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Exercise 3.1. For any (t, x) ∈ [0, T ] × R, define the stochastic process (Xt,x
s )s∈[t,T ] as

the solution to the SDE

dXt,x
s = b(Xt,x

s ) ds+ σ(Xt,x
s ) dWs, ∀ s ∈ [t, T ], Xt = x.

Let Et,x[ · ] := E[ · |Xt = x]. Define a function v = v(t, x) as

v(t, x) = e−r(T−t)Et,x
!
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∀ (t, x) ∈ [0, T )× R .

Assume that v ∈ C1,2([0, T )×R) and that
"
e−rsσ(s,Xs)∂xv(s,Xs)

#
s∈[t,T ]

∈ L2([0, T ]×R).
Show that

∂tv + b∂xv +
1

2
σ2∂xxv − rv = 0 on [0, T )× R ,

v(T, ·) = g on R .

Exercise 3.2 (Unattainable optimizer). Here is a simple example in which no optimal
control exists, in a finite horizon setting, T ∈ (0,∞). Suppose that the state equation
is

dXs = αs ds+ dWs s ∈ [t, T ] , Xt = x ∈ R.

A control α is admissible (α ∈ A) if: α takes values in R, is (Ft)t∈[0,T ]-adapted, and
E
% T
0 α2

s ds < ∞ .
Let J(t, x,α) := E[|Xt,x,α

T |2]. The value function is v(t, x) := infα∈A J(t, x,α). Clearly
v(t, x) ≥ 0.

i) Show that for any t ∈ [0, T ], x ∈ R, α ∈ A we have E[|Xt,x,α
T |2] < ∞.

ii) Show that if αt := −cXt for some constant c ∈ (0,∞) then α ∈ A and

Jα(t, x) = JcX(t, x) =
1

2c
− 1− 2cx2

2c
e−2c(T−t).

Hint: with such an α, the process X is an Ornstein-Uhlenbeck process, see an
earlier exercise.

iii) Conclude that v(t, x) = 0 for all t ∈ [0, T ), x ∈ R.

iv) Show that there is no α ∈ A such that J(t, x,α) = 0. Hint: Suppose that there is
such a α and show that this leads to a contradiction.

1Last updated 14th February 2020

1


