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- HOLOMORPHIC DIFFERENTIAL FORMS OF HIGHER DEGREE ON

KUGA’S MODULAR VARIETIES
UDC 5174

V. V. SOKUROV

ABSTRACT. In the paper a canonical isomorphism between the space of cusp forms
S, +20) of weight w + 2 with respect to the modular group I' and the space of
holomorphic differential forms of higher degree on Kuga’s modular variety By is con-
structed.

Bibliography: 6 titles.

The main aim of this work is the proof of Theorem 5 (see [6]). The case w = 0 of this
theorem is classical, and the case w = 1 has been proved by Shioda [5]. The latter paper
served as a departure point for the author. At present M. Kifer and I. Skornjakov have
obtained the corresponding results for the Hilbert modular group. The author expresses
his gratitude to Ju. I. Manin, in whose seminar this work was done.

§0. Main results

0.1. All algebraic varieties, their morphisms, and differentials to be considered below
are defined over C. Let B denote a nonsingular projective surface with a canonical
projection ®: B — A and a section o: A — B. Assume that its general fiber is an elliptic
curve and A is a nonsingular projective curve. A point v € A is called a point of
nonsingular type if the fiber B, = ®!(v) is an elliptic curve. Let A’ be the set of points of
nonsingular type and B’ = B|, (B restricted over A’). Then the nonsingular algebraic
variety

(B*)Y =B"XB'X ... X B’
A A A’
w
is defined for any natural number w. The variety (B*) has a smooth canonical
projective compactification B" which is constructed in §3 proceeding from a singular
projective compactification B*. The construction of B* is given in §2. The variety B”
has a canonical projection ®: B* — A and is called Kuga’s variety [6].

0.2. Let T be a subgroup of finite index in SL(2, Z). We will consider pairs (I', w), w

being a natural number, such that for odd w one has

— E¢T. (*)

In the case (+) a nonsingular projective elliptic surface By is canonically defined (see §4
of {5]). This is an elliptic surface over A, the corresponding modular curve. In the case
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120 V. V. SOKUROV

when the condition (*) does not hold one can construct a certain nonsingular projective
elliptic surface By over a modular curve A with the functional invariant J; = j © ¢@r (see
Lemma 1.5). Here j is the absolute invariant function on SL(2, Z)\ H, and ¢y is the
following canonical projection:

Ar=I\H—SL2,Z)\ H.
The nonsingular projective variety By is called Kuga’s modular variety.

0.3. MAIN THEOREM. a) There are canonical isomorphisms
H® (BT, Q") >~ Swsa (), H“™ (BT, O) ~ H°(BY, Q") ~ Sy 1),

where S, ,(T) is the space of T-cusp forms of weight w + 2 (see §2.1 of [4]).
b)

dimH(BF, 0" = @+ g —1)+ 2 & @) +v ()

1 () +v(IVY) [&gﬁ] + (D) + v (UI°) [ﬂfl] , if w is even;

dimH® (BF, Q") =@+ 1) @—1)+ 3} v () 9’2_

b>1

+ 3 vt 2L vy ["’T“_] . if wis odd,

b>1 2

where v(*) is the number of points in A of type * (see §1) and g is the genus of the curve Ar.

To part a) of the theorem corresponds Theorem 5.6, and to part b) Corollary 5.7. [J
0.4. Let us describe as a complement to the theorem the homomorphism

Sw+? () - H° (BT, Q°™), @+ 0o, 0.1)

which is the required isomorphism in the case (s). Let H’ = H — SL(2, Z){n}, n = &™/3,
and A’ = T\ H’ C A;. Then there is a canonical isomorphism (see Proposition 5.2 b))

Br|, =~T X Z* X Z"\H' x C°,

where the group I' X Z*¥ X Z” (semidirect product) acts on H’ X C* by the following
rule:

(v, n, m): (2, §) > (vz, (cz+d)t (£ +2n+m)) 0.2)
fornmeZ*=2Z X --- XZ(wfactors),z € H',{ € C",

vz = “+Z for y=(‘; ’;) ¢I'cCSL(@2,Z).

Let ® € S, ,(T). Then it follows directly from the definition of @ that the differential
form of degree w + 1
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Odz \dG, A ... NdG (0.3)

is holomorphic on H' X C* (C" =C X - - - X C (w factors); { = ({;, ..., §,)) and is
invariant under the action of I' X Z* X Z*. Consequently, the form (0.3) defines a
holomorphic differential wg of degree w + 1 on the open set Bf|, C By. Since I' X Z*
X Z” acts freely, properly, and discretely on the analytic variety H’ X C", the differential
wg is extended to a holomorphic form on By and hence defines the map (0.1).

0.5. REMARKS. a) In this paper w is always assumed to be a natural number. The
corresponding results for w = 0 have not been formulated. The author has not described
them because they are classical.

b) The variety B* is obtained fromf B* by a resolution of singularities. In §4 the
rationality of these singularities is proved. Therefore any resolution of By serves for
Theorem 0.3. There is always some resolution defined by the results of Hironaka. In §3
we construct a canonical resolution.

§1. Elliptic surfaces

Denote by A a nonsingular algebraic curve. Let B denote a nonsingular algebraic
surface with an elliptic structure. This means that a canonical projection ®: B - A and a
section 0: A — B are defined such that the general fiber of @ is an elliptic curve.

Let E be an open subset of A with respect to the C-topology (all topologies considered
in the paper correspond to an analytic structure of varieties). By B|; we will denote the
analytic space ®~!(E). If E is a real topological manifold with a boundary in A then B|,
will denote the topological manifold with boundary ®~!(E). Moreover, we will denote
by B, a geometrical fiber of ® over a point v € A. The restriction symbol | will be used
also for arbitrary varieties with a projection on A.

Before we state the classification theorem on fibers of an elliptic surface we recall the
meaning of the expression

By = 80,0 -+ Z Mv,i®v,i’

i>1

0, are different components of the fiber, and p,; are its multiplicities. We assume that
0,, is the component containing the point o(v), and that its multiplicity is equal to 1.
Sometimes, if no confusion arises, the index v in ©,; will be dropped. In the sequel we
everywhere assume for the surface B that the ©,; are not exceptional curves of the first
kind and the functional invariant J is not constant.

1.1. THEOREM (KODAIRA). The fiber B, is one of the following types:

Iy: B, = O, ©, being a nonsingular elliptic curve;

I,: B, = B, ©, being a rational curve with a node gq;

I,: B,=0,+ 0, 0, and ©, being nonsingular rational curves, 8,- 0, = q, + g,
where q, and q, are two differential points;

II: B, = ©,, O, being a rational curve with a single singular point which is a cusp;

III: B, = O, + O, O, and O, being nonsingular rational curves, ©,- 0, = 2g4;

IV: B, = 0, + ©, + 0,, 0,, 0, and O, being nonsingular rational curves, 8,- 0, = 0,

0,=0,-0,=4q.

In the remaining cases all components O, are nonsingular rational curves such that two
different components ©; and ©; (i < j) meet each other at at most one point. Below only
nontrivial intersection indices will be noted.
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: Bb=8,+0,+ ... +6,, 6>>3), (8,-0,)=(®, -6, —
- = (Bpg - Bp—y) = (Bp, - 60) =1;

Iyt Bo= 0,+0,4 0,+0, + 20, + ... +20,, (6>>0), (8,- 0,
= (®1 : ®4) = (®4 : ®5) = e = (@b+s : ®b+4) = (®b+4 : 92) = (®b+4 ‘ 63) =1;

II*: By =0, 20, 130, 40, 1+ 50, -+ 66, + 48, + 30,128, (8, - 0,)

=(0,:0,) = (0, Byg)==(0, - O5) = (05 - Og) = (85 - O;) = (B4 - Og) = 1;

II*: By=8,+ 20,36, 1 48, + 30,4 20;+ 20, +8,, (8,.0,)=(8, -0,)
=(8; - B5) = (8- 05) = (05 - Og) = (8; - B) =1;

IV*: By= 8, 26,4 30,28, 420, + 0,4 8,, (8, 8)=(©, - 0,)
= (82' B3) = (8, - @4)=(®s ' @5)2(94 : 65)21- D

The theorem is a direct corollary of the existence of the section o and of Theorem 6.2
of [3]. A fiber of type I, will be called nonsingular; other fibers are called singular.
Moreover, a point v € A will be named by the type of B,. There exists a finite subset
2 C A which contains all points of singular type. In the sequel we assume furthermore
that J(Z) N {0, 1, 0} = @, where J is the functional invariant of B.

In §§2 and 3 projective varieties B” and B* (the latter is nonsingular) will be
constructed. Now we will define the surfaces B' and B'. B! is constructed from B by a
sequence of monoidal transformations centered at points of fibers of types II, III and IV.
In a fiber of type II we make the monoidal transformation centered at the singular point
g. The new fiber over this point is of the form ©, + 20,, the ®, being nonsingular
rational curves with ®,- ®, = 24’. Making the monoidal transformation centered at ¢’,
we obtain a fiber of the form 6, + 20, + 30,, the 0, being nonsingular rational curves
with ©,- 0, =0, -6, = 0,- 0, = ¢”. The monoidal transformation centered at g”
defines a surface B' over a point of type IL. In the case of a fiber of type III we first
make the monoidal transformation centered at ¢, the point of intersection of the
components. Thus we obtain a fiber of the form 6, + &, + 20,, the O, being nonsingu-
lar rational curves with 0, 0, = 0,- 0, = 0,- 0, = ¢’. The monoidal transformation
centered at this point defines the surface B' over a point of type III. For points of type
IV the surface B! is defined by the monoidal transformation centered at the point of
intersection of the components. B! has a canonical projection ¢': B! — A. The proof of
the following proposition follows from the construction of the surface B!.

1.2. PROPOSITION. B! is a nonsingular projective surface. A fiber B! depending on the
type of the point v has the following form:

Ifvis of type I, (b > 0), I¥ (b > 0), I1*, I11* or IV*, then B! = B,.

In other cases all components ©, are nonsingular rational curves. Writing only nontrivial
intersection indices, we have, if v is of type

I1: B;=0,+20,+30, 160, (8, 8;)=(8, 05 =(8,- 0 =1;
Ul: By =0,+0,+20,+40,, (8, - 8;) = (8, - O3) = (6, - O5) =1;
IV: By=0,+0,+0,+308;, (0, 05) =(0, - 0)=(0,-0)=1. O

The following proposition defines a normal projective surface B':

1.3. PROPOSITION. There exists a unique normal projective surface B' which is obtained
by blowing down connected components of the following curves (the type of the fiber B!
corresponds to the type of the point v) on B':
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B, U 8, U 0, U B, in a fiber of type I} (b > 0);

B, UB,uU0B,UB;,uU0B,uU B,uU O, U By in a fiber of type I1*;
B, U B, UB,UB,U 085U Oy U 0, in a fiber of type I11*;

O, U B, U BO;uU 0,U O; U Ogin a fiber of type IV*;

0, U 0, U 0, in fibers of type 11, 111, IV. [

In the notation of [3] (Chapter 8) we have

1.4. COROLLARY. a) For points v of type 1, I§, 11, 111, IV, I1*, I11* or IV* there is an
isomorphism of analytic spaces

B~ C\F, (1.1)

where C is a cyclic group of order k = max{ u,;}
b) For points v of type I¥ (b > 1)

B! |, =~ {)\F, (1.2)

where t is an involution. In both cases E denotes a sufficiently small disc centered at the
point v.

PRrOOF. The construction of Chapter 8, iv, v, of [3] immediately implies the normality
of the analytic spaces C \ F and {¢} \ F. Therefore the process of constructing B'is
inverse to the resolution of singularities (Chapter 8, iii, of [3]) of C \ F and {¢}\ F. On
the other hand, the process of blowing down exceptional curves in fibers of type II, 111
and IV is inverse to the construction of the surface B'. []

The local descriptions of the surface B' directly imply the existence of an analytic,
and by §1.3 also an algebraic projection ®' with the following commutative diagram:

B! _\F_‘_, El

where ¥' denotes the blowing down of Proposition 1.3.

Let G be the homological invariant of an elliptic surface B. Fix some point 4, € A’ =
A — 3. Let us consider a closed path 8 on A’ originating at u, Then the natural
connection on B|,, defines a homomorphism of the homology groups

sg 1 H, (Bu,, Z) > H, (Bu,, Z), (1.3)

which corresponds to this path. Fix some negative definite basis e;, e, in the group
H\(B,,, Z) (that corresponds to the choice of periods z € H, 1 of the elliptic curve B, ).
Write the homomorphism sz in the basis ¢, e, as a right action of a matrix Sp €
SL(2, Z). The given matrices define a representation

S:n (A)—>SL(2,Z) (1.4)
of the fundamental group 7,(A") = 7,(4’, uy). Representation (1.4) uniquely defines the
sheaf G. Each matrix (¢ 4) = Sg, where B is a small positive circle centered at some point
v € A, is conjugated in SL(2, Z) to one of the following matrices:

i((l) f)<b>0), i(‘l’ “i) + () “(l)j i(‘i “(‘))

The last matrix is determined uniquely by the point v and is denoted by 4,. 4, will be
called the normal monodromy form of an elliptic surface in the point v € A. The matrix
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A, determines the type of the point v (see Table 1), which is a direct corollary of the
construction of Chapter 8 of [3].

TABLE 1

Type of a * . I . I *
point v Iy Ip 11 111 v II I v

o (GO ICIE I

The arguments of the beginning of §8 of [3] easily imply the following result.

1.5. LEMMA. For any rational function J € C(A)\ C on A there exists an elliptic surface
B over A with the functional invariant J. []

PrOOF OF ProposITION 1.3. By Artin’s criterion (Theorem 2.9B of [1]) it suffices to
prove the negative definiteness of the matrix ||®,- ©,||, where the ©, are connected
components of the blowing down ¥'. After a suitable permutation of ©, the intersection
matrix has the following form:

—2 1
1—2". 0
B n.
Ly
—2 1
0 1
1 -2
The corresponding quadratic form (n > 1)
n-1
—xf—x,’,———z (xk—-Xk+1)2
k=1

1s negative definite. [

§2. Construction of the variety B

Let w be some natural number. In this section a projective algebraic variety B*
equipped with a canonical projection ®*: B — A is constructed from B and w. In §§2.1
and 2.2 an analytic construction of B* and ®" is described. Theorem 2.3, using a
noncanonical algebraic construction of B*, proves the projectivity.

2.1. Let U’ be the universal covering of A’ and Z: U’ — A’ a canonical projection (base
point ;). There is a multi-valued analytic function z(u) defined on A’ such that
Jj(z(w)) = J (u), where j is the absolute invariant. A choice of a negative definite basis e,
e, of the group H,(B,, Z) determines the choice of a branch of z(u) at the point u,. Let
z: U' - H, i@ - z(i) be the corresponding single-valued function on U’. Let S be the
representation (1.4), and denote by B: @ > Bi, B € 7,(4"), the action of the fundamen-
tal group on the universal covering U’. Then

2@ =2l _ 5 @), 2.1)
cz (u) +-d

where S; + (¢ ), B € 7,(4). For B € 7,(A") the analytic function

fo @) = (cz @) +d)™

is defined on U’, for which
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fov (@) = f (1) - F @)

for any B, y € m,(A"). Define an action of the group §* = «,(A") X Z* X Z* (semidirect
product) on the analytic variety U’ X C* as follows:

®, 7, m): @, ) — @B, fo @) C+z@)n+m), (2.2)

where 8 € m(A), n, m € Z”, it € U’ and { € C*. The group §* acts properly, dis-
cretely and without fixed points. Hence the analytic variety

is defined, which has a canonical projection ®*|, on A’ induced by the map (%, {) >

(#@). It is easy to prove the existence of the following isomorphism (the horizontal arrow)
with a commutative diagram (Chapter 8, I, of [3]):

E‘”IA,zBlA,Zf ceo X Bly

- w
ad IA\‘ /d>[A:><,...A>§<15\A'
A Ay
w

The rest of the construction of B consists in a compactification of B*|, over points of
= and an analytic continuation of ®”|,..

2.2. Lety, € 2 = {u,, ..., u}. Denote by 7 a local parameter at the point #; and by £
asmalldisk |7| < eon A;set E' = E — u,.

() If u; is one of the types I, I, II, IT*, III, III*, IV or IV*, then the analytic variety F
(see Corollary 1.4 and Chapter 8, ii, iv, of [3]) is an elliptic fibration over a disc
D = {6 € C| |o]* < ¢}. Following Kodaira [3], we will denote points of F by [0, {],
where { € C is considered modulo the lattice Z + z(6)Z over D. Let F* be the analytic
variety

F°=F X ... XF,
D D
w\_/
w

We will also denote by [0, {], { € C”, the points of F”. For suitable 7, { and o the action
of the group C has the following form:

e’K : [0': c] ing [euo', fl (0) C], (23)

where ¢, = ¢ is a generator of C and f,(0) is an analytic function from Table 2. The
functions z (o) describe the lattice which defines F".

27 /x

TABLE 2
Fiberatype 1, l; I I l I I* v Ve h
» tlz2] s & | 4 | 4 | 3 | 3
n—nfo? g —nio® | itic® | itic? | n—nih | q—nid
z(0) | —|—]1—0® | 1—0® | 1—0® | 10| 1—0o* | 10"

h= h=2 h= h= h=2 h=1
(mod 3) | (mod 3) (mod 2) | (mod 2) (mod 3) (mod 3)
i@ |1 |=1| —20@|@+D)Y —z@) | 207 |—(@O@+DHT z(0)™
J (v) c| C 0 0 1 1 0 0
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Here h = ord,(J — J(v)) and n = ¢*™/3, Formula (2.3) defines also an action of the
group C on F" in the coordinates [0, {]. C acts on F" properly, discretely and with a
finite number of fixed points.

Therefore the analytic space Ele = C\ F" is normal with a finite number of
singular points. The function ¢*, which is regular and invariant on F*, induces a
projection 6W| E B ¥|g — E. There exists an isomorphism (the horizontal arrow) with a
commutative diagram:

Byl = Blile o

B |pr l;\EuA‘” e |E

Thus a compactification of B” and an analytic continuation of the map 5‘“( A are
defined over points with finite monodromy.
(ii) If u; is of type I,, b > 1, then the analytic space

“1. =Bl .x ... xXB
s=Ble X ... X Bl
N— N —

w

is defined with a canonical projection

5’”]E:<D|Ez< b XD
—~—

w
Since in this case we also have an analytic isomorphism (2.4), B*| and ®"|; define a
compactification of B"|, over points of type I,.
(iii) In the case when the point u; is of type I}, b > 1, we let

F*=FXF X ... XxF.
D D D
&—/\w/\_/
The involution ¢ (see Corollary 1.4 and Chapter 8 of [3]) determines an analytic
involution on F”. Hence the analytic quotient space B’ “Ig={t}\ F” is defined
Moreover, since the projection is an invariant analytic function (equal to 6% in the
Kodaira coordinates (o, w) [3]), a projection ®*|, is defined. The pair B¥|,, @,

defines a compactification of BWI A OVer u,.

2.3. THEOREM. B* is a projective algebraic variety. In particular, ® is an algebraic
morphism.

REMARK. The varieties B! defined in 1.3, 2.1 and 2.2 coincide.
ProOOF oF THEOREM 2.3. To each point u there corresponds a natural number

x; = max{ p, ;}. Let k, be the least common multiple of k;, . . ., x,, and letd = &, - - - K.
Then an abelian cover ¥: A — A of degree d, with d/k; rarmflcatlon points of index
k; — 1 over the point ; (0 < i < ¢) and nonramified over A’ — u,, is defined. The lifting

of invariants ¥*(J, G) defmes an elliptic surface B over A with fibers of type L®>1
only. Let

=B X B.

——— T —
w

>UX
>l X
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The abelian cover ¥ defines a cover ¥*: B* — B with the following commutative
diagram:

v

Bl
P adv ]

—

Therefore both B* =~ C \ B and B (C being the finite abelian group of the cover )
are projective algebraic varieties. []
§3. Kuga’s variety

In this section a nonsingular projective variety B* is defined by resolving singularities
of the variety B” constructed in §2. B” is called Kuga’s variety associated with an elliptic
surface B. The canonical projection ®”: B* — A is the composition ®* o ¥*, where ¥" is
a resolution of singularities s(B™) of the variety B”. By s(91L) we will denote the singular
locus of an algebraic variety or analytic space 9.

3.1. (i) Let p and w be natural numbers, p > 1. There is an action

en: (0, §) = (e, €3'Y)

of the cyclic group C of order p on the analytic variety C X C”, where e, = ¢*™/* is a
generator of C. Let

M =C\C X C”.

The analytic space 90} has one singular point, the orbit of (0, 0). Denote by N, an
analytic space which is a connected open set containing the point s(9U) of 9.
(ii) Just as in (i), the action

en: (0, 9)— (6.0, €,'0)

of the group C on C X C" defines an analytic space N, with one singularity, the orbit
of (0, 0).

(ii1) Let w, and w, be integers, w; > | and w, > 0. Denote by X,, ¥,,..., X,,, ¥,
and Z,, ..., Z, coordinaies on the variety C*1 X C*2. Then the system of equations
X, Y =--- =X, 7Y, defines an analytic space "2 in C?1 X C*2. A connected

neighborhood of the point (0, 0) in 9**2 will be denoted by N**2,

The analytic spaces 9% ,, N%, and 9U*+*2, N*+*2 are provided with projections @7 ,
and ®*"*2 on a neighborhood U C C of the origin, induced by maps o*, p|«x and (X, Y,)*
respectively. Let M be an analytic space with a projection ®: M — A. We will say that a
point ¢ € M is of type (£ p, w), or (w;, w,) if the following commutative diagram is
defined:

NGM
@] lo
UcA

where horizontal arrows are isomorphic imbeddings and ¢ is contained in the image of
the upper arrow, while N = NY,, N = N*"2 and @ = ®% ,, & = ®""* respectively. It

is easy to show that the type of a point is uniquely defined except the case (—2, w), =
(2, w). Letting p = 1 in (i) or (ii) and w, = 1 or 0 in (iii), we introduce nonsingular types



128 V. V. SOKUROV
of points (£ 1, w),, (1, w,); and (0, w,);.(") The type (0, wy), = (%1, w); describes nonsin-
gular points of M in which the projection @ is regular at k = 1.

3.2. PROPOSITION. Table 3 expresses the dependence of the type of a point of a fiber f!:,“’
on the type of point v € A.

TABLE 3
Type of a point v€A | I, II, 1L, IV ullo.-' s, L, 6>1 ' I 6> 1
Type Of_a_p()int (w, w)fr (—mn, w)f, (@, wy); .| (@i, @), Wy +w, = w;
c w
9€ B, Bl Blx | @Fw=w| (Epw), b= 2).

_Denote by 5;,(B*) the reduced variety of singular points of type (w,, w,),. Let ¥*:
B” — B* be the monoidal transformation centered at s,.(E *). We will say that a point
q € M is of normal type if a neighborhood of this point is represented by a neighbor-
hood of the origin in C” such that the projection ®: M — A is given by the function
Y. - - Y, where the n, are positive integers and the Y; are coordinates on C*. If each
point of a fiber M, is normal, we will say that the fiber is of normal type.

3.3. THEOREM. ¥ resolves singularities of type (w,, w,),. E,.“’ is a projective variety with
fibers of normal type over points of type 1, (b > 0). Points of the remaining fibers are of
normal or of finite type (* p, w);. (The canonical projection @ = @* o ¥}.)

Let D, be the reduced fiber of B over a point v € A. By the monoidal transformation
over the point v we will mean the monoidal transformation of I?,-W centered at (« — 1)D,
if v is of type I, (b > 0), IL, III or IV, or the simultaneous monoidal transformation of
BY centered at D, . . ., (« — 1)D, if v is of type 1} (b > 0), IT*, III* or IV*. Denote by

7 the composition of monoidal transformations over all points v € A. The last
transformation does not touch fibers of type I, (b > 0). Let ¥* = ¥} o ¥} and denote
by B" the image of this transformation. B” has a canonical projection ®* = ®* o ¥*.

3.4. THEOREM. BY is a nonsingular projective variety with each fiber of normal type.

Theorem 3.3 permits us to reduce the investigation of the transformation ¥* to the
local case; that is, to consider it as being defined on an analytic space N¥ ..

Let (X, Yy, ..., Y,), (u: v;: - - - :0,)) be coordinates in the space C**' X P*. Then
the regular map

W= () > C X P,
the orbit of (G, &, ..., Co)— (6", T, ..., &), 0:5: ... 1 Lw))
is defined. Let 9U denote the closure of the image of the map (3.1).

(3.1)

3.5. LEMMA. a) (3.1) is a biregular imbedding.
b) N is a nonsingular variety.

Proor. a) The injectivity of (3.1) is obvious, and the regularity of the inverse map
follows from the fact that any branch of the function Vz , z € C, is regular on a small
neighborhood of a nonzero point.

YThis is C*2*! with projection Z§, Z, being the first coordinate.
1
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b) The charts Wy = {u, # 0}; W; = {v; # 0} (1 < j < w) cover .
In these charts 9U is given in coordinates X, v;/u;; Y, u; /v, v;/v; (1 < 1 < w, [ #))
by the equations

W,NA: Y;=X- (%)” ) (32
1
()
U,
i
W/] AN: o\ 3.3)
b
Y
Hence 9 is nonsingular. []
By this lemma a birational map
N> N (3.4

is defined and is inverse to (3.1). Let D be the fiber over the origin for some projection
o,
n

3.6. LEMMA. The map (3.4) is extended to a regular one |k which is the monoidal
transformation centered at (x — 1)D.

Consider the following map into the space C**' X (P*)*~! with coordinates ((X,
Yoo Y), (upiope o o0, (U 2 0t Oy 1))}

N 2u—s (2 — C°F o (P,
the orbit of (0, &y, ..., ¢ ) (O &, ..., &), (087 ... BT, (3.5)
ceey @7 Ll E).
Denote by 90 the closure of the image of the map (3.5) (this will not lead to confusion

with the preceding or the following, since we will always indicate the map to which 9
corresponds).

3.7. LEMMA. a) (3.5) is a biregular imbedding.

b) N is a nonsingular variety.

PROOF. It is evident that the open sets {v; # 0} (I < j < w), {#_v,; #0} 2 < i <
p — 1) and {(u,_, # 0} cover . It follows from the relations (i < n < p — 1)

’

n n-n

¢ i U n-i - -t U1

Un =Un,j - (——) YT, ol =oh) [ 2
Yi.; Y7

which hold for points of the set 9N N {y; ; 7 0}, where 1 < [ < w, ] # j, that there exists
an inclusion ’

A N {v,; 770y i<nr<]u_1 {Un,j % 0}. (3.6)

By analogy the relation (1 < k£ < i —1)

. : Y1 k ik
L -1 t-1, 1=-R-1
g p=ur - |—L . Y]
Ui

for points of 9V N {u;_, # 0} implies the inclusion
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N N {Uia=0C () {0} 3.7
1Sk<i-1

Let us introduce the following charts on the variety C**! x (P*)*~!:

Wi- = Uu 0 '( ) .
(1, =N, fons +0)
Since W} = W}, for brevity we denote this chart by W*. The inclusions (3.6) and (3.7)
imply that 9 is covered by charts W/ (1 < i< p— 1) and W*. In each chart we
distinguish some subsystem of coordinates and relations which express other coordinates
of points of 9 via the distinguished ones:

Wi: vy . X = Uy \M B-1 _{ Yu-1t H
it Yi Vs Ouer,t/Vp-s,js —( ) Y, Y= —=] .Yy,

Uni Up-1,j

n u-n
Uy U Yﬂ-l Un,1 ”__ Up1,l .
ey Y o,
n, j Lj Yn,i Up-1,i

W;: i F'—l): Vi-1,j/li-1, ui/Ui,j, UM.—I.I/UH:-].]a
ol e
Uiq Uii Uiy Uy,j
v,— (__) . (__) : (_) 3.9)
vu.—1,j ui-l vi.j
e ( ”1—1) (”i,f) "oy _<”u-1,i) (”t—l) ("t.f) '

3.8)

n-{ n-i+1 ~n
Uy . ( vi-l,f ) ( U ) vn,l . ( Uu-],l)“ .
- ¢ ’ ARt E— ’
0, . u, v, . v, . v .
n, -1 , 3 -1,
! : o S (3.10)
u wer [ Zueni |\ Pk peber [ Guerg VM
W . X, Uu-l,i/uu,—l, Yj:X . (-——'-) , ——-'——_—X . —_—l .
ull--—-‘ uk ulL’l

Hence 9U is nonsingular. The injectivity of (3.5) is obvious, and the regularity of the
inverse map follows from the fact that the image of the map (3.5) lies in charts ;' and

W* with distinguished coordinates (3.8), (3.10) and the branch of the functions \7;’1_ and

VX is regular on the corresponding chart. []
By virtue of this lemma a birational map inverse to (3.5)

HN=ems W2, (3.11)
is defined. Let D be a fiber for some projection @~ ,.

3.8. LEMMA. The map (3.11) can be extended to a regular one p|x which is the
simultaneous monoidal transformation with centers at D, . . ., (x — 1)D.

PrOOF OF LEMMAS 3.6 AND 3.8. a) Let us prove-first of all that the maps (3.4) and
(3.11) can be extended to regular ones. The local ring of the singular point of the spaces
Iy and I, is generated respectively by the functions

i i !
o° -Gt .. L

where i, . . ., i, are positive integers with iy + - - - + i, = p, and by
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w i iy
o ’ 0’@1, LIRS ) O.Cllh 1l L w
where i), ..., i, are positive integers with i; + - - - + i, = p. Therefore it suffices to

check the regularity of these functions on 9U. The expression of the functions in charts
covering 9 produced below proves their regularity:

. . 3 i /0w
W,N A ol gL ;wzx.(_"l_)‘ (_w) :
U Uy
) ; i v i1 v, A\l o\ ‘w
Wiﬂ‘/V‘: o' . i, lww:(i)o. (1—1 ) _Yj(l+l> . (_) ’
v v; v; v;
{ 18 Uw—ll i ) e Uu—ll “
Win o ot =X, ol =t - L), dE— ] (_ Y
u-1,j L#f,1=1 “n-1,j
Wi S ol =Y, - (i);
i

Wi > 1) og,:(i?f_). (i); o — X; Gci:X,(vz-l,z);

i-1 Ui,f
w
LT WA N S Gl 1| (_vu_-l.,-)
=1\ fumt
Let 9" — 9%, be the monoidal transformation corresponding to Lemmas 3.6 and 3.8.
Then 9L’ is the closure of the image of 9%, — D for the following maps relative to
(+9 - ):
the orbit of (0, §) > (the orbit of (g, §), (6™: 6" & : ... : 6" 'Cu))s
the orbit of (g, {) > (the orbit of (5, ), (@™ : ... to™H ... L )

where k; + - - - + k,=p—i,1<i< p—1,0< f<«/p From the relation

Ry, p-i -1 N
e o T I (<!
follows the existence of a regular map I’ — 9 for the following commutative diagram:

N N (3.12)

w
tu

b) All fibers of 9 for the projection o* = X*/* are of normal type, as follows
obviously from inspection of the charts (3.2), (3.3) and (3.8)«(3.10). Therefore the
functorial properties of monoidal transformations yield the existence of the arrow
inverse to the horizontal one in diagram (3.12). [

ProoF oF THEOREM 3.4. Theorem 3.4 is a direct corollary of Theorem 3.3, Lemmas
3.5-3.8 and the normality of fibers of 9 at the canonical map X*/* (see item b) of the
proof of Lemmas 3.6 and 3.8). []

Let (4/”: v/V: u/Y: v/¥) be coordinates in the space (P*)***1~ /2 (the upper indices i, j
are symmetric). Then we can define the regular map
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W, (w,~1)

N (W) > T (P P (3.13)

(le yl, LA ] Xw,» Yw,: Zly .. ) Lo ((Xp Yl) ey Z]_y .. -)’ LR ] (X[:Y{:X]:Yj)),

where 1 < i < j < w,. Let 9 denote the closure of the image of (3.13).

3.9. LEMMA. a) (3.13), being obviously a biregular imbedding, defines a regular extension
of the inverse birational map

Neon O (3.14)

The map (3.14) is the monoidal transformation centered at s(N""2).
b) 9 is a nonsingular variety.
c) All fibers of OU for the canonical projection (X,Y,)* are of normal type.

PrROOF OF THEOREM 3.3. Theorem 3.3 is a direct corollary of Proposition 3.2 and
Lemma 3.9. [

In the proof of Lemma 3.9 we may obviously assume that w;, = w and w, = 0. Let
xo € 9U. Define the oriented graph I'(x,) whose vertices are integers 1, 2, ..., w such
that vertices i and j are joined by an edge 7 if u// # 0 or v/Y # 0. An ordered collection
of points i}, ..., € I'(xy) is called linearly ordered at the point x, if i i, , € I'(xp),
k=1,...,1—-1

3.10. LEMMA. a) For a point x, € N, j € T(xo) and jk € T(xp) imply ik € T(x,). More
exactly, if u’ # 0 and uf* 0, then u* # 0.

b) For any point x, € I a linearly ordered collection including all vertices of the graph
T'(x,) is defined.

PrROOF OF LEMMA 3.9. b) In view of Lemma 3.10, for any point x, € 9U a linearly
ordered collection consisting of all points 1, 2, ..., w is defined. By symmetry of the
pairs X;, ¥; on 9 we may assume that the given collection is 1, 2, . . ., w. By virtue of
symmetry within the pair X,, Y; we will assume that at a point x, € 9, and hence in its
neighborhood, we have u/’ = 0, where 1 < k < / < w (k! # 0 by the definition of
linear order at the point x,, and the remaining inequalities hold by Lemma 3.10 a)). Then
local coordinates X, u/"\"'/u/~" (2 < I < w), v|?/u}? are defined in the point x, of
9. In fact, 9N can be given in the chart N {u*’ %= 0} C N**2 X (P} ~1/2 by the

following relations:
I-1,1 1,2\ -1,
u ' U w1
-1 1 1-1
Xl—l = Xl . Fw ) yl X2 : ’ Yl = Yl—l . il ’
u -1, ul,z u -1,
l K 2 4
k1 k1 PR k.l k-1 [-1,1
TR Y k1) kI N\ RiI-1 -1, | ’
“ “ u)ooou U N
R, k+1 k-1,k k—1,k ¢ R k41 k1 k-1 l-1,1
U, A up (”k u" [ w” ( wy
kkt1 | k-1,k k-1,k rher |7 kLRI -1 |
Up'py Up Up \uk+1 U Uy 7
¢) Since the canonical projection is of the form

ub? 12 w -1l 2 *x

X, - Y= [Z]x 11 Lol % X3, (3.16)
ulr? ule2 ul—l,[
2 2 =3 ] /

I
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in a neighborhood of the point x,, we have that all fibers are of normal type.

a) Now note that by the monoidal transformation centered at s(9(*"*2) we mean the
simultaneous monoidal transformation centered at components of s(9U*"*2). Then a)
obviously follows from the explicit equations of the components

Xi=Y;=X;=Y},

wherel < i<j<w,.

PROOF OF PROPOSITION 3.2. a) Consider a point v € A". By the definition of A’ this
point is of type I,. From §2.1 it directly follows that the fiber B = B, is of nonsingular
type; thatis, (0, w), = (=1, w),.

b) Suppose now that the point v = u, € 3 is one of the types I, I, II, IT*, III, III*, IV
or IV*. Let p € F*, and let C*/* be the stationary subgroup of this point (see §2.2 (i)).
In a neighborhood of p let us introduce coordinates (depending on the type of the point

v):

lo’ l;: g"’“;—P,
I I, 10, 1 2 e (1—6%) (E—p), (3.17)
IV, IV*: Lo (1 —0™) (E—p).

The action of the group C*/* takes the following form in the coordinates (3.17):
W =g, (0, 5> (€0, €a D), (3.18)

€y

where + corresponds to types I, II, III, IV, and — corresponds to types Ig, I1*, III*,
IV*. Therefore the image of p in the quotient space C \ F” = E‘”| g is of the form
(£ p, w);. The proof of (3.18) is a direct calculation using the definition of the action
(2.3) and Table 2.

c)If v = u, € T is of type I, (b > 1), then all points except a finite number (the points
Qo> - - - » Gy Of the intersection of components of the fiber, or of the selfintersection if
b = 1) are of nonsingular type (0, 1),. The points g; are of type (1, 0),. Hence the type of
each point of the fiber

Eg):BuX ... X By

~——NT T
w

is a fiber product of types (1, 0); and (0, 1); with projections X,Y, and Z, respectively;
that is, of type (w,, w,),, and w, + w, = w. Note that points of (B, — {g;})* C B are of
nonsingular type (0, w),.

d) Now we analyze the case when v = u, € = is of type I} (b > 1). F is an elliptic
family over D = {0 € C| |o]* < ¢} with one singular fiber F, of type L,,. The involution
t has four fixed points on F such that at a suitable choice of coordinates ({,,; see
Chapter 8, v(2), of [3]) the action of ¢ has the following form in a neighborhood of these
points:

t:(o, Lay)— (—0, —Cav)-

Using the definition of B |z from §2.2 (iii), the case considered above (see b)) and the
fact that k = 2, we obtain the last column of Table 3. []

PROOF oF LEMMA 3.10. b) For any two points 7, j of the graph I'(x,) one of the edges y
or jl is defined. Item b) of the lemma is a direct corollary of this property and of item a).
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Item a) will be proved in its second formulation. We have

.k i j Rk i, .k
i,h ik “f- uply | ik e [UET . ik ik ”z’ ul
— 7

u; =ur - v R ik U =Ur - —El’ Uy =Uug - i Ry
uly uj uly uj uly

for the point x, € 9. Therefore u/* = 0. ]
3.11. REMARKS. a) It is easy to verify that the B' defined in §1 coincides with the one
defined in this section.
b) It is easy to verify also, using local coordinates, that ® has a section 0”: A —» B,
which is induced by the map @ > (&, 0) (see §2.1).
§4. Regular differential forms of highest degree on B”

4.1. DErFINITION. A differential form of degree i which is analytical in all nonsingular
points of an analytic space M will be called in this paper a regular differential form of
degree i. Denote by H% (M, @) the space of regular differential forms of degree i. It is
evident that for analytic varieties one has a canonical isomorphism
H(M, @) H%(M, Q).

Let ¥: M — M be a resolution of singularities of an analytic space M. Then a
canonical monomorphism

¥, :H°(M, Q") > Hr (M, Q")
is defined. In the sequel we will assume that M and M are compact. Let dim M =
dim M = n. We will say that M has only rational singularities if ¥, is an isomorphism.

The next result shows that the definition of rationality is independent of the choice of
the resolution ¥ (if such exists).

4.2. PROPOSITION. M has only rational singularities if and only if
a) M has a compact resolution, and .
b) [w A < o for any form w € H (M, Q") (the integral is improper).

This proposition can be easily deduced from the proof of Theorem 3.1 of 2]. O
The last proposition will be used by us for M = B",

4.3. LEMMA. If @ € HO(B”, Q**"), then [guw \ @ < o0.

4.4. COROLLARY. B* has only rational singularities; that is, there is a canonical
isomorphism
o,
HO (Bw, Qwﬂ) % Hor(B'w, Qwﬂ)'

PrOOF. In view of Proposition 4.2 it suffices to verify a) and b). Assertion b) is Lemma
4.3, proved below; a) is a classical result of Hironaka on the resolution of singularities,
which was proved in our situation in §3. []

4.5. Let us consider an analytic surface W’ with an analytic function z: W’ — H on
which the group § acts properly, discretely and without fixed points. We will assume
additionally that a representation S: § — SL(2, Z) is given and z satisfies the functional
equation (2.1); that is, for any 8 € §

Bz (@) =ZW T _ 50 @),
cz(u) +d
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where Sg = (¢ ®) € SL(2, Z) and & € W'. Then by analogy with §2.1 for any natural w
the action (2.2) of the group 6% = § X Z* X Z* on W’ X C* is defined. There are
analytic functions z and {;, where {;: W’ X C¥ — C is the projection on the 7th factor of
C*, 1< i< w, defined on W’ X C* in a natural way. {; defines the real analytic
functions

Eii» Bt : W X C” >R, Gi=E1+2E1
4.6. LEMMA. Under the assumptions of §4.5,
2 dz N\ ]}:\ dg;=dz )\ 7’=\ (@0 + 2d5,).
For any (B, n, m) € 8" the following relations hold:
b) (B, n,m)*e—2)=fp - fo (z—2),

c) (B, n, m)*dz = fyde,
d) B, n, m)* (d&y;+ 2d8,.;) = fp (d&v.; +2dEs.).

Since §* acts properly, discretely and without fixed points on W’ X C*, the analytic
variety ¥ \ W’ X C" is defined.
Let w be a holomorphic differential form of degree w + 1 on this variety. Then the
lifting & of the differential form w on W’ X C” has the form
o =0'du N\ N\ db,

=1

where @’ is a holomorphic function on W’ X C”. This differential can be written also in
the form

@=ddz A\ A dt, (@.1)

j=1
where ® is a meromorphic function on W’ x C”.

4.7. LEeMMA. For any element (B, n, m) € §”

B, n, m)" O =",

PrOOF. Lemma 4.7 is a direct corollary of the invariance of & with respect to §* and
of Lemma 4.6. []

4.8. COROLLARY. ® in (4.1) can be viewed as a meromorphic function on U’.

ProoF. It suffices to prove that ®(i, {|) = ®(i, {,) forany {,,{, EC*and 7 € U’. In
fact, by the above corollary, the definition of f; and the action of (8, n, m) with g = id
we get

D@, ) =D, t+zwn+m (4.2)

for any n, m € Z*. Moreover, by the construction of ® from & (see the lines before
§4.7) it is seen that if ®(#, {) is holomorphic then ®(#, {’) is holomorphic for all {’ € C”.
This and (4.2) obviously prove the relation ®(#, {,) = ®(4, {,), since z(d) € H. Thus ®
can be viewed as a meromorphic function on U’. . (J

PrRoOF OF LEMMA 4.3. First of all we will make the reduction to the case when B has
singular points only of type I, (b > 1). Consider the elliptic surface B defined in the
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proof of Theorem 2.3. Then a canonical morphism

(»"ij)g . Ho’_(Ew, Qw+1) - Hor(B’w’ Qw-n)
is defined. Locally ¥* is defined in §2.2, and nonsingular points of B* at which (") *w
is not defined for w € H °r(_B‘”, Q¥*1) are isolated. This is easy to see from the proof of

Proposition 3.2. Since dim B* > 2, we have (¥*)*w € H%(B", Q*+).
Let us prove that for any point v € A there exists a neighborhood U such that

S o N\o< oo, 4.3)
BY? \(y
where w € H%(B”, 2**"). By Proposition 3.2 this is evident for points of type I,
Let v € A be of type I, (b > 1). In the notation of §2.2, denote by W’ the universal
covering of E’. We may assume that

W’ ={z€C|Imz > const > 0}.

By results of Kodaira (see Chapter 8, v, of [3]), for a suitable choice of 7 there are
defined:

(a) the action § = Z: n: z >z + nb,

(b) the representation S: Z — SL(2, Z), n - (} ), and

(c) the function z: W' - H, z: z |> z,
satisfying the construction of §4.5. Moreover, there is a canonical analytic isomorphism

ZXZ"XI°\W xC°~B"|,,
where the group Z X Z* X Z* acts on W’ X C” as follows:
(kyn, m):(z,8) = (z+ kb, {+2n+m),

wherek €Z,n,m € Z,z e W’ and { € C”. Denote by & the lifting to W’ X C* of the
differential w € H%(B", Q**") restricted to E’. By Corollary 4.8,

-~ w
o =®0dz /\ /\ dg;, 4.4)
j=1
where @ is a holomorphic function on W’ such that z = &#. The map
P L AR (4.5)

allows us to construct a canonical isomorphism
Z°\E’ x (C"* ~B"| .,
where the group Z" acts on E’ X (C*)" as follows:

BT Uy, oy ) (T, 40, L, U, ),
where n = (n,,...,n,) € Z"”. Let & be the lifting to £’ X (C*)" of the differential w| ¢
restricted to E’. Then by (4.4), (4.5) and §4.7
~ n du
o—=Fdt A\ N\ —L, (4.6)
j=1 Y

where F is an analytic function on E’. B”|, contains the analytic subvariet
y E y

Z°\E X €©)*) U €)*~=B"|; UEC)
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in this connection the points of (C*)* are included in the fibers B, and are of regular
type (0, w), = (=1, w),. We may take (7, u) as local coordinates at these points (see
§2.2(ii) and Chapter 8, v, of [3]). Thus F(r) is analytic on E, since w € H%(B", Q" *").
This implies that to prove (4.3) it suffices to verify the inequality

d'f/\/\ /\df/\/\—\ ,
A =1 Y =t u;

where the integral is taken over some fundamental domain U, C E’ X (C*)¥ for the

action of the group Z" (recall that E = {|r| < €}). The last assertion is nothing more
than an easy exercise in the calculus, if the fundamental domain is taken as

U= {(t,u)| 0<]t|<e<], |7)°<|u|<l}. O
PROOF OF LEMMA 4.6. a) follows from the relations
dt=dt, ;+2d%; ;+ &, dz 1 <j<w.
b) follows from (2.1) and the relation
®, n, m*z = “2+b
z4d

obtained by conjugacy since (¢ 5) € SL(2, Z).
c) We have

®, 1, myde—=d @, n,m'z—d (‘c’:’ﬁ) —ida.

d) By virtue of b) and the relations

fa=(ztd™ =AY =NV g e
zZ2— 2 22— 2
we have
®, n, m)‘ gz,j = “"(El.i“’ m) ¢+ (Ez,i +n)d.
Since
aztb
B, nmz= mtd’
we also get
(ﬁy n, ITI.)‘ gl,i == (El-f+ m) a_(EZ.f+ n) b-
Hence

B, n, m)*(d&,,;+-2d&,;) = fa (dG,;+2d&.;). O

§5. Kuga’s modular varieties
The group I' acts in the standard way on the upper half-plane H:

_az+b
cz+d ’
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where y = (5) €T and z € H. The quotient space T\ H has a natural compactifica-
tion Ar. The finite set I = A — I'\ H of points which are added to obtain the
compactification is called the ser of cusp points of Ar. Ar is a nonsingular projective
algebraic curve. It is called the modular curve corresponding to the group T. If T =
SL(2, Z), then Ag;, 7, = P', the projective line, and the choice of certain (nonhomoge-
neous) coordinates on this line determines the absolute invariant function j: Bg 02— C.
Let I' ¢ I ¢ SL(2, Z) be subgroups of finite index. The natural map of quotient spaces
I'\ H > I\ H defines a regular morphism of projective curves

Ar — Ar-. (5.1

Taking the composition of the map (5.1) for the pair I' C SL(2, Z) with the absolute
invariant function j, we define the meromorphic function J. on Ar.

5.1. In the case (*) the elliptic modular surface B over Ay corresponding to the group T
is canonically defined (see [5], Definition 4.1). If (*) does not hold, then (noncanonically)
by Lemma 1.5 a certain elliptic surface B with the functional invariant J is defined
over Ar. We will also call the given surface the elliptic modular surface corresponding to
the group T. The Kuga variety By associated with the elliptic surface B will be called
Kuga’s modular variety of degree w corresponding to the group T. Note that both the given
variety and By are defined canonically only in the case (*). In the sequel the index T is
dropped for simplicity; thus we write A instead of Ay, ®” instead of ®¥, and so on.

We will call a non-cusp point v € A an elliptic point if v is the orbit of a point z € H
such that the stationary subgroup I',/ = E is nontrivial. In other cases (that is, v € A is
neither a cusp point nor an elliptic point) we say that v is regular. If v is an elliptic point
of A and z € H is the corresponding point of the orbit, then z € SL(2, Z){i, n}. We will
say accordingly that the given elliptic point v is equivalent to i or .

Let 6 = Q U io0, and H=HU Q. A continuous extension of the action of SL(2, Z)
is defined on the compactification H. Each cusp point p € II has a representative ¢ € Q
which is defined up to the action of T (see §1.3 of [4]). The stationary subgroup [, of the
point g is conjugate with respect to SL(2, Z) to the subgroup generated by (j%) or
("6 Z%), b > 0, in the case (*). Therefore in accordance with the above we will say in the
case (*) that a cusp point v is a point of the first or the second kind. The first assertion of
the following proposition translates the classification of points v € A introduced just
now into the language of types of points (see §1).

5.2. PROPOSITION. a) The notions placed in the columns of Table 4 are equivalent:

TABLE 4

elliptic elliptic

regular cusp equivalent to i |equivalent to n

veEA

Nonsingular of

type (Io) or
type 16

of type Ib, Il";

* *
®>1) of type III, III*| of type II, IV

In the case (*), Table 4 takes the simpler form 4(x).
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TABLE 4(*)
elliptic
regular cusp
vEA elliptic
1st kind 2nd kind equivalent to n
nonsingular —_—
type L(b>1) | I(6>1)| of type IV*

b) In the case (%) there is a canonical isomorphism
BR|, g =T xZ" X Z°\ H x C*, (5.2)
where I' X Z* X Z” acts according io (0.2).

Lets = 5, + s, (¢ = t, + t,) denote the number of elliptic (cusp) points of A, where s,
is the number of elliptic points equivalent to  and s, is the same for i (the given
decomposition is defined in the case (*), and ¢ is the number of cusp points of kind i,
i = 1, 2). By Proposition 5.2¢), in the case (*) we have

h=S vy, =3 v,

b>1 b>1

where () is the number of points of type *. For other types we define ¢, and ¢, by these
equalities. Then, by virtue of §5.2, ¢’ = ¢, + 1,.

5.3. COROLLARY. a)

=S v,  H=3 v,

b>1 b>1
s =v () +v(AV"), s=v()+val), v@)=v(@V)=0.

b) In the case (*)
~ (I;) =v()=vA*)=v () =v {lI") =v (V) =0,
t, = Z‘ v (Ip), tzzz v (L), s=8 =v (IV". 0
b>1 b>1
In view of §§2.1 and 3 we have an isomorphism B[, =~ &% \ U’ X C”. Then the
function z defines the cover

2:U'—-H - H—-SL 2, Z){i, n},

where H' is the image of U’ under the map z: U’ — H. From the definition of the
absolute invariant j and the functional invariant J- we immediately obtain the following
commutative diagram of analytic covers:

Y

i } (5.3)

A =D\ H".

5.4. DErINITION. Consider the following space of analytic functions:



140 V. V. 8OKUROV

Swsa (T, H') ={®:H’ —C isan analytic tunction such that | ®||g],,, =D
forany g€ T},

where (see §2.1 of [4])

w+2

(@[1gl,,,) @ =(etg) * (cz+d)™* D (g2);
the transformation [g],, , , is correctly defined for any g = (¢ ) € GL*(2, Z) if gH’ C
H'.
Consider ® € S, ,(T', H’). This function determines the analytic function ®: U’ X
C” - C: ®((, $)) = ®(z(iF)), it € U’. Thus the analytic differential form

0o =Ddz A\ A di,
j=1
is defined on U’ X C*. By (2.1) and the definition of ® (see §5.4) we have
@ (Bu2) = D (2 (Bur)) = @ (Spe (@) = @ (2 (@) (cz () + ™™

Therefore for any element (8, n, m) € §* the relation (8, n, m)*® = j};‘”‘ztb (ct. §4.7)
holds, and by Lemma 4.6 this gives the invariance of the differential &4 with respect to
the group G*. The latter allows us to define a canonical homomorphism

Sw+2 (P, H’)'—)-HD(B'{)‘ 'A" Qw+l), (Dk-" (l)@ ‘A'! (5‘4)
where wg|, is an analytic differential on BY|,. corresponding to &g,
5.5. LeMMA. The homomorphism (5.4) is an isomorphism.

5.6. THEOREM. a) wg|s is extended to a holomorphic differential form wg, of degree w + 1
on Kuga’s modular variety By ifand only if ® € S, . ,(I) C S, H').
b) In particular, there is a canonical isomorphism

Swsa () = H° (BT, Q"*), @ > 0q. (5.5)

5.7. COROLLARY.

dim H° (BY, Q") = @+ 1) @— 1)+ 3| v ) +v (&) -
b>1

+ v (1) + v (1V*) [Eg—z] + (v (L) - v (1)) [?.i[;_?]

if wis even, and

dim H° (BY, @) = @+ 1) @—1) + 3 v (b) >
b>1
+ 3 v (1) T v ["’—*—?:-—2]
b>1

if w is odd, where g is the genus of the curve Ar.

ProoF. This is a direct corollary of the above theorem, Theorems 2.24, 2.25 of [4] and
Corollary 5.3. [ _

PROOF OF THEOREM 5.6. a) Since Bf|, = Bf|a, in view of Lemma 5.5 the homomor-
phism (5.4) defines the isomorphism
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~ DY w+1
Swae (T, H') = H (B |,., 2°"), @+ 0o |,..

Therefore by virtue of Proposition 4.2 it suffices to prove that wg|s is extended to a
regular differential on By if and only if ® € S, ,(I'). Then by Lemma 4.3 and the proof
of Theorem 3.1 of [2] it suffices to establish the following equivalence for ® €
S+, H'):
PESonDe | 0oly Nooly <o (5.6)
Bl

(the integral on the right is improper). Obviously

S O |, /\ oo la- ——j"‘ﬂo /\0)0,
B"’ N
where the integral on the rlght is taken over a fundamental domain U c U’ X C* with
respect to the group 8. Let U be a fundamental domain with respect to the group I.
Denote by U, some (one-to-one) lifting of U to U’ using z from diagram (5.3). Then the
fundamental domain U can be taken as follows:

O—={@,0)] u€U,t=ti+t; 2(), €00, 1]).
Then

[ @0 /\$¢=§|cp12dz/\1/f\ dt; \dz Aj/‘"\ dt;

G} T =t =

:c5|®|2(1mz)‘"dz/\d‘z=cg|cpp (Im2)” dz /\ dz,
U, U

where ¢ € C* (an easily calculated number independent of ®@). Therefore for the proof of
(5.6) it suffices to establish the following equivalence for ® € S, (T, H'):

mesw+2(r)<=>§ [@ [ (Im2)* dz /\ dz < oo.
U

This can easily be deduced from the analyticity of the function ® on H’ and the isolation
of its singularities.
b) Let A’ O A]. Then we have the following commutative diagram of analytic covers:

Consequently we have the commutative diagram

Swss (T, H') = H (B |, °™)
Q Q
Swsa (T, H, ) — H® (Bp] , QU

where vertical inclusions are “restrictions”. This easxly implies the canonicity of isomor-
phism (5.5). O

PrOOF OF LEMMA 5.5. It suffices to show that the function ®: U’ — C satisfying the
equation (see §§4.7, 4.8 and 4.5, where W’ = U")

B*(D — fﬂ-w_z('D (57)
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coincides with the lifting of a function y: H’ - C on U’. In fact, H' = S~ Y(* E)\ U'".
Therefore it suffices to show that 8*® = ® for 8 € S ~!(x E). This immediately follows
from the functional equation (5.7), since S~ (*E)= S !(E) for even w by the
definition of By (see [5], Definition 4.1), and condition (*) holds for odd w. [J

PROOF OF PROPOSITION 5.2. a) Table 4(#) is a simple corollary of Proposition 4.2 of [5].

Table 4 is deduced from Table 2, using elementary properties of the absolute invariant
J»> and also the following property of elliptic surfaces: B, is of type I, or I} (b > 1) if and
only if J (v) = co. For instance, let v € A be an elliptic point equivalent to . Then, since
Jj(n) = 0, we have J(v) = 0. Hence v is of one of the types I, I, II, II*, IV or IV*. It is
evident that I, and I} fall away. By virtue of the relation 2 = 1, 2 = 1 mod 3, the case
IT* falls away from the pair II, II*. By analogy the case IV falls away from the pair IV,
IV* by virtue of the relation 2 = 1, A = 1 mod 3.

If v is of type IV* or II, then by Table 2 v is an elliptic point equivalent to 7, since
z(0) = 7.

b) From the definition of the representation S of §4 and Proposition 4.2 from [5] we
obtain by §2.1 an isomorphism

BY |, ~T X Z” X Z"\ H' % C”,

where H' = H — SL(2, Z){n} and A" = I'\ H. The given isomorphism extends obvi-
ously to an isomorphism

BY|, ~T xZ° Xx Z*\ H' x C”,

where A’ is the set of regular points of A and H’ is the inverse image of these points
under the natural map H — I'\ H. Thus it remains to extend this isomorphism by Table
4(*) to points v which are elliptic and equivalent to 7. Let z; € H be a representative of
this point. Then, since T, is a subgroup of order three and v is a point of type IV*, we
have

FY~7" x Z°\ U x C”,

where U is a neighborhood of the point z,, F* is defined in §2.2(i), and the action of C
corresponds to the action of some nontrivial element of I', on Z* X Z* \ U X C”. This
obviously implies the existence of an extension of the isomorphism to (5.2). []
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