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Most of the applied models written with an algebraic modeling language involve

simultaneously several dimensions such as materials, location, time or uncertainty.

The information about dimensions available in the algebraic formulation is usually

su�cient to retrieve di�erent block structures from mathematical programs. These

structured problems can then be solved by adequate solution techniques. To illus-

trate this idea we focus on stochastic programming problems with recourse. Taking

into account both time and uncertainty dimensions of these problems, we are able

to retrieve di�erent customized structures in their constraint matrices. We applied

the Structure Exploiting Tool to retrieve the structure from models built with the

GAMS modeling language. The underlying mathematical programs are solved with

the decomposition algorithm that applies interior point methods. The optimization

algorithm is run in a sequential and in a parallel computing environment.
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1. Introduction

Nowadays economic models involve relations de�ned over several dimensions

such as location, materials, time or uncertainty. They are often built and trans-

lated into a Mathematical Program (MP) with an Algebraic Modeling Language

(AML) [4,6,15,24]. As a matter of fact it is quite natural for the economist to

write models with equivalent algebraic notations. Dimensions are in this context

represented by the use of indexed sets in the algebraic formulation. Unfortunately,

when generating the complete MP, algebraic modeling languages lose structures

that were easily identi�able in the algebraic formulation of a given model. We

show in this paper that by an e�cient management of multiple indexed sets,

within an algebraic modeling language, it is possible to extract easily customized

block structures.

Extracting complex block structures from an unstructured mathematical

program is a di�cult task. It is however a mandatory step to exploit them with

adequate algorithmic techniques. Several heuristics exist that can detect auto-

matically certain special forms. Although interesting work has been undertaken

(see for instance [13]), detecting a block structure from an unstructured MP re-

mains an NP complete problem. Moreover, in case of very complex forms such as

nested block structures, some doubt can be raised about their potential e�ciency.

If the cost incurred by the extraction of special forms exceeds the gains obtained

to exploit them, then this approach is not attractive anymore. An alternative is

to refer directly to the \semantic" of the original model.

We focus here on multistage stochastic programming problems with recourse

since they combine two main dimensions: time and randomness. We should insist

that we could have chosen other problems as an illustration. The work on both

dimensions allows us to customize precisely the shape of the desired structure

(e.g., staircase structure, simple or nested dual block-angular structures) and

the sizes of blocks involved). It is indeed di�cult to determine in advance which

shape bene�ts at best from a given structure exploiting solver. In order to extract

and exploit di�erent block structures within the algebraic modeling language, we

employ the concept SET [16] that stands for Structure Exploiting Tool. SET is

made up of two distinctive parts. SPI (Structure Passing Interface) extracts the
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structure desired by the modeler. Then SES (Structure Exploiting Solver) is an

adequate solver that takes advantage of the extracted form.

The SES that we hooked to GAMS and used to solve stochastic program-

ming problems is an interior-point based decomposition method [23]. The master

problem is solved by the Analytic Center Cutting Plane Method (ACCPM) [22].

The subproblems are solved with HOPDM LP code [21]. Experiments are both

realized in sequential and parallel computing environments.

Finally, let us mention that there exist optimization tools such as as

DEC IS [26], MsLip [20] and SP/OSL [27] dedicated to stochastic programming

that take advantage of the slight di�erences among scenarios to avoid data redun-

dancy. We have thus used SET to connect a specialized stochastic optimization

solver to an algebraic modeling language. We think that this approach could

complement recent attemps to write multistage stochastic programs directly in

AMLs.

This paper is organized as follows. In Section 2, we explain the links that

exist between the multistage stochastic programming problem and nested dual

block-angular structures. In Section 3, we recall the concept SET that is used

for the �rst time to extract nested block structures. We also show that di�erent

structures can be extracted from the same model by manipulating multiple sets.

In Section 4, we examine several test problems generated by GAMS and solved

by an IPM-based decomposition method both on an IBM RS/6000 machine and

on a cluster of PC's. In Section 5, we show a way of linking GAMS and SP/OSL

through the use of the concept SET. In Section 6, we conclude this paper by

indicating several research directions that could be initiated from this work.

2. Nested structures in stochastic programs

Modeling languages provide very expressive environment because they are

close to the mathematical model and o�er connection to advanced optimization

techniques granted by some commercial solvers. Complex models can be formu-

lated with generic constraints and variables depending on several dimensions (e.g.

location, time, product line, region). Stochastic programming models involve, for

instance, time and uncertainty. Initiated in the late �fties by Dantzig and Madan-



4

sky [8], stochastic programming is a growing �eld of mathematical programming.

The following books provide a good overview of the �eld: [3,9,12,26,32].

2.1. The two-stage problem

We �rst consider the following two-stage stochastic linear program

min E~�fc
0x+Q(x; ~�)g

s.t. Ax = b;

x � 0;

(1)

where ~� is a random vector and � is the set of all possible �, x 2 Rn1
+ is the vector

of �rst stage variables, A 2 Rm1�n1 is the �rst stage constraint matrix, b 2 Rm1

is the �rst stage right hand side vector, c 2 Rn1 is the objective function vector

of the �rst stage. Q(x; �) is the optimal value of another linear program; it is a

function of the �rst stage decisions x and of the realization � � (q(�); h(�); T (�))

Q(x; �) = min
�
(q(�))0y j Wy = h(�) � T (�)x; y � 0

	
; (2)

where y 2 Rn2
+ is the vector of second stage variables, T (�) 2 Rm2�n1 is a

realization of the random matrix which links �rst and second stages, W 2 Rm2�n2

is the technology matrix of the second stage (we assume that this matrix is

deterministic). W could also be a random matrix in a more general formulation

of the problem (1-2). By assuming that W is a deterministic matrix the problem

belongs to the class of stochastic problems with �xed recourse. Moreover if the

rank of matrix W is equal to m2 the problem has complete �xed recourse. It

implies that whatever decision x and realization � the second stage problem

Q(x; �) = minf(q(�))0yjWy = h(�)� T (�)x; y � 0g is feasible.

The problem (1) is called the �rst stage problem. Decision x must be taken

before the realization � can be observed. The problem (2) is called the second

stage problem or the recourse problem. After the true environment is observed,

di�erences that can appear between h(�) and T (�)x (for x given and for h(�)

and T (�) observed) are corrected by determining a recourse action y � 0 that

satis�es the following relation Wy = h(�) � T (�)x, and that minimizes the cost

(q(�))0y. To sum up, the aim of the two-stage problem is to �nd for the problem
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(1-2) a solution x which is feasible for all realizations � and which minimizes the

expected cost. We note the adaptative nature of this model.

Let us consider the case where the distribution of the random vector ~� is dis-

crete �l = (ql; hl; T l) with probability pl � 0; l = 1; 2; : : : ; L; where
PL

l=1 p
l = 1.

The two-stage problem (1-2) becomes

min c0x+
LX

l=1

plQ(x; �l)

s.t. Ax = b (3)

x � 0;

where Q(x; �l); l = 1; 2; : : : ; L; is the optimal objective function of the recourse

problem

Q(x; �l) = min (ql)0y

s.t. Wy = hl � T lx; (4)

y � 0:

For a given x, let ŷl(x) be the optimal solution of (4) for l = 1; 2; : : : ; L. The

objective function of (3) becomes c0x +
LX

l=1

pl(ql)0ŷl(x). We are now left with a

deterministic equivalent

min c0x + p1(q1)0y1+ p2(q
2)0y2+ : : :+ pL(q

L)0yL

s.t.

Ax = b

T 1x +Wy1 = h1

T 2x +Wy2 = h2

...
. . .

...

TLx +WyL = hL

x � 0; y1 � 0; y2 � 0; : : : yL � 0:

(5)

We note that the constraint matrix of this problem displays a dual block-

angular structure.



6

2.2. The multi-stage problem

In a planning approach the evolution of uncertainties can be described as

an alternation of decisions and random realizations. The generalization of the

two-stage problem when we have to deal with several periods, leads to the multi-

stage problem. By extending the two-stage formulation, we obtain the following

multi-stage formulation

min c0x +

L2X

l2=2

p
l2(ql2)0yl2 +

L3X

l3=L2+1

p
l3(ql3)0yl3 + : : :+

LTX

lT=LT�1+1

p
lT (qlT )0ylT

s.t.

Ax = b

T l2x +W 2yl2 = hl2 ; l2 = 2; : : : ; L2;

T l3ya(l3) +W 3yl3 = hl3 ; l3 = L2 + 1; : : : ; L3;

. . .
...

T lT ya(lT ) +W T ylT = hlT ; lT = LT�1 + 1; : : : ; LT ;

x � 0; ylt � 0; lt = 2; 3; : : : ; LT ;

where t denotes the stage, lt is the index of the realization of stage t, Lt is the

last realization belonging to stage t, a(lt) corresponds to the direct ancestor of

realization lt.

Two sets describe the main dimensions in the multistage stochastic pro-

gramming (the time and the randomness). The di�erent subsets at each stage

di�ers in size in respect to probability distributions of the appropriate stochastic

process.

2.3. Nested dual block-angular structure

In its simplest form the discrete stochastic process can be represented as an

event tree describing the unfolding of the uncertainty over the period of planning

(see Figure 1).

A path, from the root to a leaf of the event tree, represents a scenario.

Each scenario has a given probability. At each node of the event tree, a set of

constraints and an economic function, which involves variables speci�c to that

node and its predecessor nodes, are de�ned. For instance, node 1 of the tree

presented in Figure 1 corresponds to the �rst stage and associated decisions are

identical for scenarios 1, 2, 3 and 4. At stage 2, decisions of scenarios 1 and 2
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Figure 1. A simple event tree

Figure 2. The constraint matrix associated with the event tree 1

are identical. In the same way decisions of scenarios 3 and 4 are identical. If

the ordering of the time and randomness dimensions is maintained during the

generation of the mathematical program, the corresponding constraint matrix

(shown in Figure 2) displays a nested dual block-angular structure. Links between

the nested dual block-angular structure and the algebraic formulation of the

original model can be easily established.

In our example (see Figure 1), node 1 is the root node, nodes 2 and 3 belong

to stage 2 (l2 = 2; 3), nodes 4 to 7 belong to stage 3 (l3 = 4; : : : ; 7). Its equivalent

algebraic formulation is presented in (6). Let us note that by shifting y3 just

after y5, we immediately identify the shape that was presented in Figure 2.
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min c0x + p2(q2)0y2 + p3(q3)0y3 + p4(q4)0y4 + p5(q5)0y5 + p6(q6)0y6 + p7(q7)0y7

s.t.

Ax = b

T 2x +W 2y2 = h2

T 3x +W 2y3 = h3

T 4y2 +W 3y4 = h4

T 5y2 +W 3y5 = h5

T 6y3 +W 3y6 = h6

T 7y3 +W 3y7 = h7

x � 0; y2 � 0; y3 � 0; y4 � 0; y5 � 0; y6 � 0; y7 � 0:

(6)

Apparently, (6) represents a structured linear program. Its structure should be

explored in the solution algorithm. Unfortunately, when the model is written with

an algebraic modeling language the structure, easily identi�able in the algebraic

formulation, is usually lost when the corresponding mathematical program is

sent to the solver. Each algebraic modeling language uses its own algorithm to

generate an equivalent mathematical program, which scrambles the structure.

Consequently, the structure of stochastic program, though existing in the model,

is unrecognizable for the solver. In the following section we brie
y recall SET, a

tool that enables to extract structures from algebraic modeling languages: we use

it to extract dual block-angular structures from multistage stochastic programs.

3. Block structures of stochastic programs

The model considered in this section is a simple �nancial planning problem

suggested by Birge. At each period, one can invest in 4 securities and cash.

There are no transaction costs. The initial capital and the desired wealth at

the end of the planning period are de�ned exogenously. Prices of securities have

been computed by a multivariate log-normal random generator implemented in

MATLAB. Prices are assumed independent between periods. The time-scale

dimension is de�ned over T periods. The uncertainty dimension is de�ned at

each node for N realizations. The corresponding event tree is symmetric and

involves N di�erent branches at each node except for the leaves. Hence the

total number of scenarios is NT . The objective is a piecewise linear function (a
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Figure 3. Jacobian matrix generated by GAMS

scenario is strongly penalized when the goal is not reached), which corresponds

to the expected utility of all scenarios.

The model is written in the GAMS modeling language. We use the struc-

ture exploiting tool, SET to retrieve the structure from the algebraic modeling

language. This is done in two steps. First, structure passing interface, SPI, re-

trieves the desired structure from the unstructured mathematical program built

by the algebraic modeling language. Second, SPI passes the special structure of

the problem to a SES (structure exploiting solver).

Figure 3 shows an example of the constraint matrix generated by GAMS.

No apparent block structure can be identi�ed from this matrix since GAMS

uses its own ordering scheme. Then passing a few information about time and

uncertainty dimensions SPI produces directly from GAMS a nested dual-block

angular structure as shown in Figure 4.

The presence of more than one dimension opens the possibility of retriev-

ing di�erent structures from the same model. This is in particular the case in

stochastic programming problems. Ideally, one should be able to customize the

structure for a speci�c solver. Decomposition approaches, for instance, can take

advantage of the presence of large number of comparably di�cult subproblems

and a small dimension of the master problem. Other structure exploiting solvers

can bene�t from a particular sparsity structure of sub-blocks involved. We shall

address these issues in more detail in the next section.

Let us return to the �nancial planning model. We have already presented

the most obvious reordering of this stochastic program based on both time and
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Figure 4. Reordered Jacobian matrix displaying a nested dual block angular structure

uncertainty dimensions. Let us explore di�erent choices.

By playing solely with the randomness dimension and restricting to the �rst-

stage decisions, it is possible to extract a dual block-angular structure as shown

in Figure 5. First stage coe�cients belong to the linking block (due to the small

number of �rst stage variables they are invisible in Figure 5). Each scenario

implied by the realization of the �rst stage variable de�nes a separate aggregated

second stage block.

Starting from the structure displayed in Figure 4, by shifting the columns of

the second stage next to those of the �rst stage (as shown in Figure 6), we obtain

a dual block-angular structure with a higher granularity (as shown in Figure 7).

Alternatively, by restricting our analysis solely to time dimension, we can

produce a staircase structure exhibited in Figure 8. We limited the number of

events to make the structure more apparent.

Producing desired block structures from an algebraic modeling language

enables us to access particular structure exploiting solvers; in the next section we

show its relevance to the e�ciency of the solver.

4. From model to solution

We apply SET to produce dual block-angular structures from stochastic lin-

ear programs formulated with GAMS modeling language. Dual block-angular

structure is well suited to the Benders decomposition [2,20,27]. The decompo-

sition method we use belongs to this class. The Analytic Center Cutting Plane
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Figure 5. Dual block angular structure

Figure 6. Moving columns from the second stage to the �rst stage

Figure 7. Resulting dual block angular structure

Method solves the restricted master problem and HOPDM solves the subprob-

lems. Consequently, we apply interior point methods at both levels of decompo-

sition.

Our choice of the solution technique was essentially motivated by the pres-
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Figure 8. Staircase structure

ence of the appropriate tools in our laboratory. We aimed to show that SET is

a reliable tool to exploit structures of large scale mathematical programs gener-

ated directly from the algebraic modeling language rather than looking for the

most e�cient solver adjusted to a given class of problems. For instance, we could

have hooked any algorithm that exploits staircase structure or any decomposition

method dedicated to stochastic optimization problems.

We report numerical experiments for the �nancial planing model presented

in Section 3. The sequential decomposition code was run on an IBM RS/6000,

whereas its parallelized version was run on a cluster of 10 Pentium Pro PC's.

4.1. Sequential decomposition

In Table 1, we report the characteristics of the problems as well as the size

of the corresponding linear programs. For instance, problem P6R7 has 6 periods

(i.e. 7 stages in stochastic programming terminology) and 7 realizations at each

node of the event tree. Consequently, the event tree has 76 = 117649 scenarios.

In Table 2, we report solution statistics. Our experiments were conducted

on an IBM RS6000 (58MHZ Power2 processor with 128MB of memory). Each

problem was decomposed in two di�erent ways. To begin with, the event tree

was cut between the �rst and the second stage (see Figure 5). As the event tree

is symmetrical, such partitioning results in subproblems of identical sizes. The

number of subproblems is equal to the number of realizations in the �rst stage.

Next, the event tree is cut between the second stage and the third stage (see

Figure 7) leading thus to p2 subproblems where p is the number of realizations.
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The overall solution time includes

� the time spent in GAMS for model generation,

� the time of reading GAMS dictionary and generating the desired partitioning

with SPI,

� the time spent in the decomposition algorithm,

� the time to send the solution in the original order back to the AML.

In Table 2, we report only the second and the third one and their sum. We also

report the solution time of these problems with the general-purpose linear solver

OSL from IBM [25].

Table 1

Description of problems generated with GAMS.

Problem Periods Events Scenarios Rows Columns

P6R3 6 3 729 1094 3279

P6R4 6 4 4096 5462 15018

P6R5 6 5 15625 19532 50781

P6R6 6 6 46656 55988 139968

P6R7 6 7 117649 137258 338339

The overall execution time of problem P6R7 (with 7 subproblems) is less

than one hour. This shows that large models can be generated with a modeling

language and solved e�ciently on a single machine when one uses the structure

exploiting solver. We observe that compared with the direct approach, the de-

composition is more attractive for larger problems. Direct solution of the largest

problem P6R7 could not complete in a reasonable CPU time. Moreover it appears

that cutting the event tree between stages 1 and 2 rather than between stages

2 and 3 is more interesting for this particular problem. The problem P6R7,

decomposed into 49 supbroblems, could not be solved due to excessive storage

requirements.
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Table 2

CPU times in seconds, IBM RS6000

Problem Subproblems Partitioning Decomposition Total OSL

P6R3 3 5 14 19 6

P6R4 4 31 56 87 155

P6R5 5 126 212 338 1803

P6R6 6 403 535 938 16018

P6R7 7 1099 2312 3411 -

P6R3 9 14 18 32 6

P6R4 16 104 69 173 155

P6R5 25 533 256 789 1803

P6R6 36 2886 664 3550 16018

P6R7 49 - - - -

4.2. Parallel decomposition

Decomposition is an algorithmic device that breaks down computations into

several independent subproblems. It is thus ideally suited to parallel implemen-

tation. We have repeated the computations on a parallel machine. We used

a cluster of 10 Pentium Pro PC's [30] linked with fast Ethernet that allows a

10MB/s transfer rate. One machine handles the master problem, whereas the

nine slave machines handle the subproblems. The operating system is LINUX

and the parallel communication is done with MPI [5].

We illustrate the behavior of the parallel decomposition on one problem

P6R4. This problem has 4 realizations at each node of the event tree. It can nat-

urally be decomposed either into 4 or into 16 subproblems depending on where

the complete model is broken. We ran these two instances on 1,2,4 and 8 proces-

sors of the parallel machine and collected the solution times in Table 3. We could

notice reasonable speed-ups increasing linearly with the number of processors.

The main reason is that subproblems have exactly the same size which facilitates

load balancing [23]. Speci�c issues of the parallel interior point decomposition of

huge stochastic programs will be addressed in more detail in a subsequent paper.
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Table 3

CPU times in seconds, cluster of 10 PC's

Problem 1 Processor 2 Processors 4 Processors 8 Processors

P6R4-4 54.71 34.94 19.58 not run

P6R4-16 76.80 41.77 26.05 15.68

5. Another approach: S-MPS based codes

In the previous section we presented multistage programs that were gener-

ated from an algebraic modeling language. In particular, we showed that SET

enables to retrieve complex block structures from models that include several

dimensions. We focused on multistage stochastic programs since they contain

two main dimensions: time and uncertainty. We exploited both these dimensions

when looking for the most favorable structure for decomposition.

By contrast, the S-MPS format [1] separates the time and randomness di-

mensions. It extends the MPS �le using three �les: the \core" �le, which closely

follows the MPS format and contains the basic deterministic problem; the \time"

�le which explicitly de�nes the problem's time structure; and the \stoch" �le,

which de�nes the structure of the event tree and random variables and param-

eters. The main advantage of this format is to avoid data redundancy and, in

consequence, useless memory allocation since usually scenarios di�er very slightly.

Consequently, the AML does not have to produce the excessively large de-

terministic equivalent of the stochastic program if it is to communicate with

an S-MPS based solver. Information describing the core model is prepared in a

proper format: additionally, each coe�cient of the constraint matrix is associated

to a given stage. To show the reliability of this idea we have used SET to connect

SP/OSL [27] stochastic optimization solver to GAMS [6] modeling language.

We illustrate this development with a small example, Invendam [31] which

is a multiperiod inventory model. The objective function corresponds to the net

pro�t. There are three generic variables (inventory, quantity bought, quantity

sold) and one generic constraint (inventory balance), all indexed over the time.

The model is generated for 5 periods. Figure 9 shows the constraint matrix of

the \core" model as generated by GAMS. Then using SPI we produce a staircase
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Figure 9. Jacobian matrix of the Invendam problem generated by GAMS

Figure 10. Staircase structure produced by SPI

structure as shown in Figure 10. Such a core model is read by SP/OSL. Stochastic

parameters (e.g., event tree, probability distribution) can be de�ned easily by

using SP/OSL features. The stochastic program produced by SP/OSL is then

solved by the Benders decomposition. Although our goal was not initially to deal

with the S-MPS format, we have noticed that combining the concept SET with

the S-MPS format o�ers some advantages. The user can indeed continue to write

models with an algebraic modeling language and have an easy access to codes

based on the S-MPS format. This approach could perhaps complement recent

developments to include in AML the possibility of writing multistage stochastic

programs [10,11,14,18,19,28]
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6. Conclusion

Algebraic modeling languages often loose important information the solver

could have taken advantage of. SET (Structure Exploiting Tool) [16] is a new

framework for retrieving this information directly from the algebraic formulation

of models written in a modeling language. The main contribution of this paper

is to show that by an e�cient management of multiple sets it is possible to

extract di�erent kinds of block structures from the same model. In this paper

we focused on multistage stochastic programming problems since they contain

two main dimensions: time and uncertainty. We were thus able to produce

staircase block structures retaining solely the time dimension; simple and nested

dual block-angular structures, by taking into account simultaneously the time

and uncertainty dimensions. The resulting structure can be exploited by an

appropriate solver.

We tested an IPM-based decomposition for dual block-angularly structured

linear programs. This task would have been tedious if we had not used SET to

interface the AML and the solver. Our experiments con�rmed the well-known

fact that exploiting the structure with an adequate solver o�ers computational

advantages.

For instance, one of the LP's has 137,258 equations and 338,339 variables,

and is solved in about one hour (including the time spent in the generation of the

LP by GAMS, its partitioning, and its solution by the decomposition algorithm).

Moreover, general purpose solvers (hooked to the GAMS modeling language)

failed to solve this problem in an acceptable time. We also demonstrated that

the use of SET gives to the modeling language an access to parallel optimization

techniques: we have performed our experiments both on sequential and parallel

computing environments.

Due to the excessive data redundancy in stochastic optimization problems,

generating the whole deterministic equivalent LP, with algebraic modeling lan-

guage, seems a poor choice. The S-MPS format [1] reduces data redundancy.

As long as AMLs do not include the facility to model stochastic optimization

problems and simultaneously, access the structure exploiting solvers, SET seems

a valuable choice. SET can be used to produce the core model (the baseline sce-
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nario) dynamically ordered from the modeling language keeping uncertainty infor-

mation outside AML. It thus complements recent tendencies [10,11,14,18,19,28] to

integrate features into the algebraic modeling language in order to write stochas-

tic programming problems. We showed the feasibility of this approach connecting

SP/OSL to GAMS.

Finally, we should again insist that we concentrated on stochastic program-

ming just because it is a class of problems that particularly well illustrate the idea

of generating di�erent block structures from the same model. Naturally, these

developments could be useful in retrieving interesting block structures from other

kinds of models emerging from �elds such as telecommunications [29], energy and

environment [17]. Another important point is that this technology can also be

adapted to exploit structures associated with nonlinear programming problems

generated by the algebraic modeling language as described in [7].
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