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Stochastic Control Problem with Entropic Regularization I

For ξ ∈ Rd and µ ∈ VW
q , consider the controlled process

Xt(µ) = ξ +

! t

0

Φr (Xr (µ), µr ) dr +

! t

0

Γr (Xr (µ), µr ) dWr , t ∈ [0,T ] . (1)

Here

VW
q :=

"
ν : ΩW → Mq : EW

! T

0

!
|a|q νt(da) dt < ∞

and νt is FW
t -measurable ∀t ∈ [0,T ]

#

and

Mq :=
"
ν ∈ M+([0,T ]× Rp) : νt ∈ P(Rp) ,

! T

0

!
|a|q νt(da, dt) < ∞ ,

ν(dt, da) = νt(a) da dt for a.a. t ∈ [0,T ]
#
.
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Stochastic Control Problem with Entropic Regularization II
If m ∈ P(Rp) is a.c. w.r.t. the Lebesgue measure (so that we can write
m(da) = m(a) da) let

Ent(m) :=

!
[logm(a)− log γ(a)]m(a) da ,

where

γ(a) = e−U(a) with U s.t.

!
e−U(a) da = 1 .

Otherwise let Ent(m) := ∞.

Given F and g we wish to minimize the objective functional

Jσ(ν, ξ):=EW

$! T

0

$
Ft(Xt(ν), νt) +

σ2

2
Ent(νt)

%
dt+g(XT (ν))

&&&X0(ν)=ξ

%
. (2)

Example: Relaxed Control

Φt(x ,m) =

!
φt(x , a)m(da) ,

Γt(x ,m)(Γt(x ,m))⊤ =

!
γt(x , a)γt(x , a)

⊤m(da) ,

Ft(x ,m) =

!
ft(x,a)m(da) .
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Why Regularize with Entropy

Several perspectives:

i) Exploration vs. exploitation when solving an episodic control problem with
unknown dynamics (learning) Wang, Zariphopoulou and Zhou [7] and
Wang and Zhou [8].

ii) Regularity of Markovian controls Reisinger and Zhang [4].

iii) Gradient flow for optimal control Š and Szpruch [6].
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Talk outline

i) Introduction

ii) Minimizing Convex Functions of Measures with Gradient Flows
(one-hidden layer NNs)
◮ Necessary condition for optimality
◮ Gradient flow and Free energy balance
◮ Convergence to minimum

iii) Regularized Stochastic Control (towards reinforcement learning)
◮ Necessary condition for optimality (Pontryagin)
◮ Gradient flow and Free energy balance
◮ Convergence to optimal control
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Minimizing Convex Functions of Measures
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Minimizing Convex Functions of Measures

Given F : P(Rp) → R convex7, find

inf
m∈P(Rp)

F (m) .

Minimum not unique. Consider

inf
m∈P(Rp)

V σ(m) := inf
m∈P(Rp)

'
F (m) +

σ2

2
Ent(m)

(
.

Example: nonlinear regresssion with an idealized 1 hidden layer neural network:

V σ(m) :=

!

R×RD

&&&y −
!

Rp

ϕ̂(θ, z)m(dθ)
&&&
2

ν(dy , dz) +
σ2

2
Ent(m) .

This has convex + strictly convex part. Observed in the pioneering works of
Mei, Misiakiewicz and Montanari [3], Chizat and Bach [1] as well as Rotskoff
and Vanden-Eijnden [5].

7For any m,m′ ∈ P(Rp) we have

F
!
(1 − α)m + αm′

"
≤ (1 − α)F (m) + αF (m′) for all α ∈ [0, 1] .
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Convergence when σ ↘ 0

Proposition 1

Assume that F is continuous in the topology of weak convergence. Then the

sequence of functions V σ = F + σ2

2
H converges in the sense of Γ-convergence

to F as σ ↘ 0. In particular, given a sequence of minimizers m∗,σ of V σ, we
have

lim sup
σ→0

F (m∗,σ) = inf
m∈P2(Rd )

F (m).

8 / 37



Characterization of the minimizer

Proposition 2 (First order condition)

Assuming that F is convex, bbd. from below and ∇U dissipative, the function
V σ has a unique minimizer m∗ ∈ P2(Rd) which is absolutely continuous with
respect to Lebesgue measure and satisfies

δF

δm
(m∗, ·) + σ2

2
log(m∗) +

σ2

2
U is a constant, m∗ − a.s.

On the other hand if m′ ∈ Iσ where

Iσ :=

)
m ∈ P(Rd) :

δF

δm
(m, ·) + σ2

2
log(m) +

σ2

2
U is a constant

*

then m′ = argminm∈P(Rd ) V
σ.

Corollary 1

The optimal m∗ satisfies the functional equation

m∗(θ) =
1

Z
exp

'
− 2

σ2

'
∂F

∂m
(m∗, θ) + U(θ)

((
.

where Z :=
!
exp

"
− 2

σ2

"
∂F
∂m

(m∗, θ) + U(θ)
##

dθ.
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Gradient Flow for Convex Optimization on Space of Measures

Due to the form of m∗ we “hope” that m∗ is the invariant measure of
+
,-

,.

dθs = −
'
∇θ

δF

δm
F (ms , θs) +

σ2

2
∇θU(θs)

(
ds + σdBs , s ∈ [0,∞) ,

ms = Law(θs) , s ∈ [0,∞) .

(3)

Fokker–Planck

∂sm = ∇θ ·
'/

∇θ
δF

δm
(m, ·) + σ2

2
∇θU

0
m +

σ2

2
∇θm

(
on (0,∞)× Rp .

This can be viewed as a randomized, continuous time version of the classical
gradient descent algorithm.
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Energy balance

Theorem 2
Let m0 ∈ P2(Rp). Under our assumptions on F (growth, smoothness) and ∇U
(smoothness, dissipativity), we have for any s ′ > s > 0

V σ(ms′)− V σ(ms)

= −
! s′

s

! &&&&DmF (mr , θ) +
σ2

2

∇mr

mr
(θ) +

σ2

2
∇U(θ)

&&&&
2

mr (θ) dθ dr .

Proof outline: Follows from a priori estimates and regularity results on the
nonlinear Fokker–Planck equation and the chain rule for flows of measures.
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Convergence

Theorem 3
Let our assumptions on F (growth, smoothness) and ∇U (smoothness,
dissipativity) hold and let m0 ∈ ∪p>2Pp(Rd). Denote by (ms)s≥0 the flow of
marginal laws of the solution to (3). Then, there exists an invariant measure of
(3) equal to m∗ := argminm V σ(m) and

W2(ms ,m
∗) → 0 as s → ∞ .

Proof key ingredients: Tightness of (ms)s≥0, Lasalle’s invariance principle,
Theorem 2, HWI inequality.

All results so far from Hu, Ren, Š and Szpruch [2].
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Regularized Stochastic Control
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Stochastic Control Problem with Entropic Regularization

For ξ ∈ Rd and µ ∈ VW
q , consider the controlled process

Xt(µ) = ξ +

! t

0

Φr (Xr (µ), µr ) dr +

! t

0

Γr (Xr (µ), µr ) dWr , t ∈ [0,T ] ,

VW
q :=

"
ν : ΩW → Mq : EW

! T

0

!
|a|q νt(da) dt < ∞

and νt is FW
t -measurable ∀t ∈ [0,T ]

#
,

Mq :=
"
ν ∈ M+([0,T ]× Rp) : νt ∈ P(Rp) ,

! T

0

!
|a|q νt(da, dt) < ∞ ,

ν(dt, da) = νt(a) da dt for a.a. t ∈ [0,T ]
#
.

Given F and g we wish to minimize the objective functional

Jσ(ν, ξ) :=EW

$! T

0

$
Ft(Xt(ν), νt) +

σ2

2
Ent(νt)

%
dt+g(XT (ν))

&&&X0(ν)=ξ

%
.

Note: Jσ(ν, ξ) is not (necessarily) “convex + strictly convex” function of ν.
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Pontryagin optimality

Hamiltonian

Hσ
t (x , y , z ,m) := Φt(x ,m)y + tr(Γ⊤

t (x ,m)z) + Ft(x ,m) +
σ2

2
Ent(m) . (4)

Adjoint process for control µ:

dYt(µ) = −(∇xH
0
t )(Xt(µ),Yt(µ),Zt(µ), µt) dt + Zt(µ) dWt , t ∈ [0,T ] ,

YT (µ) = (∇xg)(XT (µ)) .
(5)
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Theorem 4 (Necessary condition for optimality)

Fix σ > 0. Fix q > 2. Let the Assumptions on growth and differentiablity hold.
If ν ∈ VW

q is (locally) optimal for Jσ(·, ξ) given by (2), X (ν) and Y (ν), Z(ν)
are the associated optimally controlled state and adjoint processes given by (1)
and (5) respectively, then for any other µ ∈ VW

q it holds that

i)

! $
δH0

t

δm
(Xt(ν),Yt(ν),Zt(ν), νt , a) +

σ2

2
log

νt(a)

γ(a)

%
(µt − νt)(da)

≥ 0 for a.a. (ω, t) ∈ ΩW × (0,T ) .

ii) For a.a. (ω, t) ∈ ΩW × (0,T ) there exists ε > 0 (small and depending on
µt) such that

Hσ
t (Xt(ν),Yt(ν),Zt(ν), νt + ε(µt − νt)) ≥ Hσ

t (Xt(ν),Yt(ν),Zt(ν), νt) .

In other words, the optimal relaxed control ν ∈ VW
q locally minimizes the

Hamiltonian.
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Necessary condition for optimality

Let

Iσ :=

)
ν ∈ VW

q :
δHσ

t

δm
(a, ν) is constant

for a.a. a ∈ Rp, a.a. (t,ωW ) ∈ (0,T )× ΩW

*
.

(6)

Here
δH0

t

δm
(·, ν) :=

δH0

δm
(Xt(ν),Yt(ν),Zt(ν), νt , ·) .

Corollary 5 (First order condition)

If ν ∈ VW
q is (locally) optimal for Jσ(·, ξ)) then ν ∈ Iσ.

From the first order condition we have that for a.a. (ωW , t) ∈ ΩW × (0,T ) we
have

µ∗
t (a) = Z−1

t e
− 2

σ2
δH0

t
δm

(a,µ∗)
γ(a) , Zt :=

!
e
− 2

σ2
δH0

t
δm

(a,µ∗)
γ(a)da . (7)

So what is the right gradient flow?
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Necessary condition proof outline I

Let µ, ν ∈ VW
q and νε

t := νt + ε(µt − νt). Consider

d
dε
Jσ

1
(νt + ε(µt − νt)t∈[0,T ], ξ

2 &&&&
ε=0

.

Let X ε be the solution to (1) with control νε
t and

dVt =

$
(∇xΦ)(Xt , νt)Vt +

!
δΦ

δm
(Xt , νt , a)(µt − νt)(da)

%
dt

+

$
(∇xΓ)(Xt , νt)Vt +

!
δΓ

δm
(Xt , νt , a)(µt − νt)(da)

%
dWt .

(8)

Lemma 6
We have

lim
ε↘0

EW

$
sup
t≤T

&&&&
X ε

t − Xt

ε
− Vt

&&&&
2%

= 0 .
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Necessary condition proof outline II

Lemma 7
We have that

d

dε
J0 1(νt + ε(µt − νt)t∈[0,T ], ξ

2 &&&&
ε=0

= E
$ ! T

0

$!
δH0

δm
(Xt ,Yt ,Zt , νt , a)(µt − νt)(da)

%
dt

%
.
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Necessary condition proof outline III

Lemma 8

i) for any ε ∈ (0, 1) we have

1

ε

! T

0

[Ent(νε
t )− Ent(νt)] dt ≥

! T

0

!
[log νt(a)− log γ(a)](µt−νt)(da) dt ,

ii)

lim sup
ε→0

1

ε

! T

0

[Ent(νε
t )− Ent(νt)] dt ≤

! T

0

!
[log νt(a)−log γ(a)](µt−νt)(da) dt .
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Necessary condition proof outline IV

Proof of Theorem 4. Let (µt)t∈[0,T ] be an arbitrary relaxed control Since
(νt)t∈[0,T ] is optimal we know that

Jσ 1
νt + ε(µt − νt))t∈[0,T ]

2
≥ Jσ(ν) for any ε > 0.

From this, Lemma 7 and 8 point ii) we get that

0 ≤ lim sup
ε→0

1

ε

1
Jσ(νt + ε(µt − νt))t∈[0,T ] − Jσ(ν)

2

≤ E
! T

0

! $
δH0

δm
(Xt ,Yt ,Zt , νt , a) +

σ2

2
(log νt(a)− log γ(a))

%
(µt − νt)(da) dt .
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Gradient Flow

Definition 9
We will say that b is a permissible flow if b·,t ∈ C 0,1([0,∞)× Rp;Rp), if for all
s, t the function a ,→ bs,t(a) is of linear growth and if for any s ≥ 0 and a ∈ Rp

the random variable bs,t(a) is FW
t -measurable.

Lemma 10
If b is a permissible flow (c.f. Definition 9) then the linear PDE

∂sνs,t = ∇a ·
'
bs,tνs,t +

σ2

2
∇aνs,t

(
, s ∈ [0,∞) , ν0,t ∈ P2(Rp) (9)

has unique solution ν ·,t ∈ C 1,∞((0,∞)× Rp;R) for each t ∈ [0,T ] and
ωW ∈ ΩW . Moreover for each s > 0, t ∈ [0,T ] and ωW ∈ ΩW we have
νs,t(a) > 0 and νs,t(a) is FW

t -measurable.
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Energy balance

Theorem 11
Fix σ ≥ 0 and assume enough differentiability / integrability. Let b be a
permissible flow (c. f. Definition 9) such that a ,→ |∇abs,t(a)| is bounded
uniformly in s, t and ωW ∈ ΩW . Let νs,t be the solution to (9). Assume that
Xs,·,Ys,·,Zs,· are the forward and backward processes arising from control
νs,· ∈ VW

2 and data ξ ∈ Rd given by (1) and (5). Then

d

ds
Jσ(νs,·) =

− EW
$ T

0

$ %&
∇a

δH0
t

δm

'
(a, νs,·) +

σ2

2
∇aU(a) +

σ2

2
∇a log(νs,t(a))

(

·
&
bs,t +

σ2

2
∇a log νs,t

'
νs,t (da) dt .

(10)

We can take

bs,t =

&
∇a

δH0
t

δm

'
(a, νs,·) +

σ2

2
∇aU(a)

so that d
ds
Jσ(νs,·) ≤ 0 for all s ≥ 0.
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Energy balance proof outline I

Lemma 12 (Properties of Gradient Flow, Hu, Ren, Š, Szpruch [2])

Let b be a permissible flow such that a ,→ |∇abs,t(a)| is bounded uniformly in
s > 0, t ∈ [0,T ], ωW ∈ ΩW . Then

i) For all s > 0, t ∈ [0,T ], ωW ∈ ΩW and a ∈ Rp we have νs,t(a) > 0 and
Ent(νs,t) < ∞.

ii) For all s > 0, t ∈ [0,T ] and ωW ∈ ΩW we have3
|∇a log νs,t(a)|2νs,t(a)(da) < ∞.

iii) For all s > 0, t ∈ [0,T ] and ωW ∈ ΩW we have
!

|∇aνs,t(a)| da+
!

|a ·∇aνs,t(a)| da+
!

|∆aνs,t(a)| da < ∞ .
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Energy balance proof outline II

Let
dθs,t = −bs,t(θs,t) ds + σ dBs .

With the above estimates we can use Itô formula on log(θs,t) and take
expectation:

Lemma 13
Fix σ ≥ 0. Let b be a permissible flow (c. f. Definition 9) such that
a ,→ |∇abs,t(a)| is bounded uniformly in s, t and ωW ∈ ΩW . Let νs,t be the
solution to (9). Then

dEnt(νs,t) = −
! '

∇a log νs,t +∇aU

(
·
'
bs,t +

σ2

2
∇a log νs,t

(
νs,t(da) ds .
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SDE / BSDE System Representation for Gradient Flow

Let (θ0t )t∈[0,T ] be an (FW
t )-adapted, Rp-valued stochastic process on (Ω,F ,P)

such that (L(θ0t |FW
t ))t∈[0,T ] ∈ VW

2 and consider with θt,0 = θ0t and s ≥ 0:

dθs,t = −
/
(∇a

δH0
t

δm
)(Xs,t ,Ys,t ,Zs,t , νs,t , θs,t) +

σ2

2
(∇aU)(θs,t)

0
ds + σdBs ,

(11)

coupled with

+
,,,-

,,,.

νs,t = L(θs,t |FW
t ) ,

Xs,t = ξ +
3 t

0
Φr (Xs,r , νs,r ) dr +

3 t

0
Γr (Xs,r , νs,r (da)) dWr , t ∈ [0,T ] ,

dYs,t = −(∇xH
0
t )(Xs,t ,Ys,t ,Zs,t , νs,t) dt + Zs,t dWt ,

Ys,T = (∇xg)(XT ) .

(12)
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Theorem 14
Let Assumptions regularity / integrability assumption hold. Moreover, assume
that for any µ0 ∈ VW

q the MFLD (11)-(12) has unique solution Psµ
0 and that

it admits unique invariant measure µ∗ ∈ VW
q such that for any µ0 ∈ VW

q ,
lims→∞ ρq(Psµ

0, µ∗) = 0. Then

i) We have Jσ(µ∗) < ∞ and Iσ = {µ∗}. In other words, µ∗ is the only
control which satisfies the first order condition in (6).

ii) The unique minimizer of Jσ is µ∗.
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Proof outline for Theorem 14 part i):

Since µ∗ is invariant ∂sµ
∗
s,t = 0 and so for t ∈ [0,T ]

0 = ∇a ·
'/

(∇a
δH0

t

δm
)(·, µ∗) +

σ2

2
(∇aU)

0
µ∗
t +

σ2

2
∇aµ

∗
t

(
. (13)

This implies that µ∗ ∈ Iσ.

Consider now some ν ∈ Iσ. Then from (6) we get that

νt(a) = Z−1
t e

− 2
σ2

δH0
t

δm
(a,νt (a))γ(a) , Zt :=

!
e
− 2

σ2
δH0

t
δm

(a,νt (a))γ(a)da .

From this we see that almost all t ∈ [0,T ] and ωW ∈ ΩW we have that νt
solves (13).
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Proof outline for Theorem 14 part ii):

Let µ0 ∈ VW
2 s.t. Jσ(µ0) < Jσ(µ∗). By assumption lims→∞ Psµ

0 = µ∗.

From this and Theorem 11 and from lower semi-continuity of Jσ we get

Jσ(µ∗)− Jσ(µ0) ≤ lim inf
s→∞

Jσ(Psµ
0)− Jσ(µ0)

= − lim inf
s→∞

! s

0

EW

! T

0

4! &&&&

'
∇a

δHσ

δm

(
(a, (Psµ

0)t)

&&&&
2

(Psµ
0)t(da)

5
dt ds

≤ 0

which is a contradiction so µ∗ is (locally) optimal.

Any other (locally) optimal control ν∗ ∈ VW
2 we have for any ν ∈ VW

2 , due to
Theorem 4 that

0 ≤ EW

$ ! T

0

!
δHσ

t

δm
(a, ν∗)(νt − ν∗

t )(da) dt

%
.

Due to Corollary 5 this implies that ν∗ ∈ Iσ. But part i) says Iσ = {µ∗}.

29 / 37



Structural Assumptions for Convergence to Inv. Meas.
Assumption 3

Let ∇aU be Lipschitz continuous in a, let there be κ > 0 such that:

1
∇aU(a′)−∇aU(a)

2
·
1
a′ − a

2
≥ κ|a′ − a|2, a, a′ ∈ Rp .

Assumption 4

Assume that there exists η1, η2 ∈ R, η̄ ∈ Lq/2(ΩW × (0,T );R) and
E : VW

q × VW
q → [0,∞) s. t. for any a ∈ Rp, any µ ∈ VW

2

/
∇a

δH0
t

δm

0
(a, µ)a ≥ η1|a|2 − η2Et(µ, δ0)

2 − η̄t , t ∈ [0,T ]

and for all µ, µ′ ∈ VW
q we have EW

6 3 T

0
Et(µ, µ

′)q dt
7
≤ ρq(µ, µ

′)q.

Assumption 5

There exists η1, η2 ∈ R and E : VW
q × VW

q → [0,∞) s. t. for all t ∈ [0,T ], for

all a, a′ and for all µ, µ′ ∈ VW
q we have EW

6 3 T

0
Et(µ, µ

′)q dt
7
≤ ρq(µ, µ

′)q and

2

'
(∇a

δH0
t

δm
)(a′, µ′)− (∇a

δH0
t

δm
)(a, µ)

(
(a′ − a) ≥ η1|a′ − a|2 − η2Et(µ

′, µ)2 .
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Lemma 15 (Existence and uniqueness)

Let Assumptions 3, 4 and 5 hold. If q
2

1
σ2κ+ η1

2
> 0 then there is a unique

solution to (11)-(12) for any s ≥ 0. Moreover if λ := q
2

/
σ2κ
4

+ η1 − η2
0
> 0

then there is c = cT ,q,σ,κ,η1,η̄ such that for any s ≥ 0 we have

! T

0

E[|θs,t |q] dt ≤ e−λs

! T

0

E[|θ0t |q] dt + c

! s

0

e−λ(s−v) dv . (14)

For µ, µ′ : ΩW → VW
2 let

ρq(µ, µ
′) =

/
EW

8
|WT

q (µ, µ′)|q
901/q

Theorem 16 (Exponential convergence to invariant measure)

Let Assumptions 3 and 5 hold. Moreover, assume that
λ = q

2

1
σ2κ+ η1 − η2

2
> 0. Then there is µ∗ ∈ VW

q such that for any s ≥ 0 we

have Psµ
∗ = µ∗ and µ∗ is unique. For any µ0 ∈ VW

q we have that

ρq(Psµ
0, µ∗) ≤ e−

1
q
λs
ρq(µ

0, µ∗) . (15)
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Proof outline for Lemma 15: Show that
1
VW
q , ρq

2
is a complete metric space.

Use Banach’s Fixed point theorem on the linearised solution map Ψ given by
µ ,→ {L(θs,·(µ) |W (ωW )) : ωW ∈ ΩW , s ∈ I} with

dθs,t(µ) = −
'
(∇a

δH0
t

δm
)(θs,t(µ), µs,t) +

σ2

2
(∇aU)(θs,t(µ))

(
ds + σ dBs . (16)

To get contraction apply Itô’s formula:

d
/
eλs |θs,t(µ)− θs,t(µ

′)|q
0
= eλs

$
λ|θs,t(µ)− θs,t(µ

′)|q

− q

2
(θs,t(µ)− θs,t(µ

′))

'
σ2

8
(∇aU)(θs,t(µ))− (∇aU)(θs,t(µ

′))
9

+ 2

$
(∇a

δH0
t

δm
)(θs,t(µ), µs,·)− (∇a

δH0
t

δm
)(θs,t(µ

′), µ′
s,·)

%(
|θs,t(µ)− θs,t(µ

′)|q−2

%
ds .

Assumption 5 is needed. Get

eλSρq(Ψ(µ)s ,Ψ(µ′)s)
q ≤ cq,κ,σ,η1,η2

! S

0

eλsρq(µs,·, µ
′
s,·)

qds . (17)
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Lemma 17
Let Assumptions 3 and 5 hold. If λ = q

2

1
σ2κ+ η1 − η2

2
≥ 0 and if

µ0, µ̄0 ∈ VW
q , then for all s ≥ 0 we have

ρq(Psµ
0,Ps µ̄

0) ≤ e−
1
q
λs
ρq(µ

0, µ̄0) . (18)

Proof outline: similar calculation with Itô formula and using Assumption 5 as
above.
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Proof outline for Theorem 16 (unique invariant measure exists and we have
exponential convergence):

Choose s0 > 0 such that e−
1
q
λs0 < 1. Then Ps0 : VW

q → VW
q is a contraction

due to Lemma 17. By Banach’s fixed point theorem there is a (unique)
µ̃ ∈ VW

q such that Ps0 µ̃ = µ̃.

Let µ∗ :=
3 s0
0

Ps µ̃ ds. Take an arbitrary r ≥ 0 and show that

Prµ
∗ = µ∗ .

Consider ν∗ ∕= µ∗ such that Prν
∗ = ν∗ for any r ≥ 0. Then from Lemma 17

we have, for any r > s0, that

ρq(µ
∗, ν∗) = ρq(Prµ

∗,Prν
∗) ≤ e−

1
q
λr
ρq(µ

∗, ν∗)

which is a contradiction as e−
1
q
λr

< 1.
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When are Structural Conditions Met

Example:

Xt(µ) = ξ +

! t

0

Φr (Xr (µ), µr ) dr + ΓWt , t ∈ [0,T ] .

The BSDE is (no dependence on Z in driver)

dYt(µ) = −(∇xH
0
t )(Xt(µ),Yt(µ), µt) dt + Zt(µ) dWt , t ∈ [0,T ] ,

YT (µ) = (∇xg)(XT (µ)) .

Objective

Jσ(ν, ξ) := EW

$! T

0

$
F̃t(Xt(ν), νt) + F̄t(νt) +

σ2

2
Ent(νt)

%
dt + g(XT (ν))

&&&X0(ν) = ξ

%
.

with F̄ strictly convex.
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Lemma 18
Assume sufficient regularity and bounds on coefficients. Let T ≥ s > t ≥ 0.
Then there exists constant cq,T > 0 such that

E [|Xs(µ)− Xs(ν)|q | Ft ] ≤ cq,T

'
|Xt(µ)− Xt(ν)|q +

! s

t

E
8
(W1(µr , νr ))

q | FW
t

9
dr

(
.

Lemma 19 (BSDE Estimates)

Assume sufficient regularity and bounds on coefficients. Then

sup
µ∈VW

q

sup
t∈[0,T ]

‖Yt(µ)‖∞ < ∞ .

Furthermore, there exists a constant c > 0 such that

|Yt(µ)− Yt(ν)|+ ≤ c E
$
|XT (µ)− XT (ν)|

+

! T

t

8
W1(νr , µr ) + |Xr (µ)− Xr (ν)|

9
dr

&&&&F
W
t

%
.

(19)
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