Spatial statistics using Markov properties

Finn Lindgren

//R UNIVERSITY OF
&5 BATH

Newcastle 2014-02-21

Finn Lindgren - f.lindgren@bath.ac.uk Spatial statistics using Markov properties



Basis methods
Matérn/SPDE
Basis connections
Markov

Examples
Precipitation
LGCP

Deformations

Boundaries
Theory
1D
2D

End

Finn Lindgren - f.lindgren@bath.ac.uk Spatial statistics using Markov properties



Basis methods Matérn/SPDE Basis connections Markov

Covariance functions and stochastic PDEs

The Matérn covariance family on R¢

21—V
Cov(u(0), u(s)) = o? T

Scale x > 0, smoothness v > 0, variance o2 > 0

(klls]))” Ko (| s]])

Whittle (1954, 1963): Matérn as SPDE solution
Matérn fields are the stationary solutions to the SPDE

(52 = V- V) u(s) =W(s), a=v+d/2

W(-) white noise, V- V = > | 652, o2 = W
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Basis function representations for Gaussian Matérn fields

Basis definitions

Finite basis set (k = 1,...,n)
Karhunen-Logve (k%2 — V- V) %¢;(8) = A\rex(s)
Fourier -V -Vei(s) = Apexr(s)
Convolution (K2 =V -V)*2g(s) = 6(s)
General/GMRF 1 (s)

v

Field representations

Field u(s) Weights
Karhunen-Loéve o< >, ex(s)z; 2t ~ N (0, \g)
Fourier oc > ex(8)z 2, ~ N(0, (k2 + \p)™%)
Convolution x Y . 9(s—sk)zm z~N(0,I)
General/lGMRF o< >, . (8)uy u~NO,Q"
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Continuous domain Markov approximations

Continuous Markovian spatial models (Lindgren et al, 2011)

Local basis: u(s) = >, ¢r(s)u,, (compact, piecewise linear)
Basis weights: u ~ A/(0, Q’l), sparse () based on an SPDE
Special case: (k2 — V- V)u(s) = W(s), seQ
Precision: Q = k*C + 2k*G + G+

y

Conditional distribution in a Gaussian model
Quy=Q.+ ATQWA (~"Sparse iff 1/, have compact support”)
p‘u\y = My, + Q;‘;ATQZAU(:’/ - Ap‘u)
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Basis methods Matérn/SPDE Basis connections Markov

Continuous and discrete Markov properties

Markov properties
S is a separating set for A and B: u(A) L u(B) | u(S)

Solutions to

(2 =V - V)" u(s) = W(s)
are Markov when « is an integer.
(Rozanov, 1977)

Discrete representations:

Qup=0

Qa5 = Qaa

KHals,B = Ha— QAAQAS(US — Kg)

4
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Ingebrigtsen et al., 2013
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Non-stationary precision construction

Finite element construction of basis weight precision
Non-stationary SPDE:

(k(8)* = V- V) (1(s)u(s)) = W(s)

The SPDE parameters are constructed via spatial covariateS'
log 7(s —i—ZbT 6;, logk(s —i—Zb”
Finite element calculations give

T = diag(7(s;)), K = diag(x(s;))

C” = /”l/)z dS Gij :/V”(/JZ(S) lej(s) ds
Q=T (K’CK?’+K*G+GK*’+GC'G) T
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Examples

Results for stationary and non-stationary models

mean: stationary mean: non-stationary difference in mean
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0.00
-0.05
-0.10
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Correlations for stationary and non-stationary models

Kvamskogen: stationary
1.0
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Kvamskogen: non-stationary
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Hemsedal: stationary

1.0
0.8
0.6
0.4
0.2
0.0
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Hgnefoss: stationary
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Example: Point pattern data

Log-Gaussian Cox processes
Point intensity:
—exp<Zb )Bi + u( ))

Inhomogeneous Poisson process log-likelihood:

np({ye} | A) = |9 - /Q As)ds+ 3 InA(y,)
k=1

The likelihood can be approximated numerically, e.g.

/ A(s)ds =~ Z)\(sk)wk
& k=1
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Examples Precipitation LGCP

Laplace approximations

Quaderatic posterior log-likelihood approximation

p(u]6) ~N(p,, @Y, ylu6~ply|u)
~ 1

pG(u|ya0)NN(ﬁ7Q )
0=Vy{lnp(u|O)+Inp(y| “)Hu:ﬁ

Q=Q,- Viip(y|w)|,_,

Direct Bayesian inference with INLA (r-inla.org)

p(6)p(w | 6)p(y | u,0)
pc(uly,0)

p(0|y) o

u=p

s | ) o / poc(ui | y,0)5(8 | y) 8
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log-Gaussian Cox point process on a manifold

N
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Connection with the deformation method for non-stationarity
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“Stationary” field on deformed manifold
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Deformations

Non-stationary field on original manifold
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Anisotropic field on a globe via change of manifold metric
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Four covariance functions
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Boundaries Theory 1D 2D

All deterministic boundary conditions are ‘inappropriate’

0

o _|
-

Normal derivatives at boundary

Process at boundary
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In search of practical stochastic boundary conditions

Separate the domain into the interior D, the boundary region B and
an optional exterior extension £

ATAVZEN

VS ‘
N
NS
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In search of practical stochastic boundary conditions

Classical approach (see e.g. Rue & Held, 2005)

[QBB QBD] _ [Eng + QppQpp @5 QBD]
Qps Qpp Qps Qpp

Problem: Requires known X gz and solving with Q p,p

| A

Extension elimination

|:QBB QBD:| _ [QBB — QprQppQrs QBD]
Qps Qpp Qps Qpp

Benefit: Solving with @ 55 is typically much cheaper.
Problem: Need to have an large enough initial extension.
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Boundaries Theory 1D 2D

Stochastic boundary conditions

Stochastic null-space boundary correction

» Construct an unconstrained model, with singular precision Q.

» Find the desired joint distribution for the field and its normal
derivatives along the boundary of {2 expressed via a bivariate
SPDE model with precision @ .

» Remove the extra bits generated by the null space by modifying
the boundary precisions:

o= o]

W Qu = u*Qqu + w*P*(PQ;IP*)_lpw

where P is a specific projection onto the nullspace.

Need to find Q,, and evaluate P*(P Q' P*)~P.
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Covariances (D&N, Robin, Stoch) for k = 5 and 1

Covariance
1

Covariance
1

Covariance
1
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Derivative covariances (D&N, Robin, Stoch) for k = 5and 1
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Process-derivative cross-covariances (D&N, Robin, Stoch)

Cross-covariance
0
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Square domain, basis triangulation
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Square domain, stochastic boundary (variances)
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Boundaries Theory 1D 2D

Square domain, mixed boundary (variances)
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Elliptical domain, basis triangulation
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Elliptical domain, stochastic boundary (variances)

-1.0 -05 0.0 0.5 1.0
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Elliptical domain, mixed boundary (variances)
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