
1.3. Open/Closed Duality

(a) (b)

Figure 1.8: The interaction of a closed string with N D–branes (a) is dual to propagation of
the same closed string in a deformed background due to the D–branes tension and charge (b).

The planar limit easily generalizes to theories with quarks and scalar fields. For instance,

quark loops are suppressed by a factor of 1/N . This just reflects the fact that there are N times

more gluons than quarks to sum over. Moreover, the decay widths of mesons and glueballs, as

well as their mixing, are also 1/N effects. We conclude that, in the planar limit, all resonances

become stable and correspond to the dual closed string spectrum. Then, at finite N , strings

start to interact and heavy states become unstable. Unfortunately, it is very hard to find the

precise string theory dual to a given gauge theory. In fact, it took more than twenty years to

find a concrete four dimensional realization of the gauge/string duality.

1.3 Open/Closed Duality

The modern viewpoint over the gauge/string duality suggested by ’t Hooft’s 1/N expansion, is

to embed it into the broader, but perhaps more intuitive, duality between open and closed string

theories. First, one interprets expression (1.3) literally as an open string perturbative expansion

(or as an appropriate limit of it, usually the low energy limit). Then, the boundary conditions

at the end–points of the open string will define D–branes, which correspond to the space where

the original gauge theory is defined. Notice, though, that the open string is, in general, allowed

to move in a larger space. The last step is to identify the dual closed string theory. The intuitive

idea is that the closed string moves in the same target space as the open string but deformed

by the presence of the D–branes. In other words, the sum over holes in diagrams describing a

closed string interacting with D–branes (figure 1.8(a)) is traded by a deformation of the closed

string worldsheet theory (figure 1.8(b)). This is then the desired dual closed string theory.

As just described, the derivation of a gauge/string duality might seem a simple algorithmic

task. Of course, this is not the case and, up to now, nobody was able to apply this program to
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A (x) = (e Ĥ log Λ)AB OB(x)

〈Oren
A (x)Oren

B (y)〉 =
δAB

|x − y|2∆



Spin chains in N=4

2tr
(
Φ1Φ2(D3)2(Φ1)5 . . .

)

Dilatation operator

Oren
A (x) = (e Ĥ log Λ)AB OB(x)

〈Oren
A (x)Oren

B (y)〉 =
δAB

|x − y|2∆

Integrable Hamiltonian of a 
PSU(2,2|4) spin chain 

H is nearest neighbors to leading order in perturbation theory, next to nearest 
neighbors at next to leading order etc...

[Minahan, Zarembo; Beisert]
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2d S-matrix in N=4

p

VacuumParticles (or magnons),

Particles can scatter, e.g. S(p,k)

Particles transform in PSU(2|2)^2 extended [Beisert]

[Staudacher]



2d S-matrix in N=4

p

S(p,k)

PSU(2|2)^2 extended

H

PSU(2,2|4)

S-matrix (up to a scalar factor) and 
magnon dispersion relation 

almost fixed by symmetry
[Beisert; Aryutunov, 
Frolov, Zamaklar]



Bethe Equations

p0 =



eiLpj

M∏

k !=j

Ŝ(pj , pk)− 1





[Staudacher; Beisert, Staudacher; Beisert, Eden, Staudacher; 
Beisert, Hernandez, Lopez; Arutyunov, Frolov, Zamaklar]
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1 + λ sin2 pj
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The BS equations then read

eiηφ1−iηφ2 =
K2
∏

j=1

u1,k − u2,j + i
2

u1,k − u2,j − i
2

K4
∏

j=1

1 − 1/x1,kx+
4,j

1 − 1/x1,kx−
4,j

,

eiηφ2−iηφ3 =
K2
∏

j "=k

u2,k − u2,j − i

u2,k − u2,j + i

K3
∏

j=1

u2,k − u3,j + i
2

u2,k − u3,j − i
2

K1
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j=1

u2,k − u1,j + i
2

u2,k − u1,j − i
2

,

eiηφ3−iηφ4 =
K2
∏

j=1

u3,k − u2,j + i
2

u3,k − u2,j − i
2

K4
∏

j=1

x3,k − x+
4,j

x3,k − x−
4,j

,

eiηφ4−iηφ5 =

(

x−
4,k

x+
4,k

)ηL K4
∏

j "=k

u4,k − u4,j + i

u4,k − u4,j − i

K4
∏

j

(

1 − 1/x+
4,kx

−
4,j

1 − 1/x−
4,kx

+
4,j

)η−1
(

σ2(x4,k, x4,j)
)η

(6.1)

×
K1
∏

j=1

1 − 1/x−
4,kx1,j

1 − 1/x+
4,kx1,j

K3
∏

j=1

x−
4,k − x3,j

x+
4,k − x3,j

K5
∏

j=1

x−
4,k − x5,j

x+
4,k − x5,j

K7
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j=1

1 − 1/x−
4,kx7,j

1 − 1/x+
4,kx7,j

,

eiηφ5−iηφ6 =
K6
∏

j=1

u5,k − u6,j + i
2

u5,k − u6,j − i
2

K4
∏

j=1

x5,k − x+
4,j
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u6,k − u6,j − i
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u7,k − u6,j − i
2

K4
∏

j=1

1 − 1/x7,kx+
4,j
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4,j

.

In fact, in order for the fermionic duality [25] (which we will review below) to exist, the

twists must not be completely independent but rather

φ1 − φ2 + η
K4
∑

j=1

1

i
log

x+
4

x−
4

= φ3 − φ4 ,

φ7 − φ8 + η
K4
∑

j=1

1

i
log

x+
4

x−
4

= φ5 − φ6 . (6.2)

The energy (the anomalous dimension) can then be read from

δD =

√
λ

2π

K4
∑

j=1

(

i

x+
4,j

− i

x−
4,j

)

. (6.3)

To describe classical solutions (and to semi-classically quantize them) we should consider

the scaling limit where √
λ ∼ u ∼ Ka ∼ L % 1 .

In this limit we have

x± = x ± i

2
α(x) + O

(

1

λ

)
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Output

Figure 11: The several physical fluctuations in the string Bethe ansatz. The 16 elementary physical
excitations are the stacks (bound states) containing the middle node root. From the left to the
right we have four S5 fluctuations, four AdS5 modes and eight fermionic excitations. The bosonic
(fermionic) stacks contain an even (odd) number of fermionic roots represented by a cross in the
psu(2, 2|4) Dynkin diagram in the left.

6.2 Middle node anomaly

In this section we will expand BS equations in the scaling limit for the roots belonging to

a cut containing middle node roots x4 only. We do not assume that all the others cuts are

of the same type, rather they can be cuts of stacks of several sizes. In the section 5.3 we

will generalize the results obtained in this section to an arbitrary cut, assuming, as in the

previous section, that the cuts are small enough and twists are not zero so that stacks are

stable. We will discus in section 6.7 what happens when one takes all twists to zero.

To leading order, the middle node equation (6.1) can be simply written as p/4−p/5 = 2πn

while at 1–loop the first product in the r.h.s. of (6.1) corrects this equation due to

1

i
log

K4
∏

j !=k

(

u4,k − u4,j + i

u4,k − u4,j − i

)

" 2 /F4(x) + α(x)πρ′(x) cot(πρ(x)) (6.5)

where ρ(x) = dk
duk

. Expansion of the remaining terms in (6.1) will not lead to the appearance

of such anomaly like terms since the roots of another types are separated by ∼ 1 from x4,k.

Thus we have simply

2πn = p/4 − p/5 − η α(x)πρ′(x) cot(πρ(x)) , x ∈ C45 (6.6)

In the next sections we will use dualities of the BS equations to get some extra information

about cuts of stacks and generalize the above equation to any possible type of cut. To

achieve this we shall recast this equation in terms of the middle node roots x4 only.

6.3 Dualities in the string Bethe ansatz

Obviously, the behavior of the Bethe roots will be as described in section 2 for a simpler

example of a su(1, 2) spin chain, that is, we will have simple cuts made out of x4 roots only

and also cuts of stacks with x2, x3 and x4 roots for example. Consider such cut of stacks.

– 29 –



Scaling limit

Figure 2: The middle node Bethe roots u2 can condense into a line as depicted in figure 2a (The
spins in this spin chain transform in a non-compact representation and thus the cuts are topically
real. For the su(2) Heisenberg magnet the solutions are distributed in the complex plane as some
umbrella shaped curves [5].). Roots of different types can form bound states, called stacks [18], as
shown in figure 2b. The stacks behave as fundamental excitations and can also form cuts of stacks
as represented in figure 2c.

Notice that since g ∈ SU(K|M) we have
∑

k φk −
∑

m ϕm = 0 mod 2π. We shall study

these Bethe equations with generic twists and we will see that the usual case (τa = 0) is in

fact quite degenerate.

As mentioned above, we find already all the ingredients we will need for the study

of the BS equations in the simple example of a su(1, 2) spin chain in the fundamental

representation described by the following system of NBA equations1

eiφ1−iφ2 = −Q1 (u1,j + i)

Q1 (u1,j − i)

Q2 (u1,j − i/2)

Q2 (u1,j + i/2)
, j = 1 . . . K1 (2.3)

eiφ2−iφ3

(

u2,j − i
2

u2,j + i
2

)L

= −Q2 (u2,j + i)

Q2 (u2,j − i)

Q1 (u2,j − i/2)

Q1 (u2,j + i/2)
, j = 1 . . . K2 (2.4)

The eigenvalues of the local conserved charges are functions of the roots u2,j only and are

given by

Qr =
Ka
∑

j=1

i

r − 1

(

1

(u2,j + i/2)r−1
− 1

(u2,j − i/2)r−1

)

. (2.5)

We will often denote these roots carrying charges by middle node roots.

First, consider only middle node excitations, K1 = 0 #= K2 in the Sutherland scaling

limit [4] where u ∼ K2 ∼ L % 1. We shall always use xa,j = ua,j/L to denote the rescaled

Bethe roots in the scaling limit. Then, the Bethe equations in log form, to the leading

order, can be cast as

2πnj + φ2 − φ3 =
1

x2,j
+

2

L

∑

k "=j

1

x2,j − x2,k
(2.6)

where the integers nj come from the choice of the branch of the logs.

1These equations are exactly the same as for the su(3) spin chain except for the sign of the Dynkin

labels which makes the system simpler because the Bethe roots are in general real.
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Cuts Stacks Cut of Stacks

Bethe Equations (8-sheet) Riemann Surface

[Beisert, Kazakov, Sakai, Zarembo]

Time to go to the string side!
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= Ω(x) = P exp
∫

A(g;x)

More in couple of 
minutes in Benoit 1
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Discretization!
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After lunch in Pedro II



Semiclassics

Ωij
n

Polarization ij

Mode number n

When we add a fluctuation the energy is not simply given by εfluct(x) because the fluctuation
will backreact and slightly modify the classical background. The correct energy shift Ω is then
given by the energy of the fluctuation plus the backreaction of the the giant magnon,

Ω(x) = εfluct(x) +
(

εQ
∞(p)

)′
δp ,

where δp is the shift in the momentum of the magnon due to the presence of the fluctuation,
and by momentum conservation it equals −δpfluct(x). Since

(

εQ
∞(p)

)′
= 2

X+ + X−

X+X− + 1
,

formula (2.10) follows.

2.2 GM one-loop shift

The ground state energy around a classical solution, known as the one-loop energy shift, is
given by the graded sum over one half of each fluctuation energy:

δε1−loop =
1

2

∑

n∈Z

∑

(ij)

(−1)FijΩij
n .

The sum (ij) extends over all polarizations as listed in (2.7). It is convenient [7, 27] to rewrite
this sum over n as an integral

δε1−loop = −
∑

(ij)

(−1)Fij

∮

R

dn

4i
cot (πn) Ω(xij

n ) ,

where the contour encircles the real axis. Next, for each polarization (ij) we change the variables
to x via (2.8) so that the integration over n maps to contours which encircle the fluctuation
positions xij

n located outside the unit circle U. For a generic polarization (ij), we can deform
this contour7 in the x plane and obtain an integral over the unit circle plus an integral over
the eventual cuts of the classical solution, in this case the log cut in (2.5). Up to exponentially
suppressed terms, which we are now focussing on, these two contributions were universally
analyzed in [27] and [23] respectively. The possible contribution from the integral over the log
cut is given by the log branch points x = X±, which become pole terms when plugged into the
integral in the x plane (see (2.13) below). It is easy to see that this contribution enters as

O
(

e
− 2π∆√

λ sin p
2

)

and is subleading compared with the contribution coming from the integral over the unit circle
which we will now consider. We shall however return to this point in the discussions.

We therefore have

δε1−loop = −
∑

(ij)

(−1)Fij

∮

U

dx

4i

p′i − p′j
2π

cot

(

pi − pj

2

)

Ω(x) .

7Notice that the orientation of the contour flips in the process.
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[Gromov, PV; Vicedo, to appear]
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1 − p̃−3 = 2πn p̃1(x1̃4̃

n )− p̃4(x1̃4̃
n ) = 2πn1̃4̃

p̃1(x1̃4̂
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n ) = 2πn1̃4̂

To finish, in Benoit III



Loop Expansion, Genus Expansion

’t Hooft large-N limit, genus expansion 1/N2h for genus h diagram.
Feynman diagrams expanded in g and 1/N :

planar O(1/N0) non-planar O(1/N2h)
no crossing lines 1/N2 per crossing

tree level O(g0)
no vertices

higher loop O(g2!)
g per 3-vertex
g2 per 4-vertex

Consider only planar O(1/N0) graphs at arbitrary loop order O(g2!).
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