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@ Reinforcement Learning (RL) and its (entropy regularized) MDP formulation

o Performance difference lemma and policy gradient theorem
o Difficulty of convergence analysis due to lack of convexity

@ Mirror descent
o Role of performance difference as convexity and L-smoothness
o Convergence rate MDP case with inexact advantage

o Exact update Mirror descent actor critic [Zorba et al., 2026]
o Critic TD learning
o Stability
o Convergence



Reinforcement Learning (RL)

Ehw; fow vv\wA—-

M

o\c}]'ow

e COI* I
SN Gl

RL Aim: learn to interact with an environment in an optimal (cost minimizing) way.

Data: (s¢, at, Ct, St41, 3t41, - - -)-

Mathematical abstraction: MDP.

3/46



MDPs and relaxed, regularized MDPs




Key MDP / RL results

Overview of RL [Sutton and Barto, 2018] and results in discrete state-action spaces

Classical policy gradient [Sutton et al., 1999].
Natural policy gradient [Kakade, 2001].
Actor-critic method [Haarnoja et al., 2018].
Mirror descent method [Tomar et al., 2020].

Convergence of classical PG in tabular setting [Mei et al., 2021].

Continuous state-action spaces: [Doya, 2000], [Van Hasselt, 2012], [Manna et al., 2022].

Entropy regularised: [Haarnoja et al., 2017, Geist et al., 2019].



MDP

Infinite-horizon Markov decision problem (S, A, P, c,~):

@ S is the state space, A is the action space
@ P € P(S]S x A) is the transition probability kernel
@ c € By(S x A) is a cost function, and v discount factor

@ H, = (S x A)" x S is the space of admissible histories

Aim: minimise the objective over policies & = (&n)nen s.t. an : Hy — A measurable:
oo
V() =B S 4 c(sm an) (1)
n=0

with a, := an(hs), ha = (50, a0, .-, Sn—1,3n—1, Sn) and sps1 ~ P(:|sn, an), S0 = s.



formulation of the MDP

Infinite-horizon Markov decision model (S, A, P, c,v):

@ S is the state space, A is the action space,

@ P € P(S|S x A) is the transition probability kernel,

@ c € By(S x A) is a cost function, and v a discount factor,
@ H, = (S x A)" x S is the space of admissible histories,

@ 7 > 0 strenght of entropy regularizer,

o for yi', ju € P(A) define KL(1'|) = [,In “;‘:[ (a)p’(da) if ' < p, and 400 otherwise.

Aim: minimise over relaxed policies 7 = (7p)nen s.t. 7, : H, — P(A) measurable the objective:

— E7 [Z ~ (/c(s,,, ) mo(da) + 7 KL(WH\M))

with 7, := 7,(hn), hn = (S0, @0, - .., Sn—1,8n-1,5n) and spy1 ~ [, P(:|ss, a) ms(da), so = s.

€ RU {400}, (2)




Relative entropy - variational formula

Variational formula: for f € By(A):

inf fdv+KL(v ):-ln/e*f da),
o () (vIn) [ e

dv* e f@
(2) = o= (aa)
dp Jae @ u(da’)

then v* = argmin, cp(a) ([, F dv + KL(v|1)).

and if




Bellman principle aka Dynamic programming principle (DPP)
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DPP with 7 > 0

Recall H, := (S x A)" x S is the space of admissible histories.

Let V) :S — R be
Vi(s)=inf V[ (s), VseS, (3)

where infimum is over policies m = (7n)nen s.t. m, : Hy — P(A) is measurable.

Theorem 1 (Dynamic programming principle)

Let T > 0. The optimal value function V} is the unique bounded solution of

* = d_m P /
Vi(s) = men;f(A) ] (c(s,a) +7ln d,u (a) —1—7/5 VS (s")P(ds'|s, a)) m(da), VseS.
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DPP consequences for 7 > 0

Forallse€ S,
Vi) = —rin [ e (-1 Q0(5.)) (o)
where Q™ € By(S X A) is defined by
Q;(s,a) = c(s,a) +fy/s Vi (s')P(ds'|s,a), V(s,a) € S xA.
Moreover, there is an optimal policy 75 € P,(A|S) given by

w2 (dals) = exp (~(Q}(s,3) — Vi (s))/7) u(da), Vs € S. @)

Let
M. ={m € P(AIS) : In T € By(S x A)}.
Then
inff VI = V/(s)= inf V.
™ mely,

Finally, for each 7 € N, we define the Q-function QT € By(S x A) by
Q7 (s.2) = c(5,) + 7 [ VI()P(o]s,2). (5)
s
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DPP consequences for 7 > 0

Let 7 > 0 and 7 € IN,. The value function V" is the unique bounded solution of the on-policy Bellman equation:

Vf(s):/A(c(s,a)+7|ng—2(a|s)+7/sVf(s’)P(ds'|s,a))w(da|s), VseS.

Note that from this and defn. of the Q-function (5) we have for all 7 € M1, and s € S that
Vi(s') = / (Q7(s',9) +7in 42 () n(a']s), VseS. ©6)
A
Using this in the defn. of the Q-function (5) we have the on policy Q-Bellman equation

Q7 (s, a) = c(s, a) +7/5/ (Q:(s’,a') +7ln j—;(a’|s')) m(da'|s')P(ds']s, a) , ¥(s, a). @)



What does “solving our RL problem” mean?

We will say we've “solved the RL problem” if we can find a near optimal policy by repeatedly interacting with an
environment / simulator.

But under what “interaction” assumption?
Always accept we do not have access to costs ¢ and transitions P € P(S|S x A).

Intermediate

Hardest Easiest
@ Initially and at resets the

@ The environment will simulator will initialise at @ We can initialize the
initialise once at s~peP(S). simulator at any s € S of
s~peP(S). @ We have access to a our choice.

@ We interact with the simulator of the environment @ We observe s € S, can
environment, incurring the and we can repeatedly use it. choose a € A and observe
costs. o It will run until termination s’ ~ P(-[s,a) and c(s, a).

or until we reset it.
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Key meta-algorithms

13:

Policy gradient (PG)

: Initialize environment, parametrized policy 7g,,
c for n=0,1,..., Nepisodes dO
Clear memory buffer
for t = 0,1, ..., Neteps in episode dO
Observe state s;
Sample action a; ~ 7, (a|st)
Execute a; in environment, accept cost ¢,
new state s;i1
Store (¢, at, ¢t, log ma, (at|st), V(st))
t< t+1, st < Seq1 in memory.
end for
Estimate Vo V™ from memory data
Update policy parameters

9,,+1 =0, — T[Vg VT,

end for

Q-learning

1: Initialize environment, schedule (7x)«, Qa,, @ ~ fi.
2: for k=10,1,... do

3:  Observe state s,
4;  Execute ax in environment, accept cost ¢k, new

state skt1
5. Set 0, = Oy, set mi(-|sk) x exp(féng(skH),u
6: Take ak+1 Nﬂk("sk;l).
7:  Calculate the one step TD error

Eo

d

=k + 'y[ng(sHh aks1) +7In dl;(ak+1|5k+1)] — Qo(sk, ax) -

8:  Update Q-function parameters:
2
Or1 = Ok — Vo |Eo, |

9: Sk £ Sk+1, Ak < dk+1
10: end for
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Classical gradient descent
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Policy gradient (PG) methods

Even if S and A are of finite cardinality and
Var V:(p) = (vw(s,a) V:(p))(s,a)ESXA
With (V(s,0) V7 (p))(s,0)esx 4 € RV M4 is a gradient in RMs*M not in P(A|S) = A(A)"s.

=T g)_

Parametrize: Direct: d"G 2 (als) o e’ Log-linear: dd’;f (als) o e'?€=:a) with g : S x A — RP basis, ... Then
Ont1 = 00 — Vo V% (p)

classical gradient descent: [Cauchy, 1847] seems fine.

Theorem 3 (PG for parametrization)

Let Cl7T9(a|s) = e?—;;), where Zy(s) := [, e#053) 4 (d3'). Then

~dl 0
VoVZ(p) = 2=E dp

1—y “ar~vmg(-[s)

T (als)| -
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Performance difference

Let
d™(ds'|s ny"P" (ds’|s) and d;r(ds):/sd”(ds|s')p(ds'). (8)

Lemma 4

Let m € P(A|S) and f,g € By(S) such that for all s € S,

f(s) = 'yfA fs f(s")P(ds'|s, a)m(dals) + g(s) - 9)
Then f(s) = 12 [sg(s')d™(ds'|s) for all s € S.

-

Lemma 5 (Performance difference!)

For all p € P(S) and 7, =" € N,

VE(p) = VE (0) = = [ [ fa (QF

Tabular case [Howard, 1960, Ch. 7, p. 87], re-discovered in RL context [Kakade and Langford, 2002], Polish spaces +
entropy [Kerimkulov et al., 2025a]

— VI'(s)) (m — 7')(dals) + T KL(x(:|s)[x’ (|s))] &5 (ds) ‘)
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PG for general state and action spaces

Proposition 1

Let 7 >0 and p € P(S). For all m,7n" € M, C P(A|S)

lim &= (VO (p) = V7 (p)) = 5 s S (QF(5.2) + 7In $2(als) = V() (' — m)(dals)d3 (). (10)

For a fixed v € P(S) define (-,-), : Bp(S x A) x bM(A|S) — R by
1
(Z,m), = R Js JaZ(s,a)m(da|s)v(ds), (Z,m) € By(S x A) x bM(A|S).
As a consequence of Proposition 1, given v € P(S) satisfying dj < v,

li —I(V(l—s)w+57r/ _ YT ) — <§V:(p) o >
lime i (p) = VI(p) TR )

with
el (s,2) = Q7 (s,a) + 7In 4Z(s,a) — V(). (11)
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Lack of convexity in softmax parametrization

Consider minimizing, over w € P(A) the objective

Vo / c(a)r(da).
A
We trivially have, for 7, 7’ € P(A) that
VAT (1T e e €0, 1]
so P(A) > m— v™ € R is convex.

Consider minimizing, over 6 € R the objective

. /A c(a)mo(da),

()

with 71'0(3) = W.

The map R” 5 0 — v™ € R is not convex [Mei et al., 2020, Propn. 1].
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Lack of convexity for Markov policies

Recall

€ RU {400},

VI (p) =ELnp [i ([ o 2) mae) + 7KL l)

n=0

Definition (Convexity)

If for any 7, 7" € P(A|S) we have
VAT (p) < (1 - )V (p) + eV (p) € € [0,1]

then P(A|S) > m — V[ (p) € RU {400} is convex.

The map P(A|S) > m— V] (p) € RU{+oo} is not convex, e.g. [Giegrich et al., 2024, Proposition 2.4] even if
underlying dynamics is linear and costs convex.
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Polyak—t.ojasiewicz condition: Gradient dominance

Continuous time gradient flow

20, = —Vf(0:) = L[f(0:)— F(67)] = —|VF(:).

ds

Non-uniform Polyak—tojasiewicz: there is u : R — (0, 00) s.t. for all
0 e R?
0 < F(0) — £(07) < u(0)|VF(H)]*.

Hence
L[F(0s) — £(07)] = —[VF(O:)]” < —p " (0:) [F(0:) — £(07)]

Gronwall:

0 < £(65) — £8%) < [£(00) — F9")] exo — [ a0 ).

Q: Isinf, u71(0,) > a > 0?
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Convergence of classical PG in MDPs

@ Discrete time LQR: Polyak—tojasiewicz (PL) / gradient dominance established and so PG has linear
convergence [Fazel et al., 2018, Bu et al., 2019, Hu et al., 2023].

@ In general MDPs with discrete state-action setting best PL result is non-uniform [Mei et al., 2020] but
shown lower bounded along PG and hence convergence.

@ In general MDPs with in general spaces under Q" -realisibility best PL result is
non-uniform [Chen et al., 2026] but for suitable basis functions shown lower bounded along PG and hence

convergence.



Mirror descent
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Mirror descent

Static optimization mirror descent:

@ Goes back to at least [Nemirovski, 1979].
@ Modern proximal point form [Beck and Teboulle, 2003].
@ For general probability measures [Aubin-Frankowski et al., 2022].

RL mirror descent update
n+1 . svrn n n
7" (-|s) = argmin [, =Z—(s, a)(m(da) — ©"(da|s)) + AKL(m|x"(-|s)) . (12)
meP(A)

N.B.

n svrn n svrn ’ n i
T (s) = g exe (= A5EN (s, )T Cls) Zals) = [yexp (— 15 (s, ) (dals).
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Mirror descent for MDPs

Discrete space MDPs and constants dependent on |S| and |A]:

o [Cen et al., 2022], entropy regularised, show linear convergence for disc. time. mirror descent

o [Cayci et al., 2021] same setting i.e natural policy gradient, log-linear policies i.e. mirror desc with func.
approx.

@ [Xiao, 2022] and [Khodadadian et al., 2022] achieved linear convergence for unregularised MDPs with
inexact policy evaluation by employing geometrically increasing step sizes in NPG.

Discrete space MDPs and constants independent of of |S| and |A[:

@ [Lan, 2023] linear convergence of policy mirror descent with arbitrary convex regularisers
and [Zhan et al., 2023] convergence rates independent of action space dimension.

MDPs with general S and A:

@ Discrete step mirror descent and Fisher—Rao flow: Exponential convergence for entropy regularized MDPs in
Polish state & action spaces [Kerimkulov et al., 2025a].
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Mirror descent policy improvement (with exact update)

Recall the mirror descent update (12):

7" (-|s) = argmin Ja %(s, a)(m(da) — 7"(dals)) + AKL(m|x"(:|s)).
meP(A)

From the performance difference lemma, see Lemma (5), we see that

(VI — VI (p) = ﬁ Js (f 55 (s, a)(m"1 = 77)(dals) + 7 KL(x"1[x")(s)) d="" (ds)

< 25 Js (Ju 57 (s, @)(x L = 77)(dals) + AKL(x"*[x7)(s)) o (ds). Y
From the mirror descent update (12) we have, for all 7 € 1, and s € S that
Ja 2 (s, 3)(m — 77 (dals) + AKL(w|n7)(s) > [y % (s, a)(x" T — x7)(dals) + AKL(x"1|x7)(s)..
This with 7 = 7" allows us to conclude that for all s € S we have
Ja 22 (s, a)(m"1 — 7)(dals) + AKL(x"L[x")(s) < 0. (14)

From (13) we have
(VI = Vo) (p) <0

26 /46



L-smoothness for exact update

Let w, 7" € N, satisfy [, %(s, a)(m — 7')(da|s) + 7 KL(w|7")(s) < 0 for all s € S. Then for all s € S,

(V7 —VE)(s) < / ‘55” (s, a)(m — 7')(dals) + 7 KL(x|x')(s) .

In particular with ' = 7to1q and ™ = Tpew given by the exact update (12) satisfy this.

V.
Proof. From perf. diff. lemma and Lan's trick:
(VE = VENS) < 11 fs (fy S (!, ) — 7Y (dlals’) + 7 KL(xl')(s')) d (0')
<[4 0“:‘ (s, a)(m — 7')(da|s) + 7 KL(x|7")(s) ,
since, if F < 0 then
1 Js F(s') dI(ds') = [5 F(s)Pa(ds'|s) + 3232 [s 7 F(s')PE(ds'[s) < [s F(s')ds(ds") = F(s). (15)
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Almost convexity, but not really

We can write performance difference as

(V7= VI )p) = (B 7 - ™) r + 155 Js KL(rlm')(s)d] (ds) (16)

where
(b i) = £ /5 /A h(s, a)#(dals) d7 (ds)

and
VLW (5, a) = Q7 (s,a) + 7 In 42 (s,3) — VI (s).
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Convergence of mirror descent with approximate advantage
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Mirror descent with approximation

n

Recall that 2

vy .y dn" Ky s dn"
T n n __ n
s— =A7"+7In Em = QI VI"+7ln e

Updates can only be made with an approximation A,(s,a) = AZ"(s, a) + En(s, a).

Consider the scheme

7" (dals) = iregm;/A (A,,(s, a)+7ln %(ab)) (m(da) — w"(dals)) + AKL(m|z"(:|s) . (17)
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Ingredients for convergence of mirror descent

o Convexity (strong for “linear” rate)
@ L-smoothness

@ Three point lemma

Lemma 7 (Three point lemma / Bregman proximal inequality)

Let G : M,, — R be convex. For all m' € M,, let
m* = a;gerlsln {G(m) + KL(m|m")} . (18)
Then, for all m € M,,, we have
G(m) + KL(m|m") > G(m™) + KL(m|m™) + KL(m"|m'). (19)J

The proof of Lemma 7 can be found e.g., in [Aubin-Frankowski et al., 2022] noting that the flat derivative of KL
is well defined on M, see e.g. [Kerimkulov et al., 2025b, Lemma 3.8].
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Convergence of mirror descent with approximate advantage

Theorem 8
Given mo € M, let (wn)n be given by

7" (dals) = argmm/ (A (s,a) + 7In 9= (a|s))(m(da) — w"(dals)) + AKL(m|z"(+|s) .

meP(A)

where A,(s,a) = AT (s, a) + En(s, a) and I€]|8,(sxa) = 0n < 00 for all n € N. Then

N—1
g N 1 o —|— )\y 1 4
< Y n,
0s  min, V7 (o)= V() < TNE oy nz:; ’

where o := [((V° — V2)(s)ds™ (ds) and y° := [ KL(x2|7°)(s) d} (ds).

This is a small extension of results in [Kerimkulov et al., 2025a], [Lan, 2023].
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Actor-Critic MD stepping
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Function approximation and assumptions

Let ¢;: Sx A— R, i=1,...,N be features. Write ¢ : S x A — R" and |¢(s,a)|3 := 3N, bi(s, a)>.

Assumption 2 (Bounded features)

It holds that sup,cs ,cal9(s,a)l2 < 1.

Given 6 € RV let the approximate Q-function be

Q(s,a;0) := (0, ¢(s,a)) Z@gf),sa

Further given m € P(A|S) let the approximate first variation be
A(s, a;0,7) = Q(s,a;0) + 7In 57 (s,a) — [, (Q(s, a;0) + 7In G5 (s, a)) m(dals). (20)

Assumption 3 (Feature-initialisation compatibility)

Let B € P(S x A) be fixed. Then

)\ﬁ = )‘min(foA ¢(57 3)(}5(5, a)T ﬂ(dS da)) > 0.
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Function approximation and assumptions

Assumption 4 (Q™-realisability)

For all w € T, there exists 0, € RN such that Q7 (s, a) = (0, ¢(s,a)) for all (s,a) € S x A.
W

An MDPs is linear if there exists exists ¢ : S x A — RY, w € R" and a sequence {¢;}"; with ; € M(S) such
that for all (s,a) € S x A,

c(s,a) = (w, ¢(s, a)), P(ds' | s,a) = Zo,

If the MDP is linear then by (5)
N
Q7 (s,a) = c(s,a) + / VI (s")P(ds'|s, a) = (w, ¢(s, a)) + / Zo, s,a)Yi(ds’)
S i=1

So we have Q"-realisability with (6-); = wi + [5 V7 (s')i(ds").
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Critic updates with TD

Recall the on-policy Bellman equation for the Q-function:
QI (s,a) = c(s,a) + fy/s/A 7(s',a) +TIn g5 (a']s’ )) w(da'|s")P(ds|s, a), ¥(s, a).
Define the operator T7 : By(S x A) — Bs(S x A) as
TTf(s, ) = c(s,a)—l—'y/s AP . a)—i—r*y/sKL(7r(-|s')|u)P(ds'|s, 2). (21)
x
It can be shown this is y-contraction.

The Mean Squared Bellman Error (MSBE) is defined as

MSBE(0, 7) := %/ |Q(s,a;0) — TZQ(s, a; 0)|>dj (da, ds). (22)
SXA
Here .
dj(ds’, da’) := / d™(ds’, da’|s, a)B(ds,da), d™(ds’,da’|s,a) := (1 — A,)Zq"(PT)"(ds/. da’|s, a)
JSXA n=0

and P™ € P(S x A|S x A) is the kernel which for all f € By(S X A) satisfies
Jsuaf(s',a)P™(ds’, da'[s,a) = [5 [, f( m(da’|s’)P(ds’|s, a) .
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Mirror descent and Mirror descent actor-critic

Let the approximate MD loss be

MD(m, ', 0) = [5 ([, A(s, a;6,7")m(dals) + + KL(r|x')(s))d (ds). (23)

Let the semi-gradient g : RV x P(A|S) — R" of the MSBE with respect to 6 is given by

g(0,7) = /5 (Q(s.3:0) = TTQ(s. 36))0(s. ) 45 (da. ). (24)

Mirror descent actor-critic

. Require: Critic step size h > 0, actor step size A > 0,
Mirror descent critic-step schedule M : N — N, ° ¢ RV, 7% € N,,
1: for n=0,1,2,... do

Require: Actor step size A > 0, 6p € RV, 7° = M. 970 "

1: for n=0,1,..., Nup steps do
2. 0" « argmin, MSBE(0, ")

3 7"« argmin MD(mr, 7", 0™*")

wen, end for

gl grM(n)
" argmin WD(#, 7", 0"
mem,

4: end for

N o g s wN

8: end for
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Mirror descent actor-critic near-improvement and stability

Let T := Ag(1—7)(1 — /).

Theorem 9 (Mirror descent actor-critic near-improvement)

Let Assumptions 2, 3 and 4 hold. Let 0 < h < min {ﬁ, %} Then for all n € N and s € S it holds that

_ M(n)hT
VE ) < vE"He) < V() + 20— b (25)

Theorem 10 (Mirror descent actor-critic stability)

Let Assumptions 2, 3 and 4 hold. Let 0 < h < min {ﬁ, %} and 0 < 7A < 1. Then there exists ¢y > 0 such

that, for any ¢ > co, if the number of inner temporal difference steps at mirror descent step n € N satisfies

M(n) > - log (e(n + 1)), (26)

then there exists R > 0 such that for all s € S and n € N it holds that

KL(x"(-ls)li) < R. (27)
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Sublinear convergence of Mirror descent actor-critic

Theorem 11 (Best iterate sublinear convergence)

Let Assumptions 2, 3 and 4 hold and let 0 < h < 2(1+ 3 Moreover for each n € N, let the number of inner critic

steps satisfy M(n) > - log (c(n+ 1)) with ¢ > co, where o is the stability constant from Theorem 10. Then,
for any p € P(S), there exists a > 0 such that for all n € N it holds that

min VI (p) = VI (p) < 2. (28)

0<r<n—-1
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Proof of convergence rate for mirror descent with approximate advantage

Let 7" be generated by inductive application of the approximate mirror descent step (17). Let VI := V;Tn for n € N. We
begin with an application of Bregman proximal inequality, see Lemma 7. Fix s € S and 7" € 1, and define G : M;, — R by

G(m) = ;/ (An(s,2) +7In 42 (als) ) (m(da) — ="(dals)) -

It is linear and thus clearly convex and hence due to the mirror descent update (17) is equivalent to (18) and so we have,
forallm€ My, s€ Sand neN that

i/(A (5:3) +7In 9 (als) ) ( — 7")(dals) + KL(|")(5)

> X / A,,(s, a)+7ln (L—’Ln(a\s)> (7™ — 7" (da|s) + KL(x|x"1)(s) + KL(x" 1 |x")(s) .
A
Re-arranging this leads to
KL(x|7"1)(s) = KL(x|x")(s)

1 - L )
<5, (Ants.) + 710 5 o18)) = ) ol (29)

5 [ (As.)+ 71n 452 a19)) (2771 — 77 cls) — KL(= ") 5)
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From the performance difference, Lemma 5, we have

(Vn+1 _ V")(S)

= 1 Js (Ja (Ao = En+ 7In 420) (s, 2)(x"H1 — 77)(dals) + 7 KL(x"H ") (s)) d5 " (ds)
Note that (17), together with A > 7 guarantees that

0> [, (An(s, a) + TIn (a\s))(w’“rl 7")(dals) + 7 KL(7m"1|7")(s) =: F(s)
for all s € S. Thus we may “forget the future” and get
nt1
(VI = VI)(s) < F(s) = 125 [s [ €n(s, a)(n™t — n")(dals)d]" " (ds).

Assume that ||£||g,(sxa) = dn < co. Then we have the following approximate L-smoothness:

(VI = Vi)(s) < Fls)+ 2, s e s,
-7

Applying this in (29) and taking we thus have, for all s € S, that
KL [571)(5) = KL(E31a)(5) < [ (Anls, 2) + 71n 427 als)) (2 — 7))

(30)
— LVt - vn(s) + 2
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Summing up over n =0,1,..., N — 1 we see (spotting the telescoping sums) that for all s € S,

N—1
N - w5 70) (s 1 An(s,a) + 7In L (als) ) (7* — 7")(da|s
KL(r2|w)(s) — KL(] )()sgA/A(An(, )+ 7in 427 (a]5)) (w3 — =) (dals)
1 N—1

2
- X(VTN - V2)(s) + T— ;) On.

We wish to apply performance difference in due course and so we observe that the above is equivalent to

N-14 " n
KLz [r)(s) = KL(w7 %) (s) < D < /A (AZ"(s,2) + 7 In 92 (als) ) (w3 — 7")(dals)
n=0
(31)

Sk & - 7")(d Lovmy —ve 2 N_la
*%X/A s a)ms = )(dols) = 5 (VA = VS) + s S
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Notice that VNV(s) > V*(s) and so (VN — VO)(s) > (V2 — VO)(s) for all N € N. Let
y" = [5 KL(rE[x")(s)dp ™ (ds) and o= — [s(Vi — VO)(s)d; " (ds)

so that, after integrating (31) over dg’ and using ||€]|g,(sxa) = dn < 00 we have

N o a1 A x 2 a 2 "
—y0< = T *— ™ (dals)d, " (ds) + =) St —+—- b,.
y*nz:;A/s/Aaw( PRI () 4 T 2 Bk S s 2

Using the performance difference lemma, see Lemma 5, and upper bounding the approximation error terms we get

N—1
1—
o3 BV v - T [ KU (@) + e Zan
n=0
Since since KL(:|-) > 0 we get that
11—« * N e 4 =
N _ O<N; V:‘r _ Va4 et
o N (V) = min V) 4 S g
Hence
1—x «a 0 4 ity
N—— vy - V7 < = n
5 (o iy VE O =V 0) S T4 4 oy Do

and so the rate follows. [J
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