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Gondzio Stochastic Nonlinear Programming

Outline

e Convexity

— convex sets, convex functions

— local optimum, global optimum
e Duality

— Lagrange duality
— Wolfe duality
— primal-dual pairs of LPs and QPs

e Nonlinear Stochastic Program with Recourse

e Interior Point Methods for Optimization
= unified view of Linear, Quadratic and Nonlinear programming
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Gondzio Stochastic Nonlinear Programming

Consider the general optimization problem

min  f(x)
st g(x) <0,

where x € R", and f : R"— Rand g: R"— R™
are convex, twice differentiable.
Basic Assumptions:

f and g are convex
= If there exists a local minimum then it is a global one.

f and g are twice differentiable
= We can use the second order Taylor approximations of them.
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Gondzio Stochastic Nonlinear Programming

Convexity

Reading:

Bertsekas, D., Nonlinear Programming,
Athena Scientific, Massachusetts, 1995. ISBN 1-886529-14-0.
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Gondzio Stochastic Nonlinear Programming

Convexity is a key property in optimization.
Def. A set C C R"is convexif e+ (1 =Ny e C, Vo,y € C, VA € [0,1].

Convex set Nonconvex set

Def. Let C' be a convex subset of R". A function f : C'— R is convex if
FO+ (1= Aly) < Af(@) + (1 = \f(y), Ya,y € C, YA€ [0,1],

¥y e

X

X z y

Convex function Nonconvex function
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Gondzio Stochastic Nonlinear Programming

Convexity and Optimization

Consider a problem

minimize  f(x)
subject to x € X,

where X is a set of feasible solutions
and f : X — R is an objective function.

Def. A vector z is a local minimum of f if

de > 0 such that f(2) < f(x), Va | ||z — 2| < e

Def. A vector z is a global minimum of f if

f(@) < flz), Vo e X,
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Gondzio Stochastic Nonlinear Programming

Lemma. If X is a convex set and f : X — R is a convex function, then a local
minimum is a global minimum.

Proof.
Suppose that z is a local minimum, but not a global one. Then Jdy+# x such that

fly) < [flz).

From convexity of f, for all A€ [0, 1], we have
fld=Nz+Ay) < (1=A)f(2)+Af(y)
< (=N f(@)+Af(x) = flo).
In particular, for a sufficiently small A\, the point z = (1 — )z + Ay lies in the

e-neighbourhood of x and f(z) < f(x). This contradicts the assumption that x
is a local minimum.
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Gondzio Stochastic Nonlinear Programming

Useful properties

1. For any collection {C; | ¢ € I} of convex sets, the intersection .., C; is convex.

il
2. It C'is a convex set and f : C' — R is a convex function, the level sets
{reC| f(x) <a}and {x € C| f(zr) < a} are convex for all scalars .

3. Let C' € R"™ be a convex set and f : C' — R be differentiable over C'.
(a) The function f is convex if and only if

fly) > fx)+ V' f(z)(y—x), VYz,ye€C.

(b) If the inequality is strict for x # y, then f is strictly convex.

4. Let C' € R" be a convex set and f : C' — R be twice continuously differentiable
over C.

(a) If V2f(z) is positive semidefinite for all z € C, then f is convex.

(b) If V2 f(z) is positive definite for all x € C, then f is strictly convex.

(¢) If f is convex, then V2 f(z) is positive semidefinite for all z € C.
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Gondzio Stochastic Nonlinear Programming

Lemma. If f : R"— 'R and g : R"+—R™ are convex, then the following general
optimization problem

min  f(x)
st. glx) <0

IS convex.
Proof. Since the objective function f is convex, we only need to prove that the
feasible set of the above problem

X={zeR":g(x) <0}
is convex. Define for e =1,2,....m
X, = {z € R": gi(x) < 0}

From Property 2, X; is convex for all 1.
We observe that

X={reR":g(x)<0,Vi=1.m}= ﬂXZ-.

i.e., X is an intersection of convex sets and from Property 1, X is a convex set.
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Duality

Reading:

Bertsekas, D., Nonlinear Programming,
Athena Scientific, Massachusetts, 1995. ISBN 1-886529-14-0.
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Gondzio Stochastic Nonlinear Programming

Consider a general optimization problem

min f(x)
st glz) <0, (1)
re X CR",

where f : R" — R and g : R" — R™
The set X is arbitrary; it may include, for example, an integrality constraint.

Let 2 be an optimal solution of (1) and define
f=f(@.

Introduce the Lagrange multiplier y; > 0 for every inequality constraint g;(x) < 0.
Define y = (y1,...,yn)’ and the Lagrangian

L(z,y) = f(z) +y' g(),

y are also called dual variables.
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Gondzio Stochastic Nonlinear Programming

Consider the problem
Lp(y) = minL(z,y) st. z€ X CR"

[ts optimal solution x depends on y and so does the optimal objective Lp(y).

Lemma. For any y > 0, Lp(y) is a lower bound on f (the optimal solution of

(1)), ie., A
f>Lply) Vy=>0.

Proof.
f= min {f(z)]g(z) <0,z € X}
> min {f(z)+y g(z) | g(z) <0,y >0, € X}
> min {f(z)+y g(z) |y >0,2€ X}
= Lp(y).
Corollary.

f > max L e, f> n L(z,y).
fzmaxLp(y), iLe, f=maxminl(z,y)
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Gondzio Stochastic Nonlinear Programming

Lagrangian Duality
If 3¢ g;(x) > 0, then

L —
max (,y) = +00

(we let the corresponding y; grow to +00).
If Vi gi(x) <0, then
max L(z,y) = f(x),

y>0

because Vi y;¢;(x) < 0 and the maximum is attained when

y;g:(x) = 0, Vi=1,2,...,m.

Hence the problem (1) is equivalent to the following MinMax problem

i L
min max L(z, ),

which could also be written as follows:

F = mj L(z,y).
f = minmax L(z, y)

SPS 2007, Bergamo, April 2007 13



Gondzio Stochastic Nonlinear Programming

Consider the following problem
min {f(x) | g(z) < 0,2 € X},

where f, g and X are arbitrary:.
With this problem we associate the Lagrangian

L(z,y) = f(z) +y"g(x),

y are dual variables (Lagrange multipliers).
The weak duality always holds:

min max L(x,y) > max min L(z,y).

reX y=>0 y>0 zeX

We have not made any assumption about functions f and g and set X.

If f and g are convex, X is convex and certain regularity conditions are satisfied,
then

min max L(z,y) = max min L(z,y).

This is called the strong duality.
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Gondzio Stochastic Nonlinear Programming

Duality and Convexity
The weak duality holds regardless of the form of functions f, g and set X:

. . . |
min max L(z,y) > max min L(z,y)

What do we need for the inequality in the weak duality to become an equation?
If

X CR" is convex;

f and g are convex;

optimal solution is finite;

some mysterious reqularity conditions hold,

then strong duality holds. That is

min max L(z,y) = max min L(z,y).

An example of regularity conditions:
dz € int(X) such that g(z) < 0.
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Gondzio Stochastic Nonlinear Programming

Lagrange duality does not need differentiability:.
Suppose f and g are convex and differentiable. Suppose X is convex.
The dual function

Lp(y) = min L(z,y).
reX

requires minimization with respect to x.
Instead of minimization with respect to x.
we ask for a stationarity with respect to x:

V.L(z,y) =0.

Lagrange dual problem:

max Lp(y) (i.e., max min L(x,y)) .

y>0 y>0 zeX

Wolfe dual problem:

max L(z,y)
st. VyL(x,y) =0
y > 0.
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Gondzio Stochastic Nonlinear Programming

Dual Linear Program

Consider a linear program

min clr
s.t. Ax = b,
x > 0,

where c,x € R",b € R™, A € R™*".
We associate Lagrange multipliers y € R™ and s € R" (s >0) with the constraints
Azxz = b and x > 0, and write the Lagrangian

L(z,y,s) = ¢l —y' (Ax — b) — s’ x.

To determine the Lagrangian dual

Lp(y,s) = min L(z,y, s)
reX

we need stationarity with respect to x:

V.L(z,y,s) = c— Aly—s = 0.
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Gondzio Stochastic Nonlinear Programming

Hence
Lp(y,s) = clo—y'(Ax —b) — s'x
= bly+al(c— Aly —s)=bly.
and the dual LP has a form:

max by
s.t. Aly + s = ¢
y free, s>0,

where y € R™ and s € R".

Primal Problem Dual Problem
min ¢’z max bly
st. Ax =0, st. Aly+s=c,
x > 0; s > 0.
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Dual Quadratic Program

Consider a quadratic program
min ¢’z + %wTQ x
s.t. Az =D,
x >0,
where c,x € R",b e R™, A € R"™" () € R"".

We associate Lagrange multipliers y € R™ and s € R" (s >0) with the constraints
Azxz = b and x > 0, and write the Lagrangian

L(z,y,s) = c'a+ xTQx— y (Ax—b) — s x.

To determine the Lagrangian dual

LD(?J? )—glI)T(IL(ZC Y,Ss )

we need stationarity with respect to x:
V.L(z,y,8) = c+Qx — Aty —s = 0.
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Gondzio Stochastic Nonlinear Programming

Hence
Lp(y,s) = c'e+32"Qx — y' (Ax — b) — s’

by + 2T (c+ Qu — Aly — s) — 22" Qu
= by — 32'Quw,
and the dual QP has the form:
max bly — %ZCTQ x
st. Aly+s—Qx=c,
x,s >0,

where y € R™ and x,s € R".

Primal Problem Dual Problem
min ¢’z + %ZETQZE max by — %ZCTQZE
s.t. Ax =0, st. Aly+s—Qx=c,
x > 0; s > 0.
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Gondzio Stochastic Nonlinear Programming

General Stochastic Program with Recourse

Reading:
Kall P. and S.W. Wallace., Stochastic Programmzing,
John Wiley & Sons, Chichester 1994, UK.
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Gondzio Stochastic Nonlinear Programming

General Stochastic Program with Recourse

Consider a deterministic problem

minimize f(x)
subject to g(x) <0, z € X,

where f : R" +— R is an objective function, and
gi - R" — R, 1 = 1...m are constraints.

Consider its stochastic analogue

“minimize” flz,€)
subject to g(z,£) <0, z € X,

where € is a random vector varying over a set = C RF,
f:R" x =+ R is an objective function,
and g; : R" x = — R, © = 1...m are constraints.

SPS 2007, Bergamo, April 2007 22



Gondzio Stochastic Nonlinear Programming

Define

gi(x, &) otherwise.

+ _
o (1,€) — {
and a nonlinear recourse function

Q(z,&) = min{q(y)|wi(y) > g; (x,&),i=1.m,y €Y C R"},

where ¢ : R" — R and u; : R" — R are given.

Replace original stochastic program by stochastic program with recourse

min Ee{f(z,¢) + Q(x, &)}

Convexity of Recourse Problems
Lemma. If the functions q(.) and g¢;(.,&),7 = 1..m are convex and the functions
u;(.),7 = 1..m are concave, then the nonlinear recourse function

Q(z, &) = min{q(y)|ui(y) > g;"(x,&),i=1.m,y €Y C R"} (2)

is convex with respect to its first argument.
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Gondzio Stochastic Nonlinear Programming

Proof.

Let y; and 9 be the optimal solutions of the recourse problems for x; and o,
respectively.

By the convexity of ¢;(.,&) and the concavity of u;(.) we have for any A € [0, 1]:

gZ(Axl + (1 o >‘>x27 f) AgZ(xla f) + <1 o )‘>gl<x27 f)
Aui(yr) + (1 = Aui(ys)
Uz’()\yl + (1 — )\>y2)

Hence 4 = Ay; + (1 — N)ys is feasible in (2) for £ = Azy + (1 — A)xo and by
convexity of ¢(.)

IAIA A

Q(z,§) < q(y)
< Aq(y1) + (1= A)g(y2)
< AQ(z1,8) + (1 — A)Q(x2, ),

which completes the proof.
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Gondzio Stochastic Nonlinear Programming

Lemma. If f(.,&) and Q(.,&) are convex in x V¢ € =, and if X is a convex set,
th . > -
. min Be{ f(x,€) + Q(x,€)}.

IS & convex program.

Proof.
Take z,y € X, A € [0,1] and z = Az+(1—A)y. From convexity of f(.,&) and
Q(., &) with respect to their first argument, V& € =, we have:

f(2,6) < Af(x,8) + (1 = A)f(y,€)
Q(2,€) < AQ(x,£) + (1 = \)Q(y, §),

and

respectively.
Adding these inequalities, we obtain V¢ € =

f(2,8) + Q(2,8) < Alf(z,8) + Qlz, &) + (1 = A)[f(y,€) + Qy, )],
implying
B {f (5, 6)+ QU2 )} NB: {f(, 6)+Q(w, )1+ (1= N Eg { £y, 6)+Qly, ).

Hence the objective in stochastic program with recourse is convex.
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Gondzio Stochastic Nonlinear Programming

Interior Point Methods
— from LP via QP to NLP

Reading:
Wright S., Primal-Dual Interior-Point Methods, SIAM, 1997.

Nocedal J. & S. Wright, Numerical Optimization, Springer-Verlag, 1999.
Conn A., N. Gould & Ph. Toint, Trust-Region Methods, STAM, 2000.
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Gondzio Stochastic Nonlinear Programming

Logarithmic barrier —Inuz; .
‘replaces” the inequality T ; > () .
X
1
Observe that .
min e~ 2= "% max 1] =

J=1

The minimization of — Z?Zl In z; is equivalent to the maximization of the product
of distances from all hyperplanes defining the positive orthant: it prevents all z;
from approaching zero.
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Gondzio

Stochastic Nonlinear Programming

Use Logarithmic Barrier

Primal Problem

min ¢!z
st. Ax =0b,
x > 0;

Primal Barrier Problem

n
. T .
min ¢z — ), Inw,
j=1

s.t. Ax =0,

Dual Problem

max b'y
st. Aly+s=c,
s > 0.

Dual Barrier Problem

n
T
max b’y + 231 In s;
j:
st. Aly+s=c,
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Gondzio Stochastic Nonlinear Programming

Primal Barrier Problem: min ¢’z —p Y Inw;

j=1

s.b. Ax =0b.

Lagrangian: Lz, y,p) = c'ow —y' (Az — b) — Z Inz;,
Stationarity: VoL(z,y, 1) =c— Aly —uXte=0

Denote: s=puX e, ie. XSe=pe.

The First Order Optimality Conditions are:

Ax = b,
Aly+s = ¢,
XSe = pue
(z,s) > 0.
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First Order Optimality Conditions

Simplex Method: Interior Point Method:
Aly+s = ¢ Aly+s = ¢
XSe = 0 XSe = e
x,s > 0 x,s > 0.
S| S S S /
—————— > (
X | X X X
Basic: x>0,s=0 Nonbasic: x=0,s>0 "Basic': x>0,s=0  "Nonbasic': x=0,s>0

Theory: IPMs converge in O(4/n) or O(n) iterations
Practice: [PMs converge in O(logn) iterations
... but one iteration may be expensive!
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Newton Method
We use Newton Method to find a stationary point of the barrier problem.

Z\ () Find a root of a nonlinear equation
z-F(x*) = VI(x*)(x-x¥) f(x) =0.
k
) - A tangent line
z— f(a") = Vf(a") - (z — 2"
FXL)
\ is a local approximation of the graph
F(X*2) of the function f(x).
/ X

- Substite z = 0 to get a new point
K WK+ yk+2
=2t = (Vf(@") f(z").
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Newton Method

The first order optimality conditions for the barrier problem form a large system
of nonlinear equations

F(x,y,s) =0,
where F': R?"M — R2"M is an application defined as follows:
Ar — b
F(z,y,s)= | Aly+s —c |.
- XSe — pe |

Actually, the first two terms of it are linear; only the last one, corresponding to
the complementarity condition, is nonlinear.

For a given point (x,y, s) we find the Newton direction (Ax, Ay, As) by solving
the system of linear equations:

A 0 0] [Azx] b — Ax
0AT T |- |Ay|=|c—ATy—s
S 0 X | [As | pe — XSe
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IPM for LP : T

min ¢’z — min cz—-p)l In
st. Ax =0, s.t. Ax =0,
x > 0.

The first order conditions (for the barrier problem)

Ax = b,
Aly+s = ¢,
XSe = pue.
Newton direction
(A 0 0] [Az] _ﬁp_ [ b— Ax
0 A" T Ayl =& | =|c—Aly—s
S 0 X | | As | & | pe— XSe

Augmented system
—o-1 AT Ar | | & — X_lgu
A0 Ay | &p |
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IPM for QP min clz + %,CETQ r — min cax+ %,CETQ r— Z?Zl Inx;
s.t. Az =D, s.t. Az =D,
x > 0.

The first order conditions (for the barrier problem)

Ax = b,
ATy—I—s—Q:C = ¢,
XSe = lL€.
Newton direction
A0 0] [Ax _ﬁp_ i b— Ax
—Q AT T Ay | =1& | =c—ATy —s+Qu
S 0 X | [ As | & | pe—XSe

Augmented system

a3 [evi i gt

A y Ay | &p
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IPM for NLP min f(x) —  min f(x) — ,ufjln 2;
i=1
st. glz)+2z2=0 st. glx)+2=0,
z > 0.

Lagrangian: L(z,y, 2 p) = f(z) +y"(g() + 2) — p > In 2
1=1

The first order conditions (for the barrier problem)

Vf(z)+ Vg(z)'y = 0,

glx)+z = 0,
YZe = pe.
Newton direction
Qz,y) Alz)h 0 ] [Az] [ =Vf(z) - Alz)'y ]
A(x) 0 I ||Ay| = —g(z) — 2
0 Z Y| |[Az] I ue —Y Ze ]
Augmented system
Qe Al ] [8a] _[VI0 AP M) = T
Alx) =ZY 7| | Ay —g(z)—pY e Qz,y) = Vi,L
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Generic Interior-Point NLP Algorithm
Initialize

k=0

(2%, 4°, 2Y) such that ¢ > 0 and 2° >0, = % - (y" 2!

Repeat until optimality
k=k+1
pi = opty—1, where o € (0, 1)
Compute A(x) and Q(z,y)

A = Newton direction towards p-center

Ratio test:

a; ;= max {a>0: y+aldy >0}, ay:= max {a>0: z+alz > 0}.
Choose the step: a < min {ag, a2}  (use trust region or line search)

Make step:
" = 2¥ + aAx,
y =yt +ady,

AL — 2k Az
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