,, acts on.
e By definition it acts on [n] = {1,2,...,n}.

e [t acts on Z n-periodically. For s; it acts by transposing ¢ + kn <> i + 1 + kn for all k € Z.
This can be visualized by either writing out a list of integers in order and placing the same
crossings at each n-period (Figure 1)

— —4 -3 —2 -1 0 1 2 3 4 —
| | > | | > |

5283 = +— —4 -3 —2 -1 0 1 2 3 4 —
- | | > | | >

— —4 -3 —2 -1 0 1 2 3 4 —

— —4 -3 —2 -1 0 1 2 3 4 —

- — —4 -3 —2 -1 0 1 2 3 4 —

or writing down a fundamental domain and working there (Figure 2)

or by placing the numbers of [n] in order along the top and bottom circles of a hollow cylinder
and drawing the lines on the wall as in (Figure 3)

In the examples above we showed how to compose via stacking and chose to take n = 4 for

the illustrations.

e [t acts on F" by permuting the coordinates. For example
so(ay, as,ag,...,an) = (ay,as,as,...,a,).

Important to studying representations of &,, are its subgroups, for which representations can be
restricted or induced. The parabolic subgroups are as follows.

Definition. Let J C [n—1]. Define w; = (s;|i € J) < &,,. This is the parabolic subgroup, which
is isomorphic to the Young subgroup &5 associated to a composition 5 of n. A composition
of n is a sequence of positive integers fi,. .., 3, such that ), 8, = n, and a weak composition
uses non-negative integers.

To determine § from J, which we assume to be in increasing order, is by the following procedure:
taking the elements of [n], first place bars at the beginning and end of the sequence, and second for
every integer m € [n]\ J place a bar between m and m + 1; then 3 is the sequence determined by
the number of elements between each bar. For example, with J = {2,3,6} we have the schematic

11]234(567]
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creating 8 = (1312). Moreover, for this .J, we have
wy =61y X 2341 X 653 X Gyemy
Where by &ys 343 we mean a copy of &3 but it only acts on {2,3,4}.

Definition. We write 1 to indicate the one dimensional trivial representation. The algebraic
object being represented will be clear from context.

For example, given w; with J = {2,3,6} the representation 1 is the vector space spanned by
v and each s; € wy acts by identity s;(v) = v.

Definition. Given a representation V' of a group G and a subgroup H < G, the restriction of
the representation of G to H is denoted Resg V', and the induced representation is the F[G]
module

Indf; V' = F[G] @pp) V
We recall the fact that there is a natural isomorphism
Homyg (Indf; V, W) = Homg (V, Res$ W)

For our examples so far we have
Ind$" 1 =~ F[6, /w)]

which is the permutation representation on the left cosets {ow;}. This representation has basis
the set
w’ = {ow; | 0 has minimal length}

where the length is the number of generators in a reduced word for an element of &,,. Every
coset has a unique such element. For example, with &, take J = {2,3}. Then w; = (s, s3) so for
any non-identity coset its representative must have an s; or an s4. Thus here we have

w’ = {wy, 810, sa51Wy, 838251} .
Theorem (Mackey). Let H, K < G and let V' be a representation of K. Then

G TG 1/ o K H 9
Resy Indj V = @ Indgngpg-1 Resg—ipegnn V
KgH

where V9 has underlying set V' but now has the action z.m = gzg—t.m.

For us we choose V' = 1 and our parabolics to study the simpler objects of our representations:

Respr Indyr 1 = @ Ind?* _, Res" 1°

WwrgNowyo o lwgonwy
WK OWH

Note that the sum can just as easily be indexed by minimal length double coset representatives,
which again are unique.



Affine Forms of G,,.

We now want to present two extensions of &,,. First we will give their presentations and then
utilize examples of their actions to motivate their presentations. These extensions are in a sequence

G, cé,cs,

with presentations

én = <So781, ceey Spet ‘ Braid, 5? = 1)

12 -1
S, = (T, 80,51, -, Sn—1 | Braid, s; = 1, 78,7 = Sit1modn) -

Here &, is called the affine symmetric group on n elements and én is called the extended
affine symmetric group on n elements.

We return to our original examples of actions of &,, to see how the new elements of these new
extensions act, which demonstrates useful relations between certain words in the group. We will
just work with &,, for the remainder of this lecture.

e These again act on Z n-periodically. But now sg is the operation of transposing kn <> 1+kn
and corresponds to the following diagram (picture) . 7 acts by shifting (i) = i + 1, which
is easy to imagine graphically. For each 0 < i < n define the bijection

xiii+kn—i+ (k+1)n.
On the cylinder this element is represented as (picture). Based on our definitions note that

1 1 #Z lmodn,

i+n 1=1modn.

21(1) = T8p_15n_0 - 51(i) = {

It is not difficult to reason that s;z;s; = x;.; (just check it). From this it follows for each i
that
Ty = Sj—1°+8S281TSp—1""°S;

is an element of én and moreover it follows that
T =X To Ty,
An easy exercise is using the third relation for S, to show that 7" is an element of the center

Z(6,,), and seeing that the x; generate an abelian subgroup.

During this example we said that certain elements of (N‘Sn exist and satisfy certain relations,
even though we were discussing their actions on the set Z. Our conclusions do hold in the
group because its action on Z is faithful. We will use these z; later to construct convenient
sets of generators, and subalgebras, for the affine Hecke algebras.

e They still act on F”. The s; for ¢ > 0 do the usual thing, but now sy and 7 act as
so(a1, ag, ... an) = (an + 1,a9,...,ay_1,a1 — 1)
m(ay, ag,. .. a,) = (ap+ 1,a1,...,6,_1)

We can give a geometric interpretation of sq for this representation. Given a point x € F"
the point s;(z) corresponds to reflecting = across the hyperplane determined by ker(s; — 1)
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(i.e. the points stabilized by s;). For n = 2 we can visualize this via the following diagram:
(picture)

In addition to this picture, we can reduce the dimension of these actions by considering the
splitting " = V @& 1 where V is the subrepresentation

V={zeF"|> =0}

If we use our n = 2 example the reduction allows us to visualize s; as reflection about 0 and
so will be reflection about 1, which we can sketch as (picture).

We will end this lecture by remarking on the surjection én — &,,. It is possible to give the
presentation

. 2 . .
Sy =(S1,---38n—1, %1, ..., 2, | Braid, s; = 1, s;x;8; = x;11, s;¢; = x;s; when |1 — j| > 1)

The map én —» &, is defined by sending s; +— s; and x; — 1. This can visualized by “filling in
the cylinder” where now the strand that wrapped around the cylinder is allowed to pass through
the interior and become straight.

Lecture 2

Our lecture began by recalling that the finite Hecke algebra HI™(t), t € F* is generated by
T1,...,T,_1 with the braid relations, quadratic relations, and the condition T} — Ti_1 =t—t! for
each i € [n—1]. A basis for this algebra is indexed by the symmetric group, {T,, : w € &,,}, where
w = §;,...5;, (reduced decomposition) and T, = T;,T;,...T;,. Once we are given a definition of this
type, one of the natural first questions to ask is when does this come in nature. One such example
is the following:

Example. Let G = GL,,(F,), B = Borel subgroup = upper-triangular invertible matrices in G,
W = permutation matrices.

Its a fact that G can be written as the disjoint union over double-cosets as G = | |, .y BwB.
So we can consider the algebra C[B\G/B] as B bi-invariant functions. Lets actually see what this
looks like for a specific value of n.

n = 2: In this small dimensional example, we have GLy(F,) = B Ll BsB, where s = ((1] (1])

represents the non-trivial permutation in &,. Furthermore, we can further decompose the non-

trivial double coset as BsB = | ¢z, (1 !

0 1). This decomposition is not unique to the n = 2 case.

For general n, we have

BwB = |_| Bsi i, (a1)55,76,(a2)...54,75,(ae), xi;(a;) = In +a;Ej1

a7;€]Fq

where E; ;11 is the permutation matrix for the permutation (i i + 1).

We can now check that C[B\G/B] = eClgle =cj) (Ind51) = H,(t = ¢"/?), where e =
|—]§| > ep b is the idempotent of the function space and ¢/?T;, = bump function on Bs; B (the ¢'/2
is needed for proper normalization). Taking the product to make T,,, we have (for the appropriate
constant C') C'T,, = bump function on BwB.

Now we want to see different ways that we can present the extended affine Hecke Algebra of
type A.



Presentation 1. Put on a cylinder. (ADD PICTURE)
Or more algebraically...

Presentation 2. Generators and relations (1): (1}, ...,T;,_1, Ty, 7 : Braid, quadratic, T; — T, *
t —t7 1, 7Tym~! = T;,1). Here we note (and as is mentioned at the end of the last lecture notes
that 7" is central (which follows from using the only relation on 7, 7" T~ = 7" T 7~ (=1
=T, =T)

i+n 1

Presentation 3. Generators and relations (2): An alternate presentation to the one above is
(Ty, ..., Ty, o, ..., " : Braid, quadratic, Tjz Ty = x4, Tyxy = 2Ty when k # 4,4 + 1), where
the z;’s are polynomials, so they all commute with each other. One possible basis for this space
is {Ty2” :w e &, B €z}

To go back and forth between (1) and (2), we have that # = x,7175...T,,_1, which after some
proper algebraic manipulations yields 7" = x1x5...2,,.

~—

We now want to apply this to a few examples. Such constructions can be applied in the case
where

K =Q, or C((v)) (or a finite extension of these)
O =1Z, or C[[v]]
m = (p) or (v)

The projection O — O/m takes us into the field F, or C. Here we call the generator of the
maximal ideal the uniformizer, denoted w.

Example. Let G = GL,(K) 2 GL,(O) D I where [ is the Iwahori subgroup containing matrices
(@2 @
OX
of the form ) (here the upper-triangular portion can be anything in O and
m (@
the lower-triangular can be anything in m, not just the corner entries). Utilizing the reduction map
G(0) 4 G(O/m) D B, we see that I = ¢! (B). In the case of K = Q,, we have C[I\G(K)/I] =
AHA. In a similar vein to above, we have a decomposition along a subgroup (in this case I),
G(K) = U, lwl. Here we can represent the group elements as the following:

1
wt 0

So , T

— O

1

In this setting, G/B < flags, G/I <> affine flags of O-lattices, and G(K)/G(O) <« affine Grass-
mannian. (Side bar: BwB < Schubert cells in the case of C).

A relationship between the finite Hecke Algebra and Kazhdan-Lusztig Theory can be seen by
looking at their respective bases:

Finite Hecke — {T,, : w € &,} (T, = T,;") {Cy:w € &,} (C = C,) + Kazhdan — Lusztig
We now have all the necessary machinery to define the double affine Hecke Algebra.
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Definition. Let F be a field and ¢,¢ € F*. The Double Affine Hecke Algebra (DAHA) H,,(q,t)

of type A is the algebra with generators 77, ...,Tn_l,TO,W,ylﬂ, .., y=1 subject to the relations

that 71, ..., Tp_1, Ty, m form an AHA (in t) = H(X), T3, ..., To_1, v, ...,y form an AHA (in t)
= H(Y), with the additional relations Tyt = Y41, where we “set” y,41 = ¢ 'y1, Yo = qyn. The
DAHA has basis {T,y" : w € &, 8 € Z"}.

Lecture 3

Recall that AHA= (T1,...,T,_1, To, 7|Braid, Quadratic (T; — t)(T; + t™) = 0,7T;m = Tiy1).
We can write 7 as Xi7}...T,_1. This has basis {T,,|w € &,}. This has another presentation

AHA(X) = (T1,...,T,_1, X;¥', ..., X*!'|Braid, Quadratic, X form a Laurent polynomial ring, 7;X,;T; =

X1, T;X; = X;T, for i # j,j — 1). A basis for this is {T,,X’|w € &, 8 € Z"}.

DAHA presentation 1:

(Ty,..., Ty, To,m, YL, ... Y relations), where Ty, ..., T,_1,,To, T generate an AHA, and
Ty, ..., Thoy, Y5, ..., Y generate another AHA(Y'). The other relations are 7Y;7r ' = Y;,; with
convention Y, = ¢~ 'Y;,i € Z. A basis is {Y"T,|y € Z",w € G, }.

Presentation 2: (T, ..., T, Y54 . YEU XFL ) X P relations), where 71, ..., T, 1, Y5, ...

generate another AHA(Y) and Ty, ..., T,_1, X', ... , XF1 generate another AHA(X). A basis is
{(Y'T,XPy,B € Z",w € &,}. The relations are

L X1... XY, =qY,X,... X,
2. Yi... Y, X: = qXiYi...Y,
3. X7y X Y, = T2

Macdonald Polynomials: Write H,, = H,,(¢,t) =DAHA
Pol= IHdE’Ey) > X = F[z7', ..., 2. We have that (T; — )1 = 0, (Y; — 1)1 = 0 and

9 = Flyi?, ..., yF'] acts locally finitely on Pol.

For q,t generic, %) acts semisimply with weight spaces of dimensions 1. Resulting weight basis
(normalised) yield nonsymmetric MacDonald polys.

Note by 1), if f is a y weight vector, so is z; ...z, f. What are symmetric macdonald polyno-
mials? They are basis of Sym(X), triangular with respect to monomial basis and orthogonal with
respect to (—, —),+. It’s specialisations recover most of this interesting basis of Sym(X).

DAHA acts on Pol. It is an irred for generic g and ¢. Inside of both Sym(y) acts on Sym(z).
Sym(y) weight basis are the symmetric macdonald polynomials.

Representation Theory

Of AHA, we use X, it is a large commutative subalgebra. For generic ¢, Indgz(z)(l —dim) tells
the whole story: these span Ko(RepH (X)) (H; = (T;, X{™, ..., X*!|j € J) parabolic).

Indyi 1 2, Flai', '] f € X, Tf = [T = (1~ 7)) =k I Pol, Tof = tf* +
(t =t =

Let e, = trivial idempotent € Hfi"(t). e, Pol=Sym(X), (T; — t)e, = 0.

Proposition. Z(H, (X)) = Sym(X)

Corollary. If M is a simple H,(X)-module, then dim X < n!

Yil
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Lecture 4

Recall that we have the trivial idempotent e, € H®(¢). As a beginning aside remark, the algebra
e, H(q,t)e, will be called the spherical DAHA.

Now, recall that we defined Pol = Indﬂé(y)l. As a vector space, Pol & F[X, X', ..., X,,, X 1.
We can write a formula for Y; acting on Pol™ C Pol, since we know that (T; — )1 = 0,(Y; —
t20=D)1 = 0. For this final lecture, we will focus on the representation Pol.

Proposition. For ¢,t generic, Pol is irreducible and has Y-weight basis that we can construct.

Let F' € Y = Laurent polynomials in Y. e have that T;F — F5T, = (t — t’l)%. Via
Yiq1

presentation 1, a basis for Pol is {T, ® 1 | w € &,/6,}. The Y’s act triangularly on this
basis with respect to some order refining length. Thus, for F' € YV, FT, ® 1 = T,F* ® 1 +
(lower order terms) ® 1.
Let us look at the example when n = 3. (Y7, Y5, Y3) acts on the weight vector 1® 1 as (1,12, %) =
(b1, by, b3). The idea going forward is that b;;;/b; = t2, then the vector (by,...,bii1,bi,...,by,) is
not a weight.
A couple tricks to remember as we are doing these calculations follow. Firstly, we have indexed Y;
by integers and we set Y3, = ¢~ 'Y,_3 for any k. Also, since by example, Yor®1 = 7Y, ®1 =t1®1,
we can deduce that 7(by, b, ..., b,) = (¢bn, b1, ...,b,_1). Some more examples include:

o TR 1 +— (qt*, 1,1%)

To® 1 +— (qgt* t3,q71)

TlTO X 1<+— (t27 qt47 qil)

T Ty ® 1 < (g1, 2, qt%)

Recall that s1s55150 € S, is a translation by (—1,0,1) € (F*)". Note that all (¢, ¢*2£2, ¢*3¢4)
and all &3 orbits of these are distinct if ¢* # (#2)P for all (0,0) # (A, B) € Z? and ¢, t are not
roots of unity. Thus, all )-weight spaces are 1 dimensional. Hence, there exists a )-weight basis
of this representation. These basis elements will be the non-symmetric MacDonald polynomials,
up to some rescaling. We would like to find this basis explicitly. To do so, we introduce the notion
of intertwiners.

Proposition. There exist p; € AHA(Y) C H,0 < < n — 1 such that
1. For F €Y, Fop, = o, F*.

2. The ¢; satisfy the braid relations. Thus, ¢, makes sense for all w € évn As an abuse of
notation, set ¢, = 7.

As it turns out, these intertwiners yield, up to rescaling, the nonsymmetric Macdonald poly-
nomials by translating from presentation 1 into presentation 2. Let’s compute a couple examples
below.

e 1l =X X2X5®1 ~ X;X,X5is a MacDonald polynomial.
e TR1I=XTT®1=X T\T1 =t*X, ®1 ~ X; is a MacDonald polynomial.
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Pick @; = T;Y; = YT, = T;(Y; — Yiy1) + (t —t 7)Y, 1. Aslong as Y; — Y, does not act as 0 on
weight vector u, then Span{u, T;u} = Span{u, p;u}.

If we look at the quadratic relation on : ©? = (tY; — t 7ty 1) (tYier — ¢t71Y;) € Y®. Thus,
©; acts invertibly on the weight vector u by the weight (by,...,b,) as long as b;y1/b; # t=2. If we
look at the Y-character of Pol, we see that Pol is irreducible.

Let M be a simple H-Module which is Y-locally finite. Then if (Y; — Y;41) does not act as 0
on u for all i, then p?u =0 = @u = 0.



