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Latent Gaussian models
Hierarchical model with latent jointly Gaussian variables

θ ∼ p(θ) (covariance parameters)

(u | θ) ∼ N(µu,Q
−1
u ) (latent Gaussian variables)

(y | u,θ) ∼ p(y | u,θ) (observation model)

We are interested in the posterior densities p(θ | y), p(u | y) and p(ui | y).

Approximate conditional posterior distribution

Let ũ(θ) be the mode of the posterior density p(u | y,θ) ∝ p(u | θ)p(y | u,θ). Construct an approximate
conditional posterior distribution:

pG(u | y,θ) ∼ N(µ̃, Q̃
−1

)

0 = ∇u {ln p(u | θ) + ln p(y | u,θ)}|u=µ̃(θ)
Q̃ = Qu − ∇2

u ln p(y | u,θ)
∣∣
u=µ̃θ

Use Newton optimisation to find the mode.
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Integrated Nested laplace Approximation (INLA)

Exact posterior densities

p(θ | y) ∝ p(θ)p(u | θ)p(y | u,θ)
p(u | y,θ)

∣∣∣∣
u=ũ

p(ui | y) =
∫
p(ui | y,θ)p(θ | y) dθ

for arbitrary ũ.

The INLA approximation (r-inla.org & inlabru.org)

p̃(θ | y) ∝ p(θ)p(u | θ)p(y | u,θ)
pG(u | y,θ)

∣∣∣∣
u=µ̃(θ)

p̃(ui | y) =
∫
pGG(ui | y,θ)p̃(θ | y) dθ

The conditional posterior mode µ̃(θ) tends to provide good approximations.
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Integrated Nested Laplace Approximation (INLA) basics

1 Estimate the posterior mode for p(θ|y) by optimisation of the approximation

p̃(θ | y) ∝ p(θ)p(u | θ)p(y | u,θ)
pG(u | y,θ)

∣∣∣∣
u=µ̃(θ)

where pG(u | y,θ) is a Gaussian approximation matching the low order derivatives at the mode of the
exact conditional log-posterior for u. (In a fully Gaussian model this is exact.)
This is a Laplace approximation of p(θ | y).

2 Find the mode of p̃(θ | y).
3 Construct a numerical integration grid/scheme (θk, wk) for θ, where wk are integration weights; this step

also estimates the normalisation constant.
4 Construct pGG(ui | y,θk) as Laplace approximations of the marginal conditional posterior densities,

integrating out u−i = {uj , j 6= i}.
5 Combine to form marginal posterior densities:

p̃(ui | y) =
∑
k

pGG(ui | y,θk) p̃(θk | y)wk

For better accuracy, non-Gaussian conditional approximations can be used instead of pGG(ui | y,θk).
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Example: Point process data

Log-Gaussian Cox processes
Point intensity:

λ(s) = exp

(∑
i

bi(s)βi + u(s)

)
Inhomogeneous Poisson process log-likelihood:

ln p({yk} | λ) = |D| −
∫
D

λ(s) ds+

N∑
k=1

lnλ(yk)

The likelihood can be approximated numerically, e.g.∫
D

λ(s) ds ≈
n∑
j=1

λ(sj)wj ,

where sj are finite element mesh nodes, and wj = 〈ψj , 1〉D
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Example: Point process data (cont)

Discretised field and likelihood:

λ(s) = exp

∑
i

bi(s)βi +
∑
j

ψj(s)uj


ln p({yk} | λ) ≈ |D| −

n∑
j=1

λ(sj)wj +

N∑
k=1

lnλ(yk)

Then, with λD =
[
λ(si)

]
,AD =

[
ψj(si)

]
, andAy =

[
ψj(yi)

]
,

∇u ln p({yk} | λ) ≈ −A
>
D diag(w)λD +A>y 1

∇2
u ln p({yk} | λ) ≈ −A

>
D diag(w) diag(λD)AD

and similarly for∇β ,∇2
β , and∇u∇β .
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Standard INLA: Generalised linear models
In the R-INLA implementation, the data likelihood is only allowed to depend on a single, linear combination of
latent Gaussian variables:

(u | θ) ∼ N(µu,Q
−1
u ) (Prior)

(yi | u,θ) ∼ N(g−1(ηi),Q
−1
y|u), η = Au (Gaussian observations, link function g(·))

p(u | y,θ) ∝ p(u | θ) p(y | u,θ) (Conditional posterior)

Linear Gaussian observations

For a linear η = Au and identity link g−1(η) = η:

(u | y,θ) approx∼ N(µ̃, Q̃
−1

) (Conditional posterior)

Q̃ = Qu +A
>Qy|uA

µ̃ = µu + Q̃
−1 {

A>Qy|u [y −Aµu)]
}

(For non-Gaussian observations or non-identity link, this is replaced by a Newton iteration.)
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Extended INLA: inlabru
In the inlabru implementation, a linearisation step and iterated INLA allows non-linear predictors η.:

(u | θ) ∼ N(µu,Q
−1
u ) (Prior)

(yi | u,θ) ∼ N(g−1(ηi),Q
−1
y|u), η = h(u) (Gaussian observations, link function g(·))

p(u | y,θ) ∝ p(u | θ) p(y | u,θ) (Conditional posterior)

Non-linear Gaussian observations

For identity link, and a non-linear h(u) with Jacobian J at u = µ̃, iterate:

(x | y,θ) approx∼ N(µ̃, Q̃
−1

) (Approximate conditional posterior)

Q̃ = Qu + J
>Qy|uJ

µ̃′ = µ̃+ aQ̃
−1 {

J>Qy|u [y − h(µ̃)]−Qu(µ̃− µu)
}

where a is chosen by line search.
(For non-Gaussian observations and non-identity link functions, this is modified appropriately.)
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Extensions from the EUSTACE project, with∼ 1011 latent variables
Nonlinear Newton iteration with robust line-search
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The transformation η = h(u) is much cheaper than the optimisation target.
Preconditioned conjugate gradient (PCG) iteration for
Q(µ− µ̂) = r = b−Qµ̂
Local and multiscale approximations for preconditioning: M−1Q ≈ I
Sampling with PCG:Q(x− µ̂) = Lw
Requires only a rectangular pseudo-Cholesky factorisationLL> = Q.
Sometimes possible, due to a kronecker product sum precision structure.
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