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Relaxed formulation of a stochastic control problem

Controlled state
dX™ = </A b(XtX’”7a)7r(da|XtX’”)) dt +o(XPT)dWe, t>0; Xo=x€O. (1)
Aim: minimise, over Markov policies x — 7(+|x) € P(A), the objective:
W (x) 1= E*" { /0 “r, /A F(Xe a) m(dalX) dt + Mo g(Xeo) | )
VI (x) = V¢ (x) + TEXT /0 " 1KLL () (%) de 3)
where

o O C RY open, bdd., A a metric space, 7o the first exit time of X; from O.
o T =exp(— fo [, c(X2™, a)m(da| X" )ds) controlled discount factor.
e For € P(A) define

Jaln j—;(a) v(da) if v absolutely cont. w.r.t. p,

P(A) > v+— KL =
(A)>v (Vi) {+oo otherwise .



Performance difference

For all m,@' € My, 7> 0 and x € O,

’ TO ’ ’
vIi(x) — vl (x) = IEX,fr/ Ft/ (Lav_ff (Xt) + f(Xt,a) + 71In %(3|Xt)> (m — ') (da|X¢) dt
0 A
TO
+ 7E©™ / KL (TI'|7T/) (Xe)dt
0

Moreover, L2 can be replaced by z’ given by
(£7v)(x) = b(x,a) T Dv(x) — c(x,a)v(x) Vv.

Consequence:

.1 mte(n’ —7) - _ - dr /8T (x)
EIQ”IOE(VT - v_,_)(x) = <£ vi +f+7in @’ﬂ-/ — 7r>x77T = <T,7r/ — 7r>X77T ,
where (-, )r : Bo(O x A) x bM(A|RY) = R is
o
(hy #hxom = IEX’”/ Feh(Xe, a) (dalX,) dt
0

and
22 — (£2vT)(x') + F(a,x) + 7In 4X 4z (a)x').
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Performance difference

Compact notation:

(7 =)0 = (Sm =)+ [ KLl (). 4)
where

TO TO
dr(B) := E“/O Felg(Xe) dt and (h, #)xx = Ex’"/o [eh(Xe, a)7(dalXe) dt .



Performance difference MDP case

Infinite-horizon Markov decision model (S, A, P, c,~). Minimise over Markov policies
55 s+ w(dals) € P(A) the objective:

VI (s) = E7 [Z 7" (c(sn, an) +7 KL(W(~5n)Iu))] € RU {oo}.
n=0
Q-function
QF(s.2) = c(s.2) +7 [ VI()P(es'ls,a).
s
The occupancy kernel

d™(ds’|s) = (1 — ) Zv"P,’l(ds’\s) and dj(ds) = /5 d7(ds|s")p(ds’) .

n=0

Lemma 2 (Performance difference?)

For all p € P(S) and , 7’ € M,
Vi@ - v ) = 1= [ [ (0 a1+ 7in (el ) (= w)cals) s ()

4 [ Rl C1s))d5 (0s).

! Tabular case due to Kakade, S. and Langford, J. (2002). Approximately optimal approximate reinforcement
learning. In Proceedings of the Nineteenth International Conference on Machine Learning, pages 267—-274.
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Performance difference MDP case

Consequence: For m, 7' € N, have

lim (V= ()= V7 () = ﬁ/S/A(Qf—kTInj—Z—Vf)(s,a)(7r'—7r)(da|s)d;r(ds).

eNO €

Compact notation:

(VI =VEY0) = (S -y T/S KL(x|=')(s)d (ds) ,

() = 5 [ [ W, a)e(cals) d ()

2l (s, a) = Q7 (s, a) + 7In 92 (s,a) — V7 (s).

where

and

Aside: Both “Q-learning” (MDPs) and “g-learning”? (continuous time controlled
diffusions) are “First variation-learning”.

2Jia, Y. and Zhou, X. Y. (2023). g-learning in continuous time. JMLR, 24.



Deriving mirror descent

Let's say we have 7. By Perf. Diff (4)

W(X) _ v7ro|d <5 = 771' 7T°|d>x . + T/ KL(7T|7T°|d)(X’)d:(dX’) .
’ o

Linearize and penalize with A > 7 to not move too far

LW(X) — V:old (X) + <5Vgﬂ S, — 7l'o|d>x s + )\/O KL(T('WQM)(X/)d;rold(dX/).

Mirror descent optimizes m — L™ (x) giving

Trou(dalx’) = argmin (v (x) + / 2L (X @) (m e )(dalx') + AKL(w|mae) (X))
4 A



Motivation for studying mirror descent

Policy gradient: introduce parametrized densities mq(da, x) o< €8¢(**)(da). Step n > 0:
Onew = Oold + Vg vr @ (x) .

Problem: Even if 0new and 6o are close mg, and 7y, may be very different!

new

Instead, re-write the mirror descent objective:

7\'90 vy
Luo(®) = (35 7o) A [ KLmalmo, ) ()" ()
0014

£y ™
! ~d, Pold [5VT old

e [ 25 (a,X) + AKL(mal o) ()]

X,Nd;reold vﬂ-eoId 7'r
= B [ 25 (0 X ) (al') + AKL (oo, ) ()]

A7,

Step n > 0:
Onew = Ooia + Vo Lmp (Ooid) -



Connection to PPO

Mirror descent objective

/' od. %o 0o ’ T
Lun(8) = B30 oy |25 (8, X)) 422 (alx') + A KL(malmoge)(x')]

an gy (1X

Proximal policy optimization (PPO) [Schulman et al., 2017] replaces this with:

I oy Oold i T Oold
Lppo () = EX % ?,‘X,)<m|n [5"3: (a,x')dig:d (a]x"),

TG0l
i drrg ' (5v7. Oold
clip 175,1+5,dmld(a|x) (a,x")] ] -

Proximal policy optimization algorithms DeepSeek-V3 Technical Report

J Schulman, F Wolski, P Dhariwal, A Radford... - arXiv §
... call proximal policy optimization (PPO), have som¢ DeepSeek-Al
Our experiments test PPO on a collection of benchmark
Y¢ Save Y9 Cite Cited by 25072 Related articles

G
7g(0ilg) [ _mo(oilg)
P ol i
Z( (ne"“(olq)A Clp(ﬂeom(oilq)'1 €'1+£)A)

=1

research@deepseek. com
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Mirror descent for static minimization
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Mirror descent stepping to Mirror descent flow to Fisher—-Rao

Aim: minimize P(A) > m — F(m) € RU {4+oc0}. Mirror stepping:
m"™ = argmin(2E) m — m") + AKL(m|m"),n € N, m® € P(A) given.
meP(A)

This is “linear in measure plus KL" and given by

a2 (2) = o0 (=3 5@/ (eop (— L 2ELDY )

Then

dm"t1 dm" _ 1 86F(m") 1 §F(m") n
In dp —In dp — X ém |n<exp(—)\ Sm )7m>

Writing z" = |n d—"’", interpolating, letting A — oo yields
g dp g g

Oz = _(6F((‘;r”(125)) _ <6F((‘;r"(1zS))77r(zs)>) _ _JF(E\'( s)) ,s>0, w(z) = (e;u)M'

m

Setting ms = m(z) and chain rule

Osms = 0sm(25) = (Bszs - (6szs,ﬂ(zs)))ﬂ-(zs)

— _5F(m5)
= om ms .



Osms(da) = 7%(3) ms(da), s >0, mg € P(A) given.
Energy dissipation:

asF(ms) = <6I—?;(rrnn5) s 6sms> = <‘ 6F(m5

><05>0

Definition (Convexity)

If for some 7 > 0 we have all m, m’ € P(A) that
F(m) = F(m') > (280 m — ') + 7 KL(mlm'),

then F is convex (7 = 0) or strongly convex (7 > 0).

Convergence if T > 0: for m* = argmin ,cp(a) F(A)

s KL(m*|ms) = 0Os <In% nd'"s m > _7<85

= <dmsas‘f$f m> <6F5(:5)7m*>

:<MWﬂm ,%>§Fwﬁyfﬂmg—TKumﬂm)

om

i)

Hence s
e™ KL(m*|ms) < KL(m™|mg) +/ e"" dr(F(m*) — F(ms))
0

and so

0< F(ms) — F(m*) < KL(m*|m°).

e"s 1
13/46



Lack of convexity in Markov controls and softmax
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Lack of convexity in Markov policies

Consider a simple LQR problem with the state given by just
dXt = U(t7 Xt) dt
and objective to minimize

;
v”(s,x):/ u(t, X;)* dt .

For
A:={u:[0, T] x R— R: Lipschitz in space}

the map A 3 u— v¥(0, x) is not convex, e.g. [Giegrich et al., 2024, Proposition 2.4].

For .
A:z{a:[O,T]—)R:/afdt<oo}
0

we have A 5 a — v*(0, x) is convex from Pontryagin optimality principle.
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Lack of convexity in softmax parametrization

Consider minimizing, over 6 € Rl the objective

v(0) ::/Ac(a)w(da;e),

0(a)

with ﬂ'(a, 0) = m

Then the map 6 — v(0) is in general not convex [Mei et al., 2020, Propn. 1].

16 /46



Gradient dominance

Non-uniform Polyak-tojasiewicz: there is u: A — (0,00) s.t. forallae€ A
0 < f(a) - f(a") < w(a)|VF(a)l*.
Easily see that with %as = —Vf(as) you get

0 < f(as) — f(a") < (F(a0) — F(a")) exp ( - /0 u(ar) dr) .
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Convergence of continuous time Mirror descent for
continuous time control
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Gradient flow

Mirror flow:

7(Zs)

0sZs(x,a) = 5”5 (x,a), m(Z)(dalx) x e?™?) | s>0, Zgiven. (5)

Theorem 3

Under appropriate assumptions for each Zy € B,(O x A) and T € C([0, c0); (0, c0)),
there exists a unique Z € Ns=oC'([0, S]; Bs(O x A)) satisfying (5).

-

Theorem 4

Let T € C*([0,00); (0,00)), and Z € Ns=0C*([0, S]; Bo(O x A)) be the solution to (5).
Then for all x € O and for all s > 0,

85V-,— Zs ( EX?\’ZS / /

+ (857 )ERT /O I KL(m(Z:)|10) (Xe)dt .

6v, |Xt

7(Z:)(dal X ) dt
(6)

-
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Exponential convergence

Mirror flow:

0sZs(x,a) = 6”5 ( x,a), m(Z)(dalx) x e“®? | s>0, Z € By(O x A) given.

Theorem 5

There exists C > 0 such that for all decreasing T € C*([0, 00); (0, 00))we have for all
$s>0,x€0 andT >0,

(s ] C 1+7 Jo (s —T)els T ds’
VTS(Z)(X)_VT(X) < : S fsl‘rdr ’ : s fsl‘r dr e/ (7)
Jo el Trrds Jo el Trrds
Assume further that A is of finite cardinality. Then for all x € O and s > 0,
s , — fos/ ‘r,drds/
O —vi( < € | A BT e @

’ /
f()s efos -r,drds/ fos efos -r,drds/
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Exponential convergence

Mirror flow:

(Zs)

0:Z:(x,a) = — 2% (x,a), w(Z)(dalx) x 2% | s> 0, Z € By(O x A) given.

Corollary 6

There exists C > 0 s.t. for all 7 > 0, and for all s >0, x € O
o< vl Zs(x)— T(x)<CeTs T o (9)

Assume further that A is of finite cardinality. There exists C > 0 s.t. for all T >0, and
for alls >0, x € O

0 < V@) (x) — vi(x) < Coi (10)

e"s 1°

In the finite cardinality case as lim, ¢ —2— = 1

e” 1 s
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Annealing



Annealing: the unregularized problem

Unregularized Hamiltonian H : O x R x RY — R such that for all (x, u,p) € O x R x RY,

H(x,u, p) = ;22 (b(x7 a)'p—c(x,a)u+ f(x, a)) . (11)

@ A is a nonempty, compact and separable metric space. For all x € O, b(x, ), c(x, )
and f(x,-) are continuous on A.

@ Ifaset C C A satisfies 4(C) = 1, then C is dense in A.

The HJB for the unregularized control problem

inf ((ﬁav)(x) + f(x, a)) =0, aex€0; v(x)=g(x), x€d0, (12)
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Annealing: general case

Theorem 7

The HJB (12) has a unique solution in W*P" (©O) which is v§ = inf. v§. Moreover, there
exists C > 0 such that for all T > 0,

0< v — v < v = <CII(H-(, % (-), Dv (1)) = H( w6 (-), DG (D)) llie (o) -

Finally, lim-—o [|(H-(-, v (-), Dv6 (-)) = H(:, 6 (), DYG (1)) [l p (o) = O and

consequently, lim,_ov,™ = v§ uniformly on O.
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Annealing: finite cardinality A

Theorem 8

Suppose A = {a1,...,an}. Let 7s =1/(1+s). Then there exists C > 0 such that

@)

0< VI # ) —w(x)< =, VxeO,s>1.

S
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Annealing: example setting

There exists C > 0 and Tmax € (0,1) such that for all T € (0, Tmax] and x € O,

H-(x, v5 (x), Dvg (x)) — H(x, vg (x), Dvs (x)) < CTIn L.

-

Proposition 3

Suppose that A C R¥ is a nonempty convex and compact set, and p € 77(A_) is the
uniform distribution on A. Assume further that b € C(O x A; RY), c € C(O x A;R) and
f € C(O x A;R) are such that for all x € O,

A3 ars h(x,a) = b(x,a) DV (x) — c(x,a)vg(x) + f(x,a) € R

admits a unique minimiser in the interior of A and is twice differentiable with derivative
D2,h € C(O x A;R**¥). Then Assumption 2 holds.

-
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Theorem 9

Let 7s =1/\/1+s for all s > 0. Then lims_ o vO"(ZS)(x) = v§(x) for all x € O.
If Assumption 2 holds then there exists C > 0 such that

0 < v#(x) — v (x) < %, Vx€O,s>1.
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Figure: Theoretical error with scheduler 75 = (14 s)~#
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Discrete stepping mirror descent
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Mirror descent stepping: Energy dissipation

1 .
m™" = argmin(

meP(A)

SF(m™)
6

,m—m") + AKL(m|m"),n € N, m" € P(A) given.

So for all m

<5F(m")’m _ mn> + )\KL(m|m") 2 <(5F(m")7 mn+1 _ mn> + )\KL(m"_H\m")

om om

hence with m = m"

0 > <§F(m")’mn+1 _ mn> + )\KL(mn+1|mn) )

Definition (L-smoothness)

If for some L > 0 we have for all m, m" € P(A) that

F(m) — F(m') < <6F(m> m—m > 4+ LKL(m|m').

Then if A\ > L we get

F(mn+1) o F(mn) S <5F6(,,;7")7mn+1 o mn> + )\ KL(mn+1|mn) S 0.
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Mirror descent stepping: Convergence

Lemma 10 (Bregman proximal inequality)

Let C C P(A) be convex and let G : C — R be convex. Fix m' € C and define

M € argmin G(m) + KL(m|m') .
mecC

Then
G(m) + KL(m|m') > G() + KL(m|h) + KL(A|m').
Using this:
LMYy — m") 4+ KL(m|m") > L(2EmD) il iy 4 KL(m]m™ 1) + KL(m™ | m")

this, convexity and L-smoothness, A > L, KL(:|-) > 0:

AKL(m* [m™1) = KL(m*[m")) < (SE0) pye _ pny — (SFG) [ pntd oy A KL (™ m")

om
< F(m*)— F(m") — 7 KL(m*|m") — F(m"“) + F(m")

Hence

KL(m*\m"+1)+ %[F(mnﬁd) _ F(m*)] < )\;T KL(m*\m")) << <)\;T>"+l KL(m*|m0))
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Mirror decent stepping for MDP & continuous time control

Pointwise in x € O optimization:

7" (-|x) = arg min (/A sgin (x, a)(m(da) — 7"(da|x)) + A KL(m|7T")(X)) . (13)

meP(A)

MDP case:

@ Can prove linear convergence in general using Bregman proximal inequality and perf.
diff. (for both L-smoothness and convexity). Proof relies on MDP structure: for
F <0:

/SF(s’)d;(ds’):/SF(s’)Pg(ds’|s)+kz:;/$’ku(s’)P,‘fr(ds’|s) S/SF(S’)és(ds’):F(s).

@ Under assumptions that help handle occupation measure can prove exponential

convergence: need d:,r: < pand £:=(1— 7)’1Hd3’}: ||Bb(5) < 0.

Continuous time control:

e Can prove convergence, no rate (time disc. estimate not uniform in time vs.
exponential convergence on continuous time flow) .
@ The argument for exponential convergence “works” but the assumptions on

occupations measures seem impossible.
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Thank you!

Questions?



Existing results



Mirror descent

Static optimization problem:

@ Goes back to at least [Nemirovski, 1979].
@ Modern proximal point form [Beck and Teboulle, 2003].

@ For general probability measures [Aubin-Frankowski et al., 2022].
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Key MDP / RL results

Overview of RL [Sutton and Barto, 2018] and results in discrete state-action spaces

o Classical policy gradient [Sutton et al., 1999].
o Natural policy gradient [Kakade, 2001].

@ Actor-critic method [Haarnoja et al., 2018].
@ Mirror descent method [Tomar et al., 2020].

Continuous state-action spaces: [Doya, 2000], [Van Hasselt, 2012], [Manna et al., 2022].

Entropy regularised: [Haarnoja et al., 2017, Geist et al., 2019].

35/46



NPG / Mirror descent for MDPs with discrete state and action spaces

[Cen et al., 2022], entropy regularised, show linear convergence for disc. time.
mirror descent

@ [Cayci et al., 2021] same setting i.e natural policy gradient, log-linear policies i.e.
mirror desc with func. approx.

@ [Xiao, 2022] and [Khodadadian et al., 2022] achieved linear convergence for
unregularised MDPs with inexact policy evaluation by employing geometrically
increasing step sizes in NPG.

@ [Lan, 2023] linear convergence of policy mirror descent with arbitrary convex
regularisers and [Zhan et al., 2023] convergence rates independent of action space
dimension.

@ [Yuan et al., 2022] and [Xiao, 2022] log-linear parameterised policies with
compatible Q-function approximations, stability estimates based on L> and L2
approx errors respectively.

Except [Lan, 2023] and [Zhan et al., 2023] all depend explicitly on the action space
cardinality.

36 /46



NPG / Mirror descent for MDPs with continuous state and action spaces

@ Discrete time LQR: Polyak—tojasiewicz (PL) / gradient dominance condition is used
to show Policy gradient has linear
convergence [Fazel et al., 2018, Bu et al., 2019, Hu et al., 2023].

@ General MDPs with finite-dimensional parameterised policies assuming uniform PL
condition [Bhandari and Russo, 2019, Zhang et al., 2022, Fatkhullin et al., 2023]
obtain corresponding rate.

In discrete state-action setting best PL result is non-uniform [Mei et al., 2021].

@ Discrete step mirror descent and Fisher—Rao flow: Exponential convergence for
entropy regularized MDPs in Polish state & action spaces [Kerimkulov et al., 2023].
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Continuous time relaxed control and RL

o Exploratory LQR: [Wang et al., 2020], [Giegrich et al., 2024], [Szpruch et al., 2024].

o Continuous-time RL algorithms via MDPs: [Munos, 2006],
[Munos and Bourgine, 1998], [Munos, 2000], [Han and E, 2016],
[Tallec et al., 2019], [Pham and Warin, 2022], [Hamdouche et al., 2022].

@ Continuous-time RL algorithms robust to time discretization:
[Jia and Zhou, 2022a, Jia and Zhou, 2022b], [Jia and Zhou, 2023],
[Zhao et al., 2024].
o Convergence in convex open loop setting: [Si¥ka and Szpruch, 2020],
[Sethi and Siska, 2022], [Kerimkulov et al., 2022], [Kerimkulov et al., 2024].

@ Mean field: [Guo et al., 2022, Wei and Yu, 2023], [Pham and Warin, 2023],
[Frikha et al., 2023],

e Convergence of policy gradient in LQR: [Carmona et al., 2019], [Wang et al., 2021],
o Full error analysis in LQR: [Frikha et al., 2024].
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