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String theory: (X0 = κτ ) E =
√

λ
2π

∫ π

−π
κdσ =

√
λ

2π

∫ πκ

−πκ

√
λdx

where x = κσ. So convenient to consider infinitely long string.

Gauge theory: tr (Z J1W J2) becomes infinitely long. Relax trace
and consider

Op =
∑

l

eipl(. . . ZZZW J2ZZZ . . .).
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Finite-Gap picture

The story so far,









finite-gap solution to
d ∗ j = 0

dj − j ∧ j = 0
1
2 tr j2± = −κ2









1:1↔
Σ

γ̂

~A

a1

b1

a2

b2

a3

b3

a∞

b∞

J(Σ) ×C
∗
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Γ : det (ỹ1− Ω(x)) = 0 admits an antiholomorphic involution
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∫

[γ(σ,τ)]
1

1−x2 (j − x ∗ j), hence

j ∈ su(2)⇒ j† = −j ⇒ Ω(x)† = Ω(x̄)−1.

Proposition
Γ : det (ỹ1− Ω(x)) = 0 admits an antiholomorphic involution

τ̂ : Γ→ Γ, (x , ỹ) 7→ (x̄ , ¯̃y−1).

p′(x)

−p′(x)

x

x̄
τ̂
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Q: Which divisors on these real curves generate real solutions?

Definition
Let Z = (ω) be the canonical class. Then γ̂ is said to be real if

γ̂(σ, τ) · τ̂ γ̂(σ, τ) ∼ Z · (∞+)2(∞−)2

In other words, ∃dΩ mero. with (dΩ) = γ̂ · τ̂ γ̂ · (∞+)−2(∞−)−2.

p′(x)

−p′(x)

γ̂1

γ̂2

γ̂3

∞
+

∞
−
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The Liouville torus T
g+1

Proposition

2Im ~A(γ̂(σ, τ)) = ~A(Z · (∞+)2(∞−)2).









real finite-gap sol.
d ∗ j = 0

dj − j ∧ j = 0
1
2 tr j2± = −κ2









1:1↔
Σγ̂

~A

a1

b1

a2

b2

a3

b3

a∞

b∞

T
g ×S1
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k ′ =
∣

∣

∣

x1−x2
x1−x̄2

∣

∣

∣
, k =

√

1− (k ′)2

ω = − |x1−x̄2|
4iK (k)

dx
y , τ ≡

∫

b ω = iK (k ′)
K (k)
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b
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2π

∫
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2K (k)
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1
y+

+
1

y−
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√

1− (k ′)2

ω = − |x1−x̄2|
4iK (k)

dx
y , τ ≡

∫

b ω = iK (k ′)
K (k)

x1

a

b

x2

x̄1

x̄2

dp defined with usual double poles at x = ±1.

1
2π

∫

b
dp =

πκ|x1 − x̄2|
2K (k)

(

1
y+

+
1

y−

)

.

σ-periodicity: 2K (k)
√

1−v2

κ′ = 2π
n , κ′ ≡ κ

|x1−x̄2|√
y+y−

, v ≡ y+−y−
y++y−

.
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k → 0 limit

Proposition
k → 0 (⇔ k ′ → 1) is a weak amplitude limit .
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Remark

• genus reduced by 1.

• k ≈ 0 is a small perturbation of 1-gap solution.

• . . . semiclassical quantisation.
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k → 1 limit

Proposition
k → 1 (⇔ k ′ → 0) is a limit of the HM type.

x1

a

b

x2

x̄1
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a

b

x2

x̄1 x̄2

x1

a

b

x2

x̄1 x̄2
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a
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x̄2

In particular E =
√

λκ→∞ but

{

E − J1

J2

}

→ n

√
λ

4π

∣

∣

∣

∣

(

x2 ∓
1
x2

)

−
(

x̄2 ∓
1
x̄2

)∣

∣

∣

∣

<∞.
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(
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) exp
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where Θµ(·, k), Zµ(·, k) are Jacobi Θ- and ζ-functions, and

X̃ − X̃0 = 2K (k)
n

2π
σ + . . . τ .

Definition
Focus on a ‘single hop’ region σ ∈ [−π

n , π
n ]⇔ X̃ ∈ [−K , K ].
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Soliton limit (k → 1)

Recall that motion
linearises on Jacobian

K (k)

iK (k′)

Proposition
In the limit k → 1

Z1 =
cos(ρ̃−)

cosh(X̃ )
exp

(

iv+T̃ + iϕ0
1

)

,

Z2 =
sinh(X̃ − i ρ̃−)

cosh(X̃ )
exp

(

i tan(ρ̃−)X̃ + iv−T̃ + iϕ0
2

)

.

which is known as the dyonic giant magnon on S3.
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Conclusion

• Study of elliptic case⇒ ∃ two interesting singular limits
k → 1

k → 0 x1
x2

x̄1
x̄2

• Multiple giant magnon solution as singular limit?

• Partial degenerations?
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