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Intro

Statistical problem: An irregular, global data set

Temperature measurements from stations on land and ships on oceans
Reconstruct weather and climate, with proper uncertainty estimates
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Stochastic non-stationary spatio-temporal models

Here be monsters: We need methods to do calculations!
Even Markov models eventually become too big for direct methods.
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Hierarchical spatial models

Hierarchical models

0 Model parameters
x|6 Latent processes, spatial or spatio-temporal fields

y|@,x Measured data

Classical spatial models

Spatial field: x(u), u e RY, {x(u;)} ~ N(0,X)
Spatial covariance: ¥;; = Cov(x(u;), x(u;))
Measurements: y; = B;3 + x(u;) + ¢, €[x ~ N (0,X,)

Covariance X: Explicit global dependence

Precision Q = X! Explicit local, implicit global dependence
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Spatial Classical SPDE GMRF Simulations INLA

Describing spatial dependence

The Matérn covariance family on R¢

1—v

_ 22
Cov(x(0), x(u)) = 10

Scale k > 0, smoothness v > 0, variance o2 > 0

(kllul})" Ko (% ull)

Whittle (1954, 1963): Matérn as SPDE solution
Matérn fields are stationary solutions to the SPDE

(52 = D) x(u) = W(u), a=v+d/2

02 =t |aplacian A = S

I(a)k2 (4m)d/2" i=1 8u
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Spatial Classical SPDE GMRF Simulations INLA

Piecewise linear Markov models

Continuous Markovian spatial models (Lindgren et al, 2011)

Local basis: x(u) = >, tx(u)x
Basis weights: x ~ A/(0,Q;'), sparse Q
Measurements: y = B3 + Ax + €, ¢€[x ~ N(0, Q_l)

ylx
Posterior: Local observations = Markovian posterior for x

4
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The best piecewise linear approximation >, ¥ (u) xx

Projection of the SPDE: Linear systems of equations (a = 2)

Z("ﬂ wlﬂ/& (i, —AY)))x; = (¢,, W) jointly for all /.
————

Cj Gj

C and G are as sparse as the triangulation neighbourhood

v

Constructing the precision matrices

K=kr’C+G ‘ a=1 a=2 a=3,4,...
Kx N(0,K) N(0,C) N (o cq,l , )
Qxo K KTC'K  K'C Q. 2C 'K
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Simulations with precisions via finite element calculations

The approach can in a straightforward way be extended
to oscillating,  anisotropic,  non-stationary,  non-separable
spatio-temporal, and multivariate fields on manifolds.

(k2 — A)(T x(u)) = W(u), ucR?
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Simulations with precisions via finite element calculations
The approach can in a straightforward way be extended

to oscillating,  anisotropic,  non-stationary,  non-separable
spatio-temporal, and multivariate fields on manifolds.

(k2 — A)(7 x(u)) = W(u), ueQ
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Spatial Classical SPDE GMRF Simulations INLA

Simulations with precisions via finite element calculations

The approach can in a straightforward way be extended
to oscillating,  anisotropic,  non-stationary,  non-separable
spatio-temporal, and multivariate fields on manifolds.

(k2 €™ — A)(7 x(u)) = W(u), ueQ
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Simulations with precisions via finite element calculations
The approach can in a straightforward way be extended

to oscillating,  anisotropic,  non-stationary,  non-separable
spatio-temporal, and multivariate fields on manifolds.

(kK2+V-my —V-M,V)(rux(u)) = W(u), ueQ
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Spatial Classical SPDE GMRF Simulations INLA

Simulations with precisions via finite element calculations

The approach can in a straightforward way be extended
to oscillating,  anisotropic,  non-stationary, = non-separable
spatio-temporal, and multivariate fields on manifolds.

(% + K‘&t +V- my: — \E Muytv) (Tu’tX(U, t)) = g(uv t)7 (ua t) € QxR
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Spatial Classical SPDE GMRF Simulations INLA

Direct Bayesian inference (r-inla.org)

Conditional distribution in a Gaussian model

x ~ N(pe, Q1) ylx~ N(Ax,Q, 1)
xly ~ N (- Qyy)
Q.y = Qx + ATQy‘XA
By = By + QUL ATQy(y — Apy)

v

Direct Bayesian inference with INLA

p(9)p(x|0)p(ylx, 0)
pG(x|Y7 0) x=x*

p(xily) / pa(xily. 0)p(8ly)do

p(Oly)

4
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Point pattern data

Log-Gaussian Cox processes

Point intensity:

A(u) = exp (Z bi(u)B; + X(U)>
Inhomogeneous Poisson process likelihood:

sy | N =exp (190 - [ X du)HAyk

The likelihood can be approximated efficiently using the Markov
property.
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log-Gaussian Cox point process on a manifold

N
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Linear model for weather observations

Weather = Climate + Anomaly

z~N(0,Q;1) (climate: space-time model)

z(t,s) = Z Bi(t)zx(s) (basis function representation)
k

a~N(0,1®Q;1) (anomaly: spatial model, indep. in time)
w(t,s) = a(t,s) + z(t,s) (weather)

y; = altitude effect + w(t;,s;) +¢; (observations)

e~N(0,Q. 1)

y=A(a+(B®lz)+e
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Climate Model Non-stationary Space-time Results

Stochastic weather anomaly model

(k(s)? — A)(7(s)a(s )) =W(s)
log 1i(s) = > _ B (s)0k
log T s) > Bi(s)b«

4
Precision

K,',' = lﬁ:(S,') T,',' = T(S,‘)
Q. =T (K°CK*+K’G+GK*+GC'G) T
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Climate Model Non-stationary Space-time Results

Stochastic climate model

Simplified heat equation with spatially correlated noise

Yez(s, t) = Dz(s, t) = 75 2E(s, 1)
E(s, 0t) —veAE(s, 0t) = We(s, 0t)

4

Precision

Q. =75 (¥Mo + 27:M1 + My)
Mo = MY ® C(1 + 1.C1G)
M; = MY @ G(1+7:C1G)
M, = MY ® GC1G(I + 1.C'G)
= M) 1+ 26MD) + MY k(1) + ox(£) = W)

v
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Climate Model Non-stationary Space

Correlation of anomaly model (C)
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Climate Model Non-stationary Space-time Results

Empirical Mean for Climate 1970-1989 (C)
-30 -20 -10 0 10 20 30

Finn Lindgren - f.lindgren@bath.ac.uk



Climate Model Non-stationary Space-time Results

Std dev for Anomaly 1980 (C)
3 4

Finn Lindgren - f.lindgren@bath.ac.uk



Computation Structure Linear combinations Rao-Blackwell Example

Practical computations: Precision structure

Problem: Large, ill-conditioned precision with interlocking blocks

Reparameterisation gives a more well behaved matrix

I8Q, 0 AT
Q) = [ 0 QZ] + [(BT® I)AT] Q-[A ABeD)
Q . |®Qa+ATQ5A _B®Q3
(z+a,2)ly — —BT®Q3 QZ+(BTB)®Qa

y

Block-diagonal preconditioner for iterative methods

M [1®Q.+ATQ.A 0
- 0 Q.+(B™B)®Q,

Finn Lindgren - f.lindgren@bath.ac.uk



Computation Structure Linear combinations Rao-Blackwell Example

Variances of linear combinations

Using whatever can be computed

For precisions with sparse Cholesky factors, there is an algorithm
to compute all covariances between neighbouring nodes .

Var(w'x) =w'EZw =w'Zw, if wiwj = 0 for all i o j

v

Use conditional distributions

Block-Rao-Blackwellised Monte Carlo integration

N
Var(x1) =~ Var(x1 | x2) + %Z (E(xl | xgk)) - E(xl))2
k=1
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Computation Structure Linear combinations Rao-Blackwell Example

Rao-Blackwellisation of linear combinations

For ease of notation, let E(x) =0

Use the model block structure

z=w'x = wlTxl —|—W2Tx2 =z21+2

Var(z) = E(zf + 23 4+ 22125)
= E(vi + €] + 22 + 2e12)
—E(vi + €+ vo + €3 +2e12)
vi = Var(z1|x2), vo = Var(zz|x1)
e1 = E(z1]x2), e = E(z2|x1)

The conditional variances can be computed by applying the
“¥-method” to the precision sub-blocks.
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Computation Structure Linear combinations Rao-Blackwell Example

Rao-Blackwellisation of linear combinations

Which cross-products give the smallest MC error?

en1 = E(ere1), su1=E(ziz1) =vi +en

€12 = E(eleg), S12 = E(lez)

en = E(exen), s =E(z2z2)=wv2 +ex
Var(z) = s11 + s22 + 2512

z S11 €11 S12  S12

€ _ |€11 €11 S12 €12
Var =

z S12 S12 S22 €2

€2 S12 €12 € e
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Computation Structure Linear combinations Rao-Blackwell Example

Example: Linear regression

A toy example with structure similar to the climate model

» Coefficients for trend and a nuisance covariate:
Xo ~ N(O,T;1|3)

> True values: (x1]x2) ~ N(Bxz, 7 1,)

» Measurements: (y|x1,x2) ~ N(x1,g1,)

» Posterior precision (11 = 1, 7 = 0.01)

(Tl + q)ln —71B

Qx|y: —TlBT T2|3—|—TlBTB

» Linear combination weights
w; = (1,0,0,...,0), wp = (Bi1, B12,0)
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Computation Structure Linear combinations Rao-Blackwell Example

Root mean square of relative MC errors

RMSRelativeE

le-01 1e+00
|

RMSRelativeE
1e-02

1e-03

le-04

T T T T T T T
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Computation Structure Linear combinations Rao-Blackwell Example

MC-RMSE for “Anomaly uncertainty”, w; =0

RMSRelativeE

1e+00
|

1le-02 le-01

RMSRelativeE

1e-03

le-04
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Computation Structure Linear combinations Rao-Blackwell Example

MC-RMSE for “Climate uncertainty”, wy, = 0

RMSRelativeE

1le-02 le-01 1e+00
|

RMSRelativeE

1e-03
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