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Exercise 2.1 (Non-existence of solution).

1. Let I = [0, 1]. Find a solution X for

— =X/, tel, Xo=1.
dt t ) 0
2. Does a solution to the above equation exist on I = [0,1]? If yes, show that it

satisfies the definition of an SDE solution from lectures. In not, which property
is violated?

Exercise 2.2 (Non-uniqueness of solution). Fix T' > 0. Consider
dX
d—tt:2 1X;|, te0,T], Xo=0.

1. Show that X; := 0 for all ¢ € [0, 7] is a solution to the above ODE.
2. Show that X; :=t? for all ¢t € [0, T] is also a solution.

3. Find at least two more solutions different from X and X.

Exercise 2.3. Consider the SDE
t t
thg—i—/ bS(XS)ds—i—/ JS(Xs)dWS, te [O,T].
0 0

and assume that the conditions of proposition about existence and uniqueness from
the lecture hold. Show that the solution to the SDE is unique in the sense that if X
and Y are two solutions with Xy = £ = Y} then

P[sup | X: —Y >0 =0.

0<t<T

Hint: Write down the equation for the difference of X and Y mimicking the existence
proof where we considered difference of X"*! and X". Use the same basic estimates
but then use Gronwall’s lemma at the right point.

Exercise 2.4. Consider the SDE
X5 = b(XE%) ds + o(XE%)dW,, t<s<T, X" =z.

Assume it has a pathwise unique solution i.e. if Y/ is another process that satisfies
the SDE then

P| sup |[XL" —YE*| > 0| =0.
t<s<T

Show that then the flow property holds i.e. for 0 < ¢ < ¢’ < T we have almost surely
that
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Xt =X ., Vselt,T).
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