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Note that these exercises are not in the lecture notes.

Exercise 4.1 (Duality approach, complete market, no consumption with power util-
ity). Consider the problem of maximising expected utility of terminal wealth, with no
consumption, for the power utility function

P
U(J«")Z%,p<1,p#0,$€R+,

in the standard d-dimensional complete market model with stock price vector S fol-
lowing
dS; = diag(S)[uedt + ordWy,

with unique market price of risk process \; = o; !(u; — ) and deflator Y. The value
function is

u(x) :=sup E[U (X7)],
ocu

where U/ denotes admissible strategies which represent fraction of wealth invested in
each of the assets.

You may use the results derived in lectures for maximisation of expected utility of
terminal wealth using duality.

We will need to define the process H by

11
H; :=E[Y}|F],0<t<T, where -+ - =1.
P q

a) Show that the optimal terminal wealth, value function and optimal wealth process
are given by

P 1— 5 T Ht
= = H P X, =" 0<t<T.
HO T ,u(a:) p 0 ) t H()}/tjo_ >~

b) Explain why the process H must have dynamics of the form
dH; = Hyy dWs,

for some adapted d-dimensional vector v, and deduce that the optimal portfolio
proportion process 6 can be written in the form

0= (o7) "M +7), 0<t<T.

¢) Decompose Y7 according to Y¢ = AM, for some adapted processes A, M, where
M := E(—qgX-W) is an exponential martingale, and deduce a formula for the process
A.
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d) Hence show that H may be written as H = M L, where L is the process defined by
Ly :=Ep[Ar|F], 0<t <T,
and where E;; denotes expectation with respect to the measure P,; defined by

APy,
M g
dP T

e) Explain why the P-dynamics of L must be of the form
dL; = Ly (ghdt + dW)
for some d-dimensional adapted process v.
f) By considering the dynamics of H = M L, deduce that
Y= —q\, 0<t<T,
and hence that the optimal proportion of wealth in the stock is given by
0= (o7) (1 — @A +w], 0<t<T.

g) If r and )\ are deterministic, deduce that the formula for the optimal proportion of
wealth in stock reduces to

b= ()11 — @)y = —

1—

and derive formulae for the value function and optimal wealth process in this case
(i.e. no v term).

(e) '\, 0<t<T,
P

Solution (to Exercise 4.1).

a) From the lectures, the optimal terminal wealth is given by U’ (XT) = yYp, with y
determined via E[Y7X7] = z (since Y is the deflator of X). Since U’(z) = 2P~ and
U'(Xr) = yY7 we obtain

Xy = (yYT)*(lfq),

where we have used 1 — ¢ = 1/(1 — p) . The parameter y is thus determined by
E[Yr(yYy) 077 =z,

which yields (since y constant)

-0 = o

X
where H) = E[Y;]. Hence we arrive at
o T ~(1-q)
Xr=—Y

T HO T ;

which give the first term.

By definition, the value function is given by u(z) = E[Xg /p], and using the previous
result yields

Finally, using that XY is a martingale and hence E[XTYT|ft] = )A(th, we may write
the dynamics of the optimal wealth process as

T Hogyor

. 1 .
X, = —E[YoXp|F] = =2
¢ Y7 X7|Fi oY, <

Y,
where
H, :=E[Y}|F], 0<t<T.



b) Noting that Y is non-negative, then process H is a non-negative P-martingale (this
does NOT imply Y is a martingale), thus it has dynamics of the form

dH; = Hyy; dWy,

for some adapted d-dimensional vector ~.
From the previous part we have X;Y; = (x/Hy)Hj, so

X

H HtV:th == Xth’Y:th
0

- x
d(X0i) = 7-dH, =

Comparing this with the dynamics (which is the known form of XY")
A(X,Y;) = X Yi(0F oy — AH)AW,

yields R
0r=(oF) "M +m), 0<t<T. (1)

c¢) Using the fact that Y is a deflator we may write, Y = DZ, with Z = £(—\ - W) and
t
D, = exp(—/ rsds) . Hence,
0

t 1 t
Y# = Dfexp(-g [ AW, 5q [ InJPds
0 0
1 t
= Diexp(=30(1~ ) [ INJPAs)Ean W) = MM
0

with A and M defined by
q 1 ! 2
A = D exp(—54(1 —q) ; [As[“ds)

t 1 t
—exp(~q [ nds—ga—q) [ InJPds), 0<e<T
0 0
My == E(—g\- W), 0<t<T,
and note that M is an exponential P-martingale.

d) A more general version of Baye’s formula says that for an integrable Fr-measurable
random variable V' we have

1
EnlVIF) = 37 EVMrIF] 0<t<T,

where E;; denotes expectation with respect to the probability measure P, with

density process
dPs

dP
Therefore using the previous part and then Baye’s formula we can write

Fo=M, 0<t<T.

H, = E[Y}|F] = E[Ar Mp|Fy] = MEp[Ap|F] = MyLy, 0<t<T,

where L is defined by
Lt = EM[AT’.Ft], OStST



e) Similar to H, one can also note that L is a non-negative P,;-martingale. Hence it
has Pj;-dynamics of the form

dL; = Li;dwM,

for some d-dimensional adapted process v, where W is a d-dimensional P;;-Brownian
motion. But by the Girsanov theorem, we know that W and W are related by

t
WtM:Wt+/ ghsds, 0<t<T,
0

and so the P-dynamics of L are of the form

st == LtVt*(q)\tdt + th) .

f) Applying It6’s product rule to H = M L we obtain

dH, = d(M,L;) = M,dL, + L, dM, + d{M, L},
= MtLtV:(thdt + th) - thLt)\:th - thLtl/:)\tdt
Comparing this with
dH; = Hyyy dWs,
gives
Yw=wv—q\, 0<t<T,
and on using the result (1) we deduce that the optimal proportion of wealth in the

stock is given by R
Op= (o)) 1=\ +m], 0<t<T. 2)

g) If r and X\ are deterministic, then so is A. Thus, for all ¢t > 0, L; = E[Ar|F] = Ar
(constant), which implies dL; = 0 and hence v = 0. Thus the formula for the optimal
portfolio reduces to

b, = (7)™ (1 — g =

1,
1_p(0t) N, 0<t<T.

In this case we also have, Hy = E[Y/] = E[AyMy] = Ay (since E[My] = 1), so using
the results in part a) the value function is given by

P

u(x) = $—Hélfp)

p

x

p

P
Ag} —p)

P _ P T
= —D pexp< / A 2dt>

aP /T 1 9 ]
= —ex re + ——— || \¢e]|7)dt
"o o [ 00t g I

The optimal wealth process is given by

- T Ht T MtLt
Xt = = —
HyYy, Hy Y,

and H; = M;Ar when r, \ are deterministic, so we obtain

X =M @ My @ E(—gh - W),
YUY, D Z, Dy E(-AW)

0<t<T.



