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THE STUDY OF THE HOMOLOGY OF KUGA VARIETIES
UDC 5174

V. V. SOKUROV

ABSTRACT. The homology of Kuga varieties is studied. A nondegenerate pairing is
constructed between certain homology spaces and modular forms.
Bibliography: 10 titles.

This article continuous the proof, begun in [7], of a series of results announced in [6]
on periodic cusp forms on Kuga varieties. The author thanks Professor Ju. I. Manin,
during the course of whose seminar this work was completed.

§0. Main results

Let T’ ¢ SL(2, Z) be a subgroup of finite index. We denote by (T, w) a pair such that

either the integer w is even or the following condition on I holds:
-E T (%)

(see (*) of §4 of [5] and §0 of [7]). This article continues [7] and uses its notation. In
particular Ap and Bj. are the modular curve and elliptic modular surface for I" (see §5 of
[7]). The corresponding canonical projection is @ : Bp — A;. In the sequel we will
sometimes omit the index I" for simplicity.

0.1. Let S, ,(T) be the space of I'-cusp forms of weight w + 2 (see §2.1 of [3]).

The main goal of this article is to define a canonical pairing

() : H(An 2 (R, 2,Q)7) X S, 1) &S, 5(T) > C,
where £ C Ay is any finite subset.

0.2. THEOREM. The canonical pairing ( ,) is nondegenerate on

H, (Ar, (R®,Q)%) X Swiz (T) B Swssz (I).

The proof of this theorem is given in §6.

0.3. The construction of the pairing (, ) is based on the existence of (i) a canonical
isomorphism

H® (BE, Q" @ Q™) = Su1a (T) @ Swra (1),
the proof and construction of which are given in [7]; (ii) a canonical homomorphism

GR,, : H\(4 5, (R2,Q)") > H,,,(BY, BYl5, Q).
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400 V. V. 50KUROV

where 2 is a finite set of points of A containing the points of singular type (see §1 of
[7]), the construction of which is given in §3; and (iii) a canonical pairing

H,.(BY, BYls Q) X H(BE, @' @ @),
(homology class o, w) — f .

0.4. In §3 we carry out the construction of the “geometrical realization” homomor-
phisms GR; ; (0 <i <2, 0 <j < 2w). Theorem 1 of [6] corresponds to 3.2, and this
result may easily be proved over Z by the same methods. We make the change to Q for
consistency, since in the sequel symmetrization will frequently occur, where division by
w is needed! Theorem 2 of [6] is a simple corollary of Theorem 1 of [6).

Theorem 3 of [6] corresponds to Theorem 4.2 in this article, and Theorem 4 of [6] is a
slight variation of Theorem 2.5. Finally, Theorem 6 of [6] corresponds to the special case
of Corollary 6.1 with K = R.

§1. Neighborhood retracts

Let X be an analytic variety, D C C the disk with center at 0, D* = D — {0}, and
® : X > D a proper morphism. In addition we assume that the fiber ®'(0) has normal
type. This means that for any point x € ®'(0) there exist a neighborhood U C X and
coordinates X,,..., X, (n=dim X) in this neighborhood in which the canonical
projection takes monomial form, i.e. |, = X" - - - X for some positive integers m;
(1 < i < n). Then by Thom’s isotopy theorem X’ = ®~!(E}) is a topological fiber space
over E¥ = E, — {0}, where E, = {z € C| |z| <&} C D for suitable 0 <e.

1.1. LEMMA. For any sufficiently small ¢ there exists a deformation retract (see [1], p. 28)
of ®(E,) onto ®7'(0).

Corollary 1.2 is obtained from this lemma. Let B” be Kuga’s variety corresponding to
the elliptic surface B. Consider a pair of topological subvarieties A D F O F’ with
smooth boundary. Then to the mapping of pairs (A, F) = (A, F) there corresponds the
homomorphism in homology

H.(B®, B®|s, Q)—H.(B* B*|s Q). (1.1

In particular, those F consisting of small closed disks around points of the set 2 give rise
to a projective system of vector spaces H(B", B"|z, Q) with morphisms (1.1).

1.2. COROLLARY. There is a canonical isomorphism

H,; (Bw, Bw‘z, Q) :;LI—EH—H‘ (Bw, B” |F’ Q)

Proor. If N ¢ M and N is a deformation retract of M, then H,(M, N, Q) = 0.
Therefore, by Lemma 1.1 and 3.4 of [7}, H(B"”|s B"|g, Q) = 0 for F consisting of
suifficiently small disks. Then from the exact sequence

—~H,(B"| ¢, B*|z, Q)—H,(B", B*|s, Q—H:(B", B*|r, Q) >

of the triple (B"*, B"|, B*|y) it follows that (1.1) is an isomorphism for sufficiently
smal Fand F/F =2. B

ProoOF oF LEMMA 1.1. The only condition on € + 0 is the condition preceding Lemma
1.1, i.e. the local triviality of X’ = ® "(E¥) over E}. Indeed, one can easily show,
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because of the normality of the fiber ®7'(0), that it is a neighborhood deformation
retract, i.e. there exists a neighborhood X’ > U D ®7!(0) which admits a deformation
retract onto ®'(0). On the other hand, clearly there exists 0 < ¢’ <& such that ¥V =
®'({z € C| |z] < &}) C U. Also it is easy to construct a deformation retract of X’ onto
V. Combining the latter deformation with the restriction to V" of the first deformation,
we obtain the desired one. W

§2. Homology with coefficients in the sheaf R ®} Q

2.1. The sheaf R, ®7Q is obtained by extending from A’ = A — Z (see §1 of [7]) over A
the sheaf of local coefficients U H(B), Q) in the following way: for a small disk E
aroundveEZand E'=F — v

I'(E, RD,Q) =T (E', RDQ).

For example, R,®.Q = R,®,Q = G ® Q, where G is the homological invariant of the
elliptic surface B.

2.2. Fix a basis in the lattice G|, C R,®,Q|,. Then a representation of the group
SL(2, Q) in RICI),,QL,O is determined. For any integer w > 0 the representation of
SL(2, Q) in the tensor power (RI(I>,‘Q)‘8""|“0 decomposes into a direct sum of irreducible
representations of SL(2, Q). Each irreducible representation of SL(2, Q) is a representa-
tion in a symmetric power (R,;®,Q)™|, ; the positive integer m usually is called the order
of the irreducible representation. The identification of the subspace which is the sum of
all irreducible representations of order m in (RI(I>,.‘Q)8"”|“o does not depend on the
choice of basis in the lattice G|, . The dimension r,; of this subspace also is independent
of the choice of the point u, € A’. The group A, of permutations of w elements acts
naturally on the space (R,<I>*Q)®‘”|uo:

vEA

a:x® ... DXy ® ... OXogwy,

where x; € R,9,Q|,, and a € 4,,. The space (R,;®,Q)”|, admits a canonical embed-
ding into (R,®,Q)®"|,:

1

Xy oo xwt—-ya 2 a(x1® ‘e ®Xw)-
a4,

In the sequel (R,®,Q)"|,, will be identified with its canonical image in (R,®,Q)®"|,.

(R®,Q)"|,, is an invariant subspace of the representation of SL(2, Q).

2.3. PROPOSITION. a. ry = 0 if m 2 w (mod 2).
b.ry =1
c. There is the following direct sum decomposition into subspaces invariant for SL(2, Q):

(RDQ%, = (ROY*|, & > 2(@c®e—a®e)® ROY™])
acA,
(2 is not a direct sum).
d. The space of invariant vectors of (R,‘I)‘Q)G"”]uo, i.e. the sum of irreducible subspaces

of order 0, is generated by the vectors
w

d(O®e—e®e) ),

where a € A, (by a, w is even in this case); e,, e, are a basis of the lattice G|uo.
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2.4. By the Kiinneth formula, since B; = B, X - -+ X B, (w terms), we have

ROQ|, = @ ® R;, 00|, @.1)

Jrte. =i m=1
where 0 < j,, < 2. The representation S ([7], 1.4) and the trivial representation 7,(A”) in
R,® *Q|u and R,®,Q|, give a representation of the fundamental group 7,(4) in RD.Q.
This representation, which will also be denoted by S, is uniquely defined by thc sheaf
R®%Q. Since dim R(,CI),,QIMo = dim R,9,Q], = 1, there is a noncanonical isomorphism

R;,2Q], ~ (R®,Q%],, 2.2)

where w’ is the number of jm =1, w=j,+- - +j,=j (mod2). We have that
S(7,(4) c SL(2, Q), so we may consider the representations of #,(A") on the subspace
(R, Q*Q)®W'| invariant with respect to SL(2, Q). Below (see Lemma 2.7) we will prove
their 1rreduc1b111ty with respect to 7;(A"). The decomposition of the space (R, ¢I>‘Q)°3""'|uo
into irreducible subspaces corresponds to a decomposition of the sheaf (R (I>,Q)®" into
a direct sum of symmetric sheaves (R,®,Q)™, which we will also denote by S,,. We
obtain from (2.1), (2.2), and 2.2 a canonical decomposition into a direct sum

R®,Q = EB Sy, (1) (2.3)
where r,

i i the number of irreducible representations of order m in R®;Q|,, this
number not depending on the choice of u, € A". The decomposition of S$%~ into a sum of
sheaves S, is not canonical.

2.5. THEOREM. a. H)(A, R®,Q) = @ ,, H(4, S,,)".

Oform> 1,
1 form = 0.

w

b. dim Hy(4, S,,) = dim H,(A, S,)) = [

c. For evenm > 0

dim H,(A, S,) =2(g — D(m + 1) + 2 m(v(I,) + »(I3))

[

Foroddm >0
dim H,(A, S,) =2(g — D(m+ 1) + 2 mp(1,)
b>1

](p(n) + o(IT*) + #(IV) + »(IV*))

](p(m) + »(III%).

+ (m+1) Y (1) + »(I1*) + p(II) + »(III) + »(I11*))
b>20

+2[ m+ 2 ](v(IV) + p(IV*)).

For m =

dlm Hi (\A, Sm) =2g.

(") In this article ¥™ denotes a direct power, and (V)™ the tensor symmetric power over Q.
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Here v(x) is the number of fibers of type * of the elliptic surface B, and | | as usual denotes
the integer part.
d. 5, = 0 for j 2 m (mod 2).

2.6. CorOLLARY. H(A, R®,Q) = Hy(A, R®,Q) =0 for oddj. W

2.7. LeMMA. The representation S of the fundamental group m,(4’) in (R1<I>,,KQ)“’|“o is
irreducible also with respect to this representation:

a. (R,2,Q)".)™ = 0.

b. (R,®,Q)"]|,)* ™ =0forw > 1.

c. The following table shows the dimension of the space of sections of the sheaf S,, over
the point v depending on the type of point.

. Ib, ];‘
%;o{)‘ Io Io >1 b1 1L, I1* I, 1= v, v+
m+1— m-1—
o’ mott IR BRES
+ m-+2
m>0 0 0 0 0 —2 -3
odd

2.8. Following Shioda [5], we construct a complex M which allows us to compute the
dimension of the homology spaces H,(A, S,,) (we remark that these spaces are isomor-
phic to the cohomology spaces H27/(A, S, ); see for example §7 of [5]). Fix a point
uy € A'. Let 2 = {v,,...,0,}. As in the proof of Lemma 1.5 of [7], we choose the
following system of generators o, S, (1 < k < g, where g is the genus of the curve A)
and y, (1 <! < ?) of the fundamental group 7 (A") = 7,(1, A’) with the single relation

i Brt - Bty g - e =1 (2.4

We consider a small positively oriented disk E; around each point v, € 3. Set y/ = —3E,.

In each oriented circle y; we fix a point u;, and then we choose a path §; from u, to

such that §,y;8,! is homotopic to y,. We consider the following complex A: the O-cells are

u, (0 </ <), the l-cells are a,, B, (1 < k < g), §, and v/ (1 <! < ¢), and the 2-cells are
E(1<!/<tandA,=A—- U E,

The i-chains o; with coefficients in the sheaf (R,®,Q)" = S, have the following form:

t
Oy = > My,
=0

t

g
o3 =) (@xte + bebe) -+ )
I=

k=1

(crve + didy),

1

2.5)

¢
Gy = eAO -+ 2 eEy,
=1
where the coefficients m;, a;, . . ., e € (R,®,Q)"|,, and ¢ € (R,2,Q)"|, )%, ie. ¢ =
¢S, Let@ =S, B, =8,,C =5 ,and &, = @B, &' B, P =0, ... £ and
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CO=C - - C (LY =09 =1, %9 = P). The boundary operator is then rewritten in
the following form:

Aapay) = a, (@, — uy, 3(beBi) = b (By — Duy,

) = (G — Dy, 3(didy) = dyuy; — dyuy, (2.6)
g
d(edy) = kEI e (1 - @B @)y + (& — £J8:)

t
+ > eB((CY™Y — CM)§, + CUDy)), d(gE) = — ;.
1=1
Therefore a complex M of vector spaces over Q

My M, %M, Q.7
is determined, where

¢ )
Mo = Sm luo &b 1621 Sm |ul’ M1 = SrzrigH 'uo’ Mz =Sn luo’

and d,(e, e, ..., €) = (ai, b, ¢) for

q, = eE(k_l)(l - @k%k@;l),

b, = eL*<-1(Q, — L)
¢, =eRCUD — ¢
and 9, is given by
g t
d(ay, by, ¢) = kzl(ak(@k -1+ bk(%k -1)+ IEl c(C = 1)

From (2.5)-(2.7) it is easy to obtain an isomorphism of the homology spaces H;(A, S,,)
with the cohomology spaces H?2 /(M) of the complex (2.7).

ProOF OF THEOREM 2.5. Part a is an obvious corollary of (2.3).

b. The case m = 0 is obtained from the fact that S, = Q, the constant sheaf of vector
spaces of dimension 1, i.e. there is a canonical isomorphism H,(A, S,,) =~ H(A, Q). The
case m = ( of part ¢ follows obviously from this isomorphism.

By 2.8 there are isomorphisms

Ho (Ay Sm.) o~ F? (M) = Coker 02 — ((Rl(D.Q)m Iun)co[nv,
H, (4, Sm) = H° (M) = Kerg, = ((Rld),Q)m ‘uo)inv.

Then by Lemma 2.7 a and b we obtain the proof of part b form > 1.
c. Let m > 1. By the previous part there is an exact sequence

0— Myt My & M, 0.
Then the direct calculation
dim H, (A, Sn) =dim H*(M) =dim M,—dim M,—dim M,

(see 2.8), using the dimension of the space S,,|v; given in the table of Lemma 2.7, proves

partc.
Part d follows from part a of the theorem, (2.2), and part a of Proposition 2.3. W
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PrROOF OF ProOPOSITION 2.3. Part a is proved by induction on w using Theorem 2 in
§18.2 of [8]. Similarly we obtain b.
c. The action of SL(2, Q) commutes with the action of 4,. Moreover,

(Z Z) eRe—eRe)=(@d—b)(6®e—eRe)=6,RQe—e, X e,

where (¢ 4) € SL(2, Q). Therefore the spaces in the decomposition are invariant for the
action of SL(2, Q). The exactness of the sequence

0> D alle,® e—6®e)® ROQY?|,)
S aSAy,
- (RI(DOQ)®w |u. g ‘(qu)*Q)w \uo g O

is obvious, which proves part c.

Part d is proved by induction for even w; the case of odd w is trivial by a. The case
w = 0 follows because (R;®,Q)®° = Q and a((e; ® e, — e, ® ¢,)°) = 1. Further induc-
tive steps are obtained from part ¢ and Lemma 2.7a. W

Proor oF LEmMA 2.7. c. Consider a point 4, € A’ sufficiently close to v, and a small
positive circuit B C A’ around v beginning and ending at ;. In the lattice G|, =
H\(B,; Z) choose a basis e, e, in which the monodromy sg ([7], (1.3)) has the normal
form (see §1 of [7]) @,. Then

S m ao
S, |, = (Sm|u0) P~ ((Qel ® Qe,) ) . (2.8)
From Table 1 of [7] we obtain the following form of the monodromy in the basis

g, =efey %, 0 <a<m, of the space (Qe; ® Qe,)™ for points v of type I, or I}
b > 0):

£+ (2£1)™ (e, + bey)* e * = (£ 1)™ (ea + bty t+ S x - e,.> .
i<o-a
Therefore the monodromy matrix is (+1)” for b = 0 and
1. 0
m b )

==3)) 2h - , 2.9)
mb 1

for b > 1, the action being on the right, with the + sign corresponding to I, and the —

sign corresponding to I3. Then by (2.8) we obtain the first four columns of our table.
To compute our table at points with finite monodromy we use the relation

dimg((Qe, ® Qe,)™)* = dim((Ce, ® Ce,)™)™.
For a given point in Ce, ® Ce, there exists a new basis in which &, is diagonal.
Depending on the type II, II*; III, III*; IV, IV* of the point in Table 1 of [7], we obtain
a corresponding diagonal matrix:

anti
2ni

e’ 0\ i 0y m 0) nee?
e JP\O —i)7 \O0 1)’ '
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Therefore in some basis for the space Ce, @ Ce, the monodromy &, has the matrix
(ex e 0]

I &% ™ ,

o e

where x corresponds to the type of the point v in Table 2 of [7]. Consequently we obtain
by (2.8) that

dimg Sn|,=F{0Ca<m|ext=ern},

from which the last three columns of our table follow by an easy computation.

a. The irreducibility of the representation S is obvious for w = 0. Suppose w > 1.
Then to prove part a it suffices to establish the irreducibility of the representation S of
the fundamental group 7,(4’) in (R,®,Q)"|, . Recall that the matrix of the representa-
tion S acts on the right. Since the functional invariant J = const, there exists a point
v € T of type I, or I} (b > 1) (see the values of J(v) in Table 2 of [7]). Choose a point
uy € A’ and a basis e, e, of the lattice Gluo, as was done in part c. Then in the basis
€ - - - » &, (see c) there is a matrix of the representation S of form (2.9). The invariant
subspaces for the group generated by the matrix (2.9) have the form @g Qe,, 0 < m <
w. Suppose the representation S is reducible. In this case the subspace @Df Qe, is
invariant for m,(A") for some 0 < m < w. Consider the matrix S, = (¢ ®) € SL(2, Z) for
any arbitrary y € 7,(A’). By the invariance we have

€ (j b) =(ce, +de,)” = Ve + D) # -t = ééoQEa,

d <K< w

i.e. ¢ = 0. It follows that all points of A have either type I, or type I, and

1 5\ 1 —b
= = + , by>0

(see 2.8). The relation (2.4) then leads to a contradiction, since 2} b, > 0 for J Z const.
b. We use the notation and concepts of the preceding part. Since the coinvariant space
for the group generated by the matrix (2.9) is

é Qzo/ z&élqﬁa (2.10)

or 0, if b were false then (2.10) would be the coinvariant space of the representation S.
Suppose that this were so. Then for the matrix

sT=(“ b)eSL(2, 7)
c d

for an arbitrary y € 7,(A") we would have

w-1 'a b w-1
£y (mod ) Qsa) ( ) = a%e, (mod : Qsa) s
Q=0 c d [

=0
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i.e. @ = *+ 1. Iterating the matrix @, if necessary, we may assume that the representation
S determines some matrix * () %) with b > 2. Let

S,= o b
(S
be any other matrix of the representation S. Then, since the matrix
+ I b\fa, b 4+ a; + bey *)
0 1)\¢g d; * *

is also determined by the representation, we have ¢, + bc; = * 1. Consequently ¢, = 0
and d, = a, = * 1. As in the proof of part a, this leads to a contradiction. W

§3. Geometric realizations

3.1. Let & be a locally constant sheaf of vector spaces over A’. As in 2.1, this sheaf
extends to a sheaf % over A. In this section II denotes an arbitrary subset of =. Let F
and F’ be topological subvarieties of A with smooth boundary such that AD> F 5 F’
and (F U F') N T = &. Then the mapping of pairs (4, F’) = (A, F) induces a homo-
morphism

Hi{(A, F', F)—=H,(A, F, &) 3.))

in homology. In particular consider F = U pen E, consisting of small closed disks E,
around the points p € II C A. Then a projective system of spaces H,(A, F, %) with

morphisms (3.1) is determined. We set

H:(A, T, F) = lim H, (A, F, §).
-~

For sufficiently small E, this projective limit stabilizes and we have the isomorphism
Hi(A, O, FY~H;(A, F, ). 3.2)

Let IT O IT'. Then the exact sequence of the triple A D F O F’ induces in the limit the
following exact sequence:

O»HI(A! HI: GJ‘-)—->H1(A, H, g—)
S H (LT, § | ) > Hy (A, T, ) > H,y (A, T, F) 0, (3.3)

since H,(F, F', ¥|g) = 0 (in the future the restriction % |, of the coefficients for the
homology of a subvariety will not be indicated). We identify H,(A, IT, %) with its image
in H\(A, 3, ¥) under the embedding of 1-dimensional homology from the exact se-
quence (3.3) for the pair II C Z. Then by the functoriality of homology we have the
inclusion H,(A, IT, §) c H\(A, 11, %) for IT' C IL. In the following considerations the
role of the sheaf & will be played by a subsheaf of R®,Q. In contrast to §1 of [7], we
will require (unless the contrary is stated) only one =, namely the finite set consisting of
all singular points of A.

We denote by I?j(B‘”, Q) the image of the homology space H{(B", Q) in
H(B", B”|s, Q) under the natural homomorphism of the pair (B*, B¥|s). The aim of
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this section is to define natural homomorphisms
GR,;: Hy (2, ROY Q) - H; (B |, Q),
GRI,]': H1 (A, 2, R](D?Q) —> H:H—j (Bw’ Bw IE’ Q)!
GRyj: Hy (A, RiD7Q) — Hyj (B®, B®|y, Q)

and to apply them to describe the spaces I_I;.(Bw, Q). These homomorphisms will be
called geometric realizations. Their definition is given in 3.5, 3.4 and 3.10, and a
discussion of the “geometry” in 3.6, 3.7 and 3.10.

From the decomposition into a direct sum of subsheaves R,®,;Q = ¥ @ ¥’ we have a
decomposition of homology spaces H( , R®,Q) = H( , ¥)® H( ,9’). In such a
situation we will in what follows identify H,( , %) with the corresponding subspace of
H(, R®.Q).

3.2. THEOREM. a. GR, ;, GR, ; and GR, ; are monomorphisms.
b. The following diagram is commutative:

H, (A, 2, ROM) > H, (2, R,O¥Q)
iGRl’j i GRO,i

w w 9 w
H1+i (B » B 'za Q) - H/(B |2, Q)

c.
GRy ;-1 (H{ (A, Ri~1¢’.wQ))C ﬁj (B¥, Q), GRy,j-» (Hy (A, Rj—z(DiﬂQ)) C—Hi (B*, Q)

and
Hi (Bw, Q) = GRl,i—l (H1 (A, Ri-l(D?Q)) @ GRz.j—z (Hz (A» Ri—ch?Q))-

d. ﬁwH(B“’, Q) = GR, (H\(4, (R9,Q)")) © H’, where each homology class of the
subspace H’ decomposes into a sum of classes having some representation as a cyclic proper
subvariety of B”.

Part ¢ of the theorem and Corollary 2.6 imply

3.3. COROLLARY. For odd j there is an isomorphism
ﬁj (Bw, Q) ~ H, A, Ri-1CDL.ﬂQ)- |

34. Let F= U{ E, and Ay = A — Int F, where the E, are sufficiently small disks
around the points v, € =. A, and B*(2) = B"|, are compact real varieties with smooth
boundary. B*(2) is a fiber space over A, with fibers homeomorphic to the product of 2w
circles. Consider a cell decomposition of the pair (Aq, 9Ay). To each decomposition
corresponds a filtration of cell complexes over the base Ag:

(Am aAO)y (AO(I)) aAO)) (AO(O)’ aAO (O))’
and this means also a filtration of complexes of the bundle B*(2):

(B*(2), 3B*(2)),  (B™(1),9B™(1)),  (B™(0), 3B™(0)).
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Let E/; (r > 0) be the corresponding spectral sequence (see Chapter 9 of [9]). This
sequence reduces to the term E ; for r > 2,since E_, ;,,_, =0and E{,, ._,,, = Ofor
such r. From the assumption J 2 const (see the proof of Lemma 2.7a) it follows that
S % &, and this means 34, # &. Therefore

Im (H,.; (B® (0), 0B” (0), Q) —~ Hy+; (B® (2), 4B¥ (2), Q)) = 0.
Then we obtain the isomorphisms
H, (A, 34, RDQ) ~E}; ~ ET;
~ Im (H,.; (B® (1), 0B” (2), Q) - H,.; {B¥ (2), 0B (2), Q)).
Consequently, there is a natural homomorphic embedding
Hy (A, 0A,, R®7Q) G Hyyj (B le’ B” L,Ao, Q). G4
Moreover, there are isomorphisms
H, (A, 00, R;D7Q) = H, (A, F, R;0%Q),
Hu; (B® lA,,’ B* |8A°’ Q) >~ Hy.; (B, B®|5, Q)

by the excision theorem. Then the monomorphism (3.4) determines the canonical
monomorphism

Hy (A, F, RD*Q) S Hyy (B, B, Q). 3.5
Passing to the projective limit on both sides of (3.5), we obtain by Lemma 1.2 a
canonical mapping GR, ;. Obviously GR, ; is injective.

3.5. In analogy with 3.4, the spectral sequence of the filtration of the bundle B”|aAo,

induced by the filtration of the skeletons of the base 34y, reduces to the term Eg ; for
r 2 0. Therefore there is a canonical monomorphism

H,(0A, = 0F, Ry®7Q) G H; (B” |0A0=6F’ Q). 3.6)

It is to establish the isomorphism HyOF, R;®,Q) =~ Hy(F, R,®,Q) for the natural
mapping of the pair (F, 0F). For the proof it suffices to consider a simple cell
decomposition of the pair (F = U E,, 3F = U [9E); for example, O-cells », (1 < I < 1),
l-cells v/ (1 <7<1t) and 2-cells E, (1 </ <) (see (2.8)). The composition of this
isomorphism, the mapping (3.6), and the natural homomorphism H(B"|sr, Q) —
H(B"|g, Q) of the pair (B”|, B¥|,;) determines the canonical homomorphism

H, (F, R/;Q) -~ H; (B”|,, Q). G.7)

Passing to the projective limit, we obtain the homomorphism GR, ;, since
Li_r_nHi (B” |, Q) = H; (B” |, Q).

Indeed, H(B"|z, B”|s, Q) = O for sufficiently small F (see the proof of Corollary 1.2).

Then from the exact sequence of the pair (B”|g, B*|y) we get the isomorphism
H;(B*|s, Q)>H;(B*|;:, Q),

i.e.

lim H; (B%|., Q) = H; (B3, Q). (38
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3.6. We will give an explicit geometric description of the mapping GR,, ;- First we
describe (3.7). Fix a cell decomposition of dF. The 2-cells E; augment this complex to a
decomposition of F. Let 4, be the O-cells of the given complex. Then a O-cycle with
coefficients in R,®;Q has the following form:

O = D muuy,

where m; € R®,Q|, = H(B), Q). Consider an arbitrary representative [m;] of the
homology class m; in the fiber B}'. Then the homology class X [m;] in B”| is the image
of the homology class of the 0-cycle o, under the mapping (3.7). Further, for sufficiently
small F the retraction of the cycle X [m,] in the fiber B”|; and the isomorphism (3.8)
describe the mapping GR,, ;.

3.7. Consider a cell decomposition of the pair (A, F) for sufficiently small F. We
require that the intersection of this complex with F provide F with a cell decomposition
of the type described in 3.6. Let Ay (1) be the 1-skeleton of the cell complex of (A, F). We
denote one-dimensional cells by y. We construct a cell decomposition of the bundle
B, | an over the cell complex Ag(1). To do this, fix in each one-dimensional cell an
arbitrary point %, and a basis e), e, in the lattice G|,, = H,(B,, Z), as in §1 of [7]. Then
canonical periods z and 1, z € H, are determined, and B, == C/zZ + Z. The lattice
zZ + Z determines a cell decomposition of the elliptic curve B, : the O-cell e is the image
of 0, the 1-cells e, and e, are the images of z X [0, 1] and [0, 1] respectively, and the
2-cell ¢ is the image of z X [0, 1] @ [0, 1]. We will call the dimension of the cells e, ¢, and
¢ their degree. Then the concept of degree is defined in the free tensor algebra over Q for
these cells. The cell complex e, e, £ induces a cell decomposition of B,z, since uy € A,
and consequently

Bu,= By, X «-+ X By,

w

We will call this cell decomposition of B, the cell decomposition corresponding to the
choice of basis in the lattice G|, (note that the basis must be chosen with negative
orientation). The cells of this decomposition will be written as w-fold free tensor products
of the cells e, ¢; and e. The dimension of the cell coincides with the degree of the
corresponding tensor product. To each homology class m € Hy(B;, Q) there corre-
sponds a unique representation [mu,), a cycle in the cell decomposition corresponding to
the choice of basis in G|, . In the future by the representative [m;] in 3.6 we will mean
the cycle described in this form. Continuation of the cell decomposition of B;’ along vy in
both directions by the linear >onnection gives a cell decomposition of B™|, over v, and
continuation of the representative [mu,] gives the representative [cy] of the chain cy,
c E RjCIJ‘,;:QIImy =~ H(B}, Q). “Sections” of the cell decomposition over each point
up € vy are also cell decompositions corresponding to a choice of basis in G|,,. Each cell
lies either over y or over one of the ends dy. A complete cell decomposition of B*|, , is
obtained by taking the union of the cell complexes formed over y by l-cells and the
intersection of terminal cell decompositions over each 0-cell of Ay(1). For an arbitrary
1-chain o, = 2 ¢y with coefficients in R®;Q we set [o,] = Z[cy]. The geometric
realization [cy] is a relative cycle of the pair (B™|,, B"|,,). Therefore [o,] is a relative
cycle of the pair (B‘“le(l), B”|sq0)- If o, is a cycle of the pair (4, F), then the boundary
of the chain [a,] is homologous to 0 over the interior O-cells of Ay = A — F. Therefore in
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this case the chain [0,] may be completed to a relative cycle (o;) of the pair
(B”|sjy B”lsa,) over the interior O-cells of A, The mapping (o,) induces the mapping
(3.5). From this description of the mapping (3.5) and the description 3.6 of the mapping
(3.7) we obtain the commutativity of the diagram

Hy (8, F, RAOM) > H, (F, RD°Q)
(3.5)¢ L(s.v) (3.9)

Hu (B B®,, Q) = H; (B® ], Q).

The boundaries of (o,) are situated over F. Retracting the boundaries of (o) to B*|5, we
obtain a description of the mapping GR, ;, thanks to the isomorphism (3.2) for I = =.

The isogeny of multiplication of the fiber B,’, uo € A’, by any integer n induces an
analytic mapping of the pair B*|,, B”|y, . The corresponding mapping in homology we
denote by n,. We easily get the following result from the explicit description of the
mapping (3.5), which of course applies also to (3.4).

3.8. LEMMA. 71,134 = 7

For the proof it suffices to take a cell decomposition of the pair (A, F) such that all the
O-cellsliein F. W

Fix a point u, € A’ and a basis e, e, in the lattice G|,. Then B2 has a cell
decomposition corresponding to the choice of a negative basis. We denote by D the
homology class of the diagonal of Bfo with the natural analytic orientation.

39.lEMMA. D =cQ e+ eQe—~ (¢, D e, — ;B e)).
3.10. Consider an F such that 4, € A, Then by Theorem 2.5b

H, (8, RiD°Q) = H, (A, S7) =~ (R,0%Q|, )™,

where the invariant subspace is taken relative to the representation of SL{2, Q) analo-
gous to the representation (2.4) of the fundamental group =,(A") (the action of the matrix
is on the left in this case). This representation is defined by a componentwise Kiinneth
decomposition (2.1) in the following way: it is induced by the choice of basis G|, for
R,®,Q|,, (see (2.2)) and it is trivial for Ry®,Q|, and R,®,Q|, . Fix generators e and ¢
in the spaces R,®,Q|, and R,®,Q|, respectively. Let a € 4, be a permutation. It
determines the analytic mapping a : B”|, — B"|,, which permutes the components of
the fiber, the ith component mapping to the a(i)th. We denote by a, the corresponding
mapping in homology. We denote the corresponding action on the sheaf R,®Q the
same way. This mapping is connected as follows with the mapping a defined in 2.2 of the
space of sections of (R,<I>*Q)®W|u°: a = sign(a)a,. Then from the decomposition (2.1),
the isomorphism (2.2), and Lemma 2.3d we find that the space (R,®;QJ, )™ has the
following generators: the vectors

a,(e®Re R (e, ®e,—e,® 31)®m)

of degree j, where a € A,,, k,! and m are positive integers, and k + / + 2m = w,
!+ m = j/2. We put in correspondence with the vector

e @e® R(e,De, — e, ® ¢,)®"

of degree ; the relative algebraic cycle D, ,,, of dimension j + 2 for the pair (B, B”|y).
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This cycle is uniquely determined by the following property:

Drtomlyep, = €X =+ - XeX By X -+ XBy,
k !

% (By,X €+ exX By, — D)X -+ X(By,X e~ eX By, — D).

m

It is easy to verify, using the symmetric compactification of B*, that the mapping a
extends to a regular morphism a : B” — B™ (for the sequel its birationality and regular-
ity over A’ suffice, and they are obvious). We obtain the mapping GR, ; by putting the
relative cycle a,(D,,,,) in correspondence with the vector

a, (e*Qe*'® (€1®ez—ez®ei) om

We show that it is well defined. For odd j, the mapping GR, ; is trivial by Corollary 2.6.
Therefore we assume that j is even, unless the contrary is stated. Consider the spectral
sequence of (3.4). This sequence reduces to the term Ej ; for r > 2. For r > 3 this is
obvious. For r = 2 we have

E;; = Kerds jImdy ;v = Kerd; ; = E3 ;.
Since Hy(A, R;, ;) = 0 by 2.6, we have
Efjrn = Ho(Bg, 0, Rji®7Q) 2 Hy (A, F, Rpuy®Q) = Hoy (A, R;x®¥Q) = 0.

Since the spectral sequence reduces to the term E{ j» by the excision theorem we obtain
the isomorphisms

H,(A, F, Rj0%Q) ~ H, (Ao, 0A,, R;D™Q) ~EZ; ~EY;
~ Hyj (B (2), 0B” (2), Q)/Im (Hy; (B® (1), 3B” (2), Q)
> Hyj (B® (2), 0B% 2), Q)) > Har; (BY, B® |, Q)/Im (3.5).

Consequently there is a natural isomorphism

H,(A, F, Ri®?Q) =~ H,,; (B®, B® |, Q)/Im (3.5). (3.10)
Passing to the projective limit on both sides of (3.10), we obtain the natural isomorphism
Hy(A, 2, RiD{Q) =~ Hy.; (B®, B® |5, Q)/Im GRy, 1. @3.11)

By Lemma 3.9 and the geometric description of the mapping GR, ; given above we obtain
the congruence (3.11) = GR, ; (mod Im GR, ;. ,). Therefore to prove that GR, ; is well
defined it suffices to establish the triviality of the intersection H” N Im GR, ;,, =0,
where H” is the subspace of H,,(B", B*|5, Q) generated by the algebraic cycles
a (D, ;) of dimension j + 2. Using the stability of the projective limits and the excision
theorem, this problem may be reduced to proving the triviality of the intersection
H"[,, N (34) = 0 for sufficiently small F, where the subspace H"|y, C
H,, (B” |5 B"|3s, Q) is generated by the restrictions of the algebraig cycles a,(Dy;,,)
of dimension j + 2. The last is obvious from the relation n,|y~ = n’, and, by Lemma
3.8, 71 limp.4y = 7. The operator n, on the homology space H,, (B"|s; B”|as, Q) is
induced by the fiberwise isogeny of multiplication by n.
Now we assume j arbitrary, not just even.

3.11. LeMMA. a. GR, ; and GR, ; are monomorphisms.
b. H,,(B”, B”|3, Q) = Im GR,, ®im GR, . ,.
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Proor. The injectivity of GR, ; comes from the process of defining the homomor-
phism in 3.4. For even j the injectivity of GR, ; and the decomposition b are immediate
corollaries of (3.11), since the intersection

Im GRZ,JﬂIm GR1,j+1=H”ﬂIm GRLCH”-:O

is trivial, and the mapping (3.11) is induced by GR, ;. Suppose j is odd. In this case the
injectivity is obvious because of the triviality of GR, ; (see 2.6). Since H,(A, R®,Q) =0
and H,(F, R,®;Q) = 0 for sufficiently small F, we get the triviality of Hy(4, F, R,®;Q)
= 0 from the exact sequence of the pair (A, F). Then H,(Ag, 34y, R,®,Q) = 0 by the
excision theorem. Consequently the spectral sequence of (3.4) reduces to the term Ej ;
forr > 2, and

0 = Hz (AO’ 6A0, RICD?Q) == E:,]' o~ E;?,
~ Hy; (B® (2), 9B” (2) Q)/Im (Hy; (B® (1), 9B® (2), Q)
- Hy4j (B® (2), 0B” (2}, Q).

This proves the surjectivity of (3.4) for j + 1, and similarly the surjectivity of (3.5).
Therefore GR, ;,, is an isomorphism for odd j, which together with the triviality of
GR, ;provesb. ®

Consider an arbitrary point v € A. Let u, € A’ be a point sufficiently close to v, i.e.
uy € E,, a small closed disk around v satisfying Lemma 1.1. Then the composition of the
embedding B,) = B"|y = B and the retraction By’ — B(1) = B™|, determines the
following homomorphism:

H{B"|,, Q) — H{(B"|,, Q). (3.12)

We denote by 8 a single positive circuit around the point v, 8 C A’, with origin at the
point %, To this circuit there corresponds an endomorphism sz of the space H(B,, Q)
defined as in (1.3) of [7] by the natural connection on B*|,. Then (3.12) determines the
specialization homomorphism

Sp: (H; (Bi, Q)™ - H;(B”],, Q),

v’
where the space of coinvariant vectors is taken with respect to the endomorphism sg.
3.12. PROPOSITION. Sp is a monomorphism.

PrROOF OF THEOREM 3.2. a. The injectivity of GR, ; and GR, ; was proved in Lemma
3.11a. We prove injectivity for GR, ;. Because of the stability of the projective limit it
suffices to prove this for (3.7) for sufficiently small F. In this case F = U E, decom-
poses into the connected components E,. Consequently, (3.7) also decomposes into a
direct sum of natural homomorphisms

Hy(E1, RD+Q) - H; (B* |, Q) (3.13)

and it suffices to establish their injectivity for small E,. Consider one of the disks, say E,,
and assume it is so small that Lemma 1.1 holds. Let v be the center of the disk E,. Then
we get a natural isomorphism H (B, Q) =~ H(B"|,, Q) as in the proof of the isomor-
phism (3.8). Proving the injectivity of GR, ; reduces to checking the injectivity of the
composition

H, (Eq, R/D]Q) — H; (B”|,, Q) (3.14)
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of this isomorphism and the mapping (3.13) for / = 1. Consider the point u, € 3E, in the
boundary of E,. This last choice determines a cell decomposition of E;: 0-cell uy, 1-cell
0F, and 2-cell E,. It follows immediately from 3.6 that for this cell decomposition the
mapping (3.14) assumes the form Sp. Therefore the injectivity of (3.14) follows from
Proposition 3.12.

Part b follows from the commutative diagram (3.9) by passing to the projective limit.

¢. From the construction 3.10 of the mapping GR,;_, we have the inclusion
Im GR, ;_, C H(B", Q). Therefore this part of the theorem is an immediate corollary
of 3.4 and 3.2a,b, since

Ker (H; (B”, B® |, Q) > H;, (B” |, Q)) = H, (B, Q)

from the exact sequence of the pair (B, B”|y).

d. By the construction of the mapping GR,,_, we have Im GR,, |, ¢ H’. Therefore
by 3.2c it suffices to establish the analogous decomposition for GR, ,(H(4, R, Q).
The Kiinneth formula (2.1) for j = w reduces this problem to the decomposition of
GR, (H,(4, (R,®,Q)®")). If even one j, # 1, then by the description 3.7 of the
mapping GR, , we have

GRyw (Hl (A, mél R, O, Q)) cH.
The decomposition
GRyw (Hy (A, (R®, Q)%) = GRyw (H, (A, (RD,Q)") ® Hi,

where H, C H’, is an immediate corollary of 2.3¢c, 3.9and 3.7. W
PrROOF OF LEMMA 3.9. We have

D= (e;Qe+e@e,) ®(e:Qe +e®e,) =—eQe—e, Qe +e,Qe,+e®e. M

PROOF OF PROPOSITION 3.12. a. We denote by
Sp: H; (Bh, Q™ — H,;(B”|, Q)

the composition of Sp with the natural homomorphism in homology induced by the
projection B”|, — B™|,. We note that By = E-::’ since u, € A’. We will show below that
Sp is a monomorphism, from which the injectivity of Sp follows immediately. The
projection ¥* (see §3 of [7]) of the deformation of Lemma 1.1 determines a deformation
retract of B’ = B"| g, onto B™|,. Therefore we have the canonical isomorphism

H; (BY, Q) ~ H, (B, Q).
This isomorphism shows the equivalence of the injectivity of Sp and

H;(By, Q"™ G H; (BY Q), (3.15)

where the last homomorphism is induced by the natural mapping of the pair (E}“ R I—i_,,‘:)

b. Reduction to the case 1, (b > 1). We know that By >~ C \ F”, where C is a finite
cyclic group of order «, with action compatible with the projection of ¢ on the base D
(see [7], 2.2). In the case under consideration D = {|o]* < ¢} is a closed disk. In the base
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D the generator e, = e2™/*

isomorphism

of the group C acts by multiplication. Therefore there is an

(H,- ( ::}}_’ Q)coinv (D))Coinv © _ Hj (Bﬁl‘,, Q)coinv (El),
&

where Ve is the arithmetic root, and coinv(D) and coinv(E,) denote the coinvariants of
the circuits around the boundaries 9D and 9E,; coinv(C) the coinvariants of the group
C; and 7(uy) = 6"(uy) = €. On the other hand,

Hy (BY, Q) = H; (F*, Q"™ =~ H, (F*, Q™.

The last isomorphism follows from the semisimplicity of the representation of the finite
cyclic group C of automorphisms in the homology space H(F", Q). Consequently, to
prove the injectivity of (3.15) it suffices to show the injectivity of

H;(F§, Q) G H; (F", @
for the natural mapping of the pair (F”, F;’), where d € 9D. Then from 2.2 of [7] and
Chapter 8 of [10] it follows that Fy is the only singular fiber of F* of type I, (b > 0).
This concludes the reduction to the case I,.
c. If v has type I, then s; = id and Sp is an isomorphism, since the bundle By" is
topologically trivial for sufficiently small E,.
d. Suppose the point v has type I, (b > 1). It is easy to check that
Ho (B, Q)= H, (B, Q),  Hy (Bu, Q"™ = H, (B, Q),
H2 (Buoa Q) C; H2 (BUv Q)’
where in the first and last cases s; = id. Hence by 2.2(ii) of [7] and by the Kiinneth
decomposition (2.1) at the points u; and v, we obtain the injectivity of Sp, since by (2.10)

(Hl (Bua, Q)®m)co'mv ~ (Hl (Buw Q-)coinv)®m. m

§4. Nondegeneracy conditions of the canonical pairing
4.1. If w € HY(B”, Q**") is a first order differential form on Kuga’s variety B*, then
its integrals are trivial along every chain of fibers over points of the base. Therefore a
pairing
(, ) . ku (Bw’ Bw lz, Q) XHO.(Bw, an @ §w+1) ——)'C,
(homology class o, w) = [, w, is defined, where o represents a homology class of the

space H, , (B”, B"|s, Q) for some cell decomposition, and w € H(B*, Q"+ @ Q**1,
The pairing (, ) and the monomorphism GR, ,, determine the pairing

< , >:H1 (A, Z, qu)':’a) < Ho (Bw, Qwu @ ﬁw“},
<,1 > - (GRI,ZZM )-
The pairing <, > is always nondegenerate on the right.

4.2. THeoREM. H\(8, (R,®,Q)")* =0, i.e. CHy(A, (R,®,Q)"), w) = O implies & = 0
for any w € HYB™, Q*+!' & Q¥ *1).

The proof follows immediately from de Rham’s theorem, Theorem 3.2d, and the
triviality of the pairing of HY(B”, **' @ Q**) with H'. B
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4.3. COROLLARY. If
dim H° (B*, Q") = (g — 1) 1) + 2‘ v (Is) -+ v (1))

b>1

+ [Z22] 10 v (1) v (V) v (V) o |22 o () v uir)

Jor even w > 0,

dim H° (B*, @*") = (g — 1) (@ + 1) + 3 —v () + (w+ l) (S‘ v (

|
b1 b0

+ v (I1") v (1) 4 v (1) + v (I11*)) + ["”j [ V) v (V)

Jor odd w > 0, or
dim H°(B®, Q') =g
for w = Q, then the pairing
G HL (A, (RD,Q)7) X H (B, Q=+ @Q"+)

is nondegenerate.

The proof follows directly from Theorems 3.2a, 2.5¢, and 4.2. B

§5. Application. The Shimura torus
Consider the Hodge decomposition of the (w + 1)-cohomology of B™:
H' B, QQC=H"""B)® ... DH(B)® ... ®H"“™(BY.

We project H**'(B*, Q) onto H °’w+‘(B”) and denote the resulting Q-subspace by Q.
On the other hand, we have

Hw+1 (Bw, Q) _E)Hwﬂ (Bw’ Q) P"o,w+14) Ho,w+1 (Bw)’ (51)

where the mapping D comes from Poincaré duality. The mapping (5.1) may be realized
as follows. An element ¢ € H,, ,(B", Q) determines on H**!%B") the C-functional
[, w, @ € H**YO(B™), (H**'O(B*))* = H***1(B"). Hence an element corresponding
to [, is determined in H®**'(B*). This element is the image of ¢ under the homomor-
phism (5.1). Since [, w = 0 for any w of type (w + 1, 0) and
celm(Hy,y (B* |z, Q)—H,1 (B*, Q)),

(5.1) determines the mapping

H,. (B®, Q)—HO =+ (B*). (5.2)

By 3.2¢, we may compose the mapping (5.2) and GR, ,, to obtain a mapping
H (A, (RD,Q)®)—H"»** (B*). G-3)

5.1. ProPoOSITION. Im (5.3) = Q.

The proof follows directly from 3.2d and the fact that D in (5.1) is an isomorphism.

]
5.2. DEFINITION. If dimg Q = dimg H®**'(B"™), then the torus

T (B®) =H""*(B*)/Z
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is determined up to isogeny, where Z c Q ¢ H%**(B") is some lattice. T(B*) is called
the Shimura torus. A Kuga variety for which this condition in the definition of the
Shimura torus is satisfied will be called a special Kuga variety.

5.3. THEOREM. If w is even and B" is a special Kuga variety, then T(B") is an abelian
variety.

This theorem is a generalization of Theorem 2 of [4] (see Theorem 7 of [6]).
ProOF. We interpret cohomology in terms of harmonic forms. Then (a, 8)g. =
fg» @ /\ B. Consider the hermitian form

H (0, 0,) = 2i Xml A o,
Bw

on H%**!(B"). The form H is real, hermitian, positive definite for w + 2 = 2 (mod 4)
and negative definite for w + 2 = 0 (mod 4). Therefore by the Riemann-Frobenius
condition (see §6 of [2]) it remains to verify the rationality of Im Hin Q. If a, 8 € Q,
then

A=oa+a, B=B+p
are rational cohomology classes. Hence

AAB=2Re (a/AB)

and therefore

ImH (e, B) = Im2i j‘oc AB= (4, B ,=Q ®
BW

5.4. REMARKS. 1. The Jacobi variety 0,, ,(B™) ([2], §6) admits a canonical projection
onto 7(B") in the categroy of complex tori up to isogeny.
2. Corollary 4.3 gives a sufficient condition for B” to be a special Kuga variety.

§6. Application. The modular case

PrOOF OF THEOREM 0.2. This assertion is a direct corollary of the definition from (0.1)
of the pairing ( , ):

(0,(p, B)) =<0, 0o+ 0y,

where 0 € H (4, 2, (R?,Q)"), ¢, ¥ € §,,5(), and w,, w, € HY%BY, Q**"y are the
corresponding regular differentials of Theorem 0.3 of [7], and also Corollary 4.3 of this
paper and Corollary 5.3 and Theorem 0.3 of [7]. W

Let C 5 K D Q be an arbitrary field. Then we may define a canonical pairing

(,): H1 (4, 2, (RD.K)®) X Swia () B Suse (T) > C,

since
H, (A, 2,(RD K)*)~H, (A, 2,(RD,Q)") ® K.

6.1. COROLLARY. The pairing ( , ) on

Hy (8, (R®D,K)") X Swsa (1) @ Swsa (1)

is nondegenerate. I
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Moreover, we have

6.2. COROLLARY. i) B is a special Kuga variety.
ii) T(BY') is an abelian variety for even w.

PROOF. ii) follows from i) and 5.3. The proof of i) follows from the fact that
dimq Q = dimg H**** (BY),

since (5.3) is an embedding: by the nondegeneracy of (, ) and the relation (, @) =(, w),
and also from the equations

dimq H, (A, (R,®, Q)") = 2 dime H**** (BY)
= 2dimc H° (BT, Q“*") = 2 dim¢ Sy (1)
(see Theorem 0.3 and Corollary 5.3 of [7], and Theorem 2.5c of this paper). H
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