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Central idempotents

(in a symmetric monoidal category)

Definition

e Morphism w:U — 1

e Such that
pvo(U®u)=Apo(u®U):UU —-U

is invertible.

Equivalence Class

e Identify w:U — I and v:V — I when there is

an isomorphism m : U — V such that u = vom.

1A




Examples

(of central idempotents)

1) (Set, x,{x})

Central idempotents: 0, {*}

3) (In a cartesian category, central idempotents are exactly
subterminal objects.)

Sheaf F' : O(X)°? — Set

Monoidal category of sheaves over X
Xu @ O°P — Set

VH{@}ﬁVcU
0 fVgU

Central idempotents: opens of X

2) (L, A, 1) meet semilattice as a category

Central idempotents: all elements of L

4) R commutative unital ring

Category of R-modules (and R linear morphisms)
(® : ® of R-modules and I = R)

Central idempotents: idempotent ideals




Monads and examples

A monad is a triple (T', i, n).
ple (T p, )

L Natural

transformations

Endofunctor

Examples:

e State monad
* Continuation monad
 Input-output monad

* List/free monoid monad
* Maybe/option monad

* Writer/action monad

* etc.

 Way of embedding objects and morphisms into
additional context.

* E.g. Power Set Monad

PX
P : Set — Set S,
X — PX ot
fX—>Y—>P(f) :\i/l \
X Y

7: maps to singletons

(: union



Writer monad:

T : Set — Set
A— M x A

Kleisli maps:

f:A—MXxB

Localisation

£FET X

= Mo

/_\f



Approach 1: Partial strengths

Idea: Restrict C to central idempotents u.

» Category Cl||,

Objects: Ob o(: d:

Morphisms: A— B in 61[«
Ao U

Composition:

Identity: A @ U

Definition: A monad T is localisable if it

has partial strengths
stav:T(A)@U - T(A®U)

(satisfying some compatibility axioms)

Example: Strong monads.

Example: a monad 7T on a cartesian closed

category if
T(Ax B)~T(A) x T(B)




Approach 1: Partial strengths

Idea: Restrict C to central idempotents u. ‘ Definition: A monad T is localisable if it
has partial strengths

stay: T(A) QU = T(AQU)

» Category Cl||,

(satisfying some compatibility axioms)

Objects: Ob o(: d:

Proposition: If T is localisable, we can

Morphisms: A 5B ‘ 6//‘( define “small monads” on C||,
4o U T.(4)= T (A)
st
Composition: T.(f)="T LA)@L( > T[A®U) Iéfg T(B)

Identity: A @ U -y




Approach 2: Formal monads

Street (1972): Formal theory of monads <}:{> Theory of monads in arbitrary 2-categories

K = [ZI(C)°P, Cat] r:c—«
= ,La
_ru Lllq D c”q
p:TT — T
C: ZI(C)* — Cat by TuTy — T

u — Cl|y
n:lg—1T

My 1‘%"—’97‘:




Equivalence Theorem

{no/ac
mﬁ%

Localisable Formal monads in
K = [ZI(C)°P, Cat]

o w

induces
(b)/ c/epl'n{nﬁz a sfrena"/'}))

Theorem: The above are equivalent.




Extra details

51'_: Twely —> T, (Aex)

G

/_\ _ '
FrC T >0:,11 Sr- T el >Ti (Ao
-%u <~ i o Il !
F L cohleinl; of T FGA
comonad -@(/ [:G.T'A TE
T.F¢A
> 61/ /: o (E//l( > d: \ _ = -
‘/E — . A +— Aed FTu6 A > FTGF6A = FETF6A
. FT.J.Q‘cr
A-C—”B'“"_» % A-‘%Z}l—————;a“d’ Bou A
A@w L fj CA@QA ﬁ{tuch;U
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Algebras

* R. Street. The formal theory of monads. Journal of Pure
and Applied Algebra, 1972.

* S. Lack and R. Street. The formal theory of monads II.
Journal of Pure and Applied Algebra, 2002.

Formal algebra category:

An object of K such that, for any object X € K:

7 K(X,T|-)

Co. ™ Crex.ol

IBX:>CH_ — THuoﬁuXu_)CHu

 This monad has a concrete Eilenberg-Moore
category of algebras.

* Ob: pairs 3, 6 of type

B Clly 7.
/ N \

X 7 > Clly

e Mor: modifications ¢ : 8= B’

“311/ X'u 5’,&/ *X'u
)

Cl 26 £ |o, =  Cla % = |a

L
Tu\) Cll. T|w

Cllu




Connections to sheaf representation
theorem

Theorem!: Any monoidal category C with universal finite joins of central idempotents is monoidally
equivalent to a category of global sections of a sheaf u — Cl||, of local monoidal categories over ZI(C).

.—V
MonCat —= Mo Seherme”™ C; i 21 (6)
¢ (z100), CI_) =
localiccle 2t Cc)
- i’ 1 Fu: Clli— D¢y, a
= Uly
’ Tu» G

|
(zz (D), /DI-) m,onaC(5

I'R. Soares Barbosa and C. Heunen. Sheaf representation of monoidal categories. arxiv:2106.08896, 2021.



Example:

£RX% X

A—> Mo B

Concurrency

&

{a,b,c} {x,y,2}

\II:_,__IO"/

>

Basic idea: M; and Ms monoids
Coproduct My + M,
Suppose ab = ba for a € My and b € M,

Quotient out to obtain trace monoid M

Let M, and M5 be monoids in symmetric monoidal
categories C; and Cs.

Want: Category C with monoid M and central
idempotents u; and uo , that restricts to C; and Co,.




Building C:

* Start with C”: » Consider the equivalence relation ~ generated by:
« Ob: pairs (A, B) of A € C; and B € C,.
) Lﬂ) (5)

A 8 (r, e
* Mor: _L II ‘ @a’ﬁj AJ‘T T

I (1, 0) (#, é) A o

r"l o
3
e
by
S
b
X
AN
C\/\:

&
C{=t
S »}?ﬁ

. =

R [ e

\

—

o

X

I
o —paf—

?
& —hal-

A

¢ . ;j C 1y, er @ *
 Take the free SMC C” on C’ o{ ¢ Then C = C"/ ~
* Ob: lists of objects of C’Ql',B'), [AtBﬂJ @'38)
* Mor: lists of mor. with permutations uy = (I1,0), ug = (0,1)

M = (My, M>)

e For C; = Set this gives us a writer monad on C.




Example: Quantum Buffer

* State monad on Set: T(—) =5 — (— x 5) Eg S={0,1}
* Central idempotents: (), 1

* This is (trivially) a localisable monad!

e State monad on Set”:

T(A1,..., An) = (S1,. .., Sn) —o ((A1,..., Ap) x (S1,...,5n)) ZI(Set™) ~ 2"

e Strength: curry of
T(Ay,...,An)X(Uq, ..., Up)x(S1,...,8,) — (S1,..., ) x(A1,..., Ap)x(Uq,...,U,)




Example:

Quantum Buffer

- o sta v QV - o stapU. vV - o
T(A) UV —2 s T(AQU) @V — s T(AU V)
T(A)Qou, ll TT (AQov. 1)
T(A) @V ®U e T(A®V)® U T p— T'A®V eU)
* State monad on Set” :
T(Ay,...,An) = (S1,...,8,) — ((Al, JAR) X (S1,...,50)) ZI(Set™) ~ 2"
e Strength: curry of
T(Ay,...,A)X(Uq, ..., U)X (S1,...,80) — (S1,...,8n)x(A1,..., An)x(Uq,...,Uy,)




Example: Quantum Buffer

» This also works for exponentiable objects in Hilb

T(-)=5S*®—-®S  where S* = Hilb(S,C) S = C? (one qubit) Z1(Hilb) = {0,C}

e Similar situation for Hilb" as for Set” .

* We can also replace the finite n in Set™ with an arbitrary topological space X.

e Category Sh(X) of sheaves on X and S the constant sheaf S(U) = {0, 1}
* Central idempotents: open subsets
e Monad T'(—) =5 —o (— ® S) is localisable
* Stalks are the (global) state monads on Set (storing one bit each)

e Can now model a quantum buffer over an arbitrary locally compact Hausdortt topological space.
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Summary

2 ways to define local

monads: equivalent

Concrete examples:
could be explored
further

Idea was to localise on
central idempotents
(think opens)

Future work:

Commutativity



Thank youl!

Paper: https://arxiv.org/abs/2108.01756
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