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Spherical and hyperbolic dodecahedral spaces

The spherical (%) and hyperbolic () dodecahedra.

2n
5

Seifert H., Weber C (1933) the 3 — manifolds (spherical and hyperbolic) by
a pairwise identification of faces of the regular dodecahedra.
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Topological property of dodecahedral hyperbolic space

The Seifert—Weber dodecahedral
hyperbolic manifold is the 5 — fold cyclic
branched covering of the 3 — sphere
branched over the Whitehead link

Best L.(1971), Lorimer P. (1992): Other manifolds arising from the
27 /5—-dodecahedron.

Kozlovskaya Tatyana December 10, 2015 3/19



Hyperbolic icosahedral manifolds

Best L. (1971): Three hyperbolic manifolds, having the Z'—icosahedron as
the fundamental polyhedron.

Richardson J., Rubinstein J. (1982): the complete list of orientable
3—dimensional closed hyperbolic manifolds whose fundamental polyhedron
is the 27 /5—dodecahedron or the 27 /3—icosahedron.
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Hyperbolic icosahedral manifolds

Everitt B. (2004): the complete list of manifolds obtained from regular
polyhedra.

Mys,. .., M —%”—dodecahedron . Moy, .. Moyg — 2{—icosahedron.
M4 and Mas have symmetries of order 3.
Cavicchioli A, Spaggiari F, Telloni A (2009) the hyperbolic 3 — manifolds,

arising from an icosahedron with angle 27 /3. My4 is the 3—fold cyclic
covering of the lens space L(3,1) branched over some 2 — component link.
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The hyperbolic 27 /3—icosahedron and the manifold M5(3,1)

The simplicial complex P3; has 20 faces, 30 edges and 12 vertices.

A; — A; B; — B;, C;—>C;, D—>|37 =123
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The manifold M(3,1)

Theorem [Cavicchioli A., Spaggiari F., Telloni A]

The manifold M3(3,1) is an 3-fold cyclic covering of the lens space L(3,1)
branched over a two-component link.
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Proof [Kozlovskaya—Vesnin]
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The family of manifolds M,(3,1)

Consider the the simplicial complex P,, n > 3. P, has 6n + 2 faces, 10n
edges, 4n vertices. In particular, P3 is the icosahedron.

D P3 P2 P]

A; = A[PiPi1Q; = RiyaPi2Qi1], Bi = Bi[RiPiQi = S$iSipaRivl,
Ci = éi[Q,'R,'S,' — SiQiRiJrl]’ D — [_)[P1P2 600 Pn—l'Dn = 5354 000 5152]

i=1,...,n; subscripts mod n.
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The family of manifolds M,(3,1)

Theorem 1. For each n > 1 the quotient space M,(3,1) = Pn/pn(3,1) is a
manifold.

Theorem 2. The fundamental group of M,(3,1), n > 1, has the following
geometric presentation:

m1(Mn(3,1)) = (a1,...,anm b1,...,bpic1,...,cn;d | a1a2...a,=1,
ajbiod =1, aj cH_llb 1—1, c,-zbf1 =1, i=1,....n).

Theorem 3. For each n > 1, the manifold M,(3,1) is an n-fold
strongly-cyclic branched covering of the lens space L3 1, branched over a
2-component link.
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The family of manifolds M,(p, q)

Consider the the simplicial complex P,(p), n > 3, p = s + 3. Py(p) has
6n + 2 faces, (10 + s)n edges, (4 + s)n vertices.

We add vertices T}, T?,... TF on edges S;Q;, i = 1,..., n, where
additional vertices are numerated in the direction from S; to Q;.

Kozlovskaya Tatyana December 10, 2015 11 /19



The family of manifolds M,(p, q)

Define the pairwise identification ,(p, q) of faces of P,(p) according to
the following rule:

a;: Ay — Ai [P,’P;+1Q,' — Ri+2Pi+2Qi+1]7
bi: Bi — B;i [RiPiQi — SiSiv1Rii1l,

i G =G [QRSTH. .. TP = TPQRSTH... TS, ifg=1;
QRS T!... TP = TE TP QR SiTH... TF 2, ifq=2;
[Q,‘R,‘S,‘ Tl-l 500 Tis — Tl-l 200 TI-SQ,'R,'+]_S,']7 if q=p— 3;
QRSTH... TP -5 ST .. TFQiR11], ifg=p—2;
[Q,‘R,‘S,‘ Tl-l 500 Tis — R,'+15,' Tl-l 500 TI-SQ,'], if q=p— 1;

d: D— 5 [P1P2 500 P,,,lp,, — 5354...5152].
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Manifolds Ms(5,q), g =1,2,3,4

Ms(5, 3)
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The family of manifolds M,(p, q)

Teopema 5

The manifold M,(p,q) (n>1nup=>3,0<qg<p, (p,g)=1),isan

n—fold cyclic covering of the lens space L(p, q) branched over a
two-component link.
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Definitions:

Let p and g - be coprime integers (p > 3) and consider S3 as the unit
sphere in C?. Set group action Z/pZ :

2mi
{ Z—> €ePrZ

2miq
w—r e P w

The resulting quotient space of S3 by group action is called the lens space
L(p,q)
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Definition:

A lens space L(p, q) is the 3 — manifold obtained by gluing the boundaries
of two solid tori together such that the meridian of the first goes to a

(p, q)-curve on the second, where a (p, g)-curve wraps around the
longitude p times and around the meridian g times.

The lens space is that of a space resulting from gluing two solid tori
together by a homeomorphism of their boundaries.
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Definitions:

Any closed orientable 3 — manifold M can be presented as the union of two
handlebodies with common boundary. Such a presentation is called the
Heegaard splitting of M.

Assume that M = HU H' is a genus - g Heegaard splitting of a manifold
M and u=u1,...,uzs and v = vy, ..., v, are meridian system for H, H,
respectively. Then the triple (F, u, v) is called a Heegaard diagram of M.
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OcHoBHble onpeaenexHns: guarpamma Xeropa

Hdnarpamma Xeropa

Jlroboe 3aMKHYTOE OpUEHTMPYyeEMOe
3-MepHoe MHoroobpasue M Mo)KHO
NpeacTaBuTb B BUAE 0bbeANHEHS
OBYX MOJIHBLIX KpeHaenel ¢ obuwum
KpaeM. Takoe npeacrasieHue
Ha3blBaeTCs pa3bueHuem Xeropa
MHoroobpasus M.

Mycte M = H U H'-pasbuetne
Xeropa poga g MHoroobpasus M n
u= u1,...,ug,v: V1,...,Vg—
cuctembl mepugunatos H, H'. Torpa
Tpoiika (F, u, v) Ha3biBaeTCst
AmarpaMmMoi Xeropa MHoroobpasusi
M.
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OcHoBHble onpeaeneHns: IMH30BOE NPOCTPAHCTBO

JInH30BOE MpocTpaHCTBO

Mycte p>3,0<qg<pwnu(p,q)=1.
PaccmoTtpum p — yronbHyto
bunupamugy. ObosHaumm Yepes

Ao, A1, ..., Ap—1 BEPLWINHBI p —
YrofbHUKa, Hepe3 S; n S_ - BepLnHbI
KOHYCOB. [lnsi KaXk[oro i CKJIeMM rpaHb
A,'5+A;+1 C rpaHbiO Ai+q5*Ai+q+1
(nHpexcbl BepyTes no mogynto p).
Mony4nelueecs NpocTpaHCTBO -
JINH30BOE NPOCTPAHCTBO L 4.
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manifold volume homology groups
Ms3(3,1) | 4.686034273803. .. Zg

M4(3, 1) 9.702341514665. . . Z3 D 21>
Ms(3,1) | 14.319926985892. .. Zs @ 7Us O Z1s
Mes(3,1) | 18.649157163789. .. Z3 & Zg B Zis
manifold volume homology groups
M5(3,1) | 4.686034273803. .. Zo ® Zag
My4(3,1) | 3.970289623891. . . Z3 B 73 P Ze
Ms(3,1) | 14.319926985892. . . Zs ® s ® Zs
Me(3,1) | 14.004768920617. .. Zg © Lo

program " Recognizer”
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