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PRYM VARIETIES: THEORY AND APPLICATIONS
UDC 513.6

V. V. SHOKUROV

ABSTRACT. In this paper the author determines when the principally polarized Prymian
P(C, I) of a Beauville pair (C. 1) satisfying a certain stability type condition is isomorphic
to the Jacobian of a nonsingular curve. As an application, he points out new components in
the Andreotti-Mayer variety N,_, of principally polarized abelian varieties of dimension g
whose theta-divisors have singular locus of dimension > g — 4; he also proves a rationality
criterion for conic bundles over a minimal rational surface in terms of the intermediate
Jacobian. The first part of the paper contains the necessary preliminary material introduc-
ing the reader to the modern theory of Prym varieties.
Figures: 10. Bibliography: 32 titles.

Statement of the main theorem. Let (C, I) be a pair consisting of a connected curve C
with only ordinary double points as singularities over an algebraically closed ground field
k of characteristic # 2 and an involution I: C — C satisfying the following condition:

(B) The set of fixed points of the involution I coincides with the set of singular points of the
curve C, and the involution I preserves the branches at all the singular points.

Such pairs (C, I') will be called Beauville pairs. Generalizing a result from [17}, in [3]
Beauville associated to such a pair a principally polarized abelian variety P(C, I), the
so-called Prymian of the pair (C, I). Details of this construction will be discussed in §3. In
addition, we assume that the curve C satisfies the following stability type condition:

(S) For each decomposition C = €, U C,, #C, N C, > 4.

MAIN THEOREM. The variety P(C, I) is isomorphic, as principally polarized abelian
variety, to a sum of Jacobians of nonsingular curves if and only if the quotient curve C = C/I
is of one of the following types:

(a) C is a hyperelliptic curve;

(b) C is a trigonal curve;

(¢) C is a quasi-trigonal curve;

(d) C is a plane quintic, and the pair (C, I') is odd.

A curve C is called hyperelliptic if there exists a finite morphism C — P! of degree 2,
trigonal if there exists a finite morphism C — P! of degree 3, and quasi-trigonal if it is
obtained from a hyperelliptic curve by gluing two nonsingular points. This last name is

1980 Mathematics Subject Classification. Primary 14H10, 14K30; Secondary 14H45.

©1984 American Mathematical Society
0025-5726 /84 $1.00 + $.25 per page

83



84 V. V. SHOKUROV

explained by the fact that the intersection of quadrics passing through the canonical image
of a quasi-trigonal curve in P#! is the cone over a nonsingular normal rational curve of
degree g — 2 in P# 2 with vertex at the image of the glued points (here g = pAC). If
C c P’ is a plane quintic, i.e. a curve of degree 5 in the projective plane P2, then we say
that the pair (C, I) is even (odd) if the number A% C, 7*M) is even (odd), where
M = 0p:(1)|- and 7 C » C = C/I is the natural projection. If C is a smooth plane
quintic, this means that the theta-characteristic M ® 7 is odd (even), where 7 is the point
of order two in the Jacobian J(C) corresponding to the unramified covering 7: ¢ — C.

The problem of reducing the general case to the case when condition (S) required in the
proof of our main theorem is satisfied is considered in Corollary 3.16 and Remark 3.17(a).

The proof of sufficiency in the main theorem is obtained by passage to the limit from
the results of Dalalyan [9] and Mumford [17] in case (a), Recillas [30] in case (b) (a
geometric interpretation of this case can be found in [27]), Dalalyan [10] in case (c), and
Tyurin [23] and Masiewicki [19] in case (d). The necessity is proved in §§7-9. In §10 we
give some direct applications of the main theorem, and §§1-6 contain the necessary
preliminary material. The main theorem for p,(C) > 8 was announced in [26], and a
sketch of proof for that case was given in [27]. The problem of distinguishing Prymians
from Jacobians for smooth hyperelliptic curves of genus 6 was considered in Dalalyan’s
thesis.

The ground field k is algebraically closed, and in Theorem 1.6 and §§3, 5 7-10 we
assume that char k # 2.

§1. Orthogonal sheaves

1.1. Let X = U{ X, be the decomposition of a curve X into irreducible components. For
each locally free sheaf L on X we denote by deg L the vector (d,,...,d.), where
d;=deg L|y and deg denotes the ordinary degree. The vector deg L is called the
multidegree of the sheaf L. It is clear that deg L = 3¥{d,.

1.2. Let X be a variety. We denote by &, the sheaf of rings of rational functions on X,
i.e. the sheaf whose ring of sections #,(U) on a Zariski open set U is the ring of rational
functions on the variety U, i.e. a product of the fields of rational functions on the
components of this variety. It is clear that on £ there is a natural structure of @ -algebra.
A sheaf L of @ -modules is called torsion-free if the natural map

idel
L'> Lo, Ry

is an inclusion.
1.3. We recall that X is called a Gorenstein variety if its dualizing sheaf w is invertible.

1.4. LEMMA. Let f: N = X be the desingularization of a Gorenstein curve X, and let L, and
L, be invertible sheaves on X and N respectively such that 2deg L, = deg wy and 2deg L,
= deg wy. Then there exist a nonsingular irreducible variety S and a coherent sheaf £ of
0 . s-modules which is flat over S and has the following properties:

(1.4.1) For each point s € S, %, = £\, is a sheaf without torsion having rank 1 at all
generic points.

(1.4.2) L, = &, for some point sy € S.

(1.4.3)f4 L, = &, for some point s € S.



PRYM VARIETIES: THEORY AND APPLICATIONS 85

1.5. A well-known construction. Let f: N — X be the desingularization of a curve X. The
exact sequence
0-0,—-f,0,>8-0
defines a skyscraper sheaf § on X. Let L be an arbitrary locaily free sheaf of rank r on X;
we assume that the curve X is connected. Fixing an isomorphism L|, = (@O|,)" on a
neighborhood U of the singular subset, we obtain the following exact sequence:
0> L->f,f*L—>8" —0.
Thus each locally free sheaf L of rank » on X is the kernel of an epimorphism h:
f+Ly — 8", where L, = f*L is a locally free sheaf on N (the descent data).
Consider a nonsingular irreducible variety 7 and a locally free sheaf .# of rank r on
N X T.
Let p and ¢ be the natural projections in the following diagram:
NXT
L fr

xlxxrhr

Then the sheaf H = g, Hom, _(f; #, p*8") on T is locally free. In fact, since § is zero
outside the singular points, over a neighborhood of a point ¢ € T the sheaf .# may be
replaced by 0}, 7. Hence H is locally isomorphic to g » p*G, where G = Hom,, (f 40y, 8").
But the sheaf g, p*G = 0, ®, H°( X, G) is locally free.

Consider the vector bundle S, associated to H. We denote by « the natural projection
X X 8§, > X X T.0n X X §, there is a canonical homomorphism of coherent sheaves

h: &*fr M — k*p*§’
such that the points s € S, are in a one-to-one correspondence with the pairs consisting of
a point t = gek(s) € T and 2 homomorphism h| . ,: f+(AH | xx(,y) = 8" Now we can
take S to be the open subset in S, consisting of those points s € S; at which A Xx{s} 18
surjective and has a locally free kernel. It is clear that S is a nonsingular irreducible variety
and the sheaf #= ker 4|, ¢ is locally free (cf. [15], Chapter II, §5) and has the required
properties.

PROOF OF LEMMA 1.4. In the preceding construction, let 7 be the variety parametrizing
the invertible sheaves on N of multidegree deg L, (modulo isomorphism), and let # be the
corresponding Poincaré sheaf on N X 7, i.e. the sheaf .# for which Ay, = M for
each M € T. This time we denote by S the open subset in S, consisting of those points
s € S for which k|, is surjective. Then S is a nonsingular irreducible variety and its
points parametrize the pairs (L, h,), where L is an invertible sheaf on N of multidegree
deg L, and A f,L — 8 is an epimorphism. We claim that the sheaf ¥ = ker(/|) has the
required properties. In fact, a local verification shows that the sheaves k*p*8 and «*f, 4
are flat over S| and therefore also over S. Hence from the surjectivity of 4| it follows that
£ is flat over S (cf. [7], §0.6). Condition (1.4.1) holds since %, is a subsheaf of the
torsion-free sheaf f, L. The argument presented in the beginning of §1.5 shows that there
exists a point s, € S satisfying (1.4.2).

Thus it remains to verify (1.4.3). In analogy with the conductor of the integral closure of
a domain, by the desingularization conductor of a local ring 0 . we mean the largest ideal
¢, in Oy . which is also an ideal in f,(@,),. This ideal is given by an effective divisor
Xpnp P on N;namely, c, is identified with the set of functions g from the semilocal ring
F+(Oy), =Nypy_, Oy pfor whichg = 0mod¥ n, P;heren, > 0onlyfor P € f'(x).
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In what follows we write n, instead of np ;p,. Since f*(wy) = Wy (XpcynpP) (cf. [21],
Chapter 4), we have
d;= deg(“’x|x,.) = deg("-’N,) + 2 np,
PeN,
where X; denotes an irreducible component of the curve X and N, denotes its normaliza-
tion. In view of the Gorenstein property,

dt .
28, =2dim, f,(Oy),/ 0 , = ZnP,x‘
P

Next we consider an invertible sheaf M on N and an effective divisor X, .k p P with
L py=xkp =8, for all points x € X. Then, trivializing M on a sufficiently small neighbor-
hood over the singular points of the curve X, we obtain an exact sequence

0 “’f*(M(“ZkPP)) = fe(M) >80
on X. Hence there exists an epimorphism h: f (M) — § with ker & = f (M(-X kpP)).
Thus to verify (1.4.3) it suffices to find in the family T a sheaf M of the form L,(X k,P),

i.e. to find a sheaf M of this form whose multidegree is equal to deg L,. That means that
the following equalities hold:

1 1
Edeg(wﬂxl)=deg(M|Ni)=deg(L1|N,)+ Z kp=5deg(wzv,.)+ Z kp.
PeN, PeN,

Together with the preceding equalities, this yields the following system of equations with
respect to the nonnegative integers k p:

Zk,,=( an)/Z (i=1,...,¢),

PeN, PeN,
y kP=8x=( Y n,,)/2 (x € X).
f(Py=x f(PY=x

We shall seek a solution of this system in the form &k, = [n /2] + €, (as usual, [ ] denotes
the integer part), where e, = 0 if n, is even and &, = 1 or 0 if n is odd. Thenit remains to
solve the following system:

L o= Ln)/2- L

PeN, PeN, PEN,
np=1mod2

L o= T m)/2- ¥ (2
f(Py=x f(P)=x f(P)=x

np=1mod?2
For each singular point x € X we partition the set of points P € f "}(x) C N for which n,
is odd into ordered pairs (P, P’) such that e, = 0 and &, = 1. It is clear that thus we
obtain all solutions of the second part of our system. Now we construct an oriented graph
I' whose vertices correspond to the irreducible components »,,...,N, and whose edges
correspond to the pairs (P, P’); more precisely, to a pair (P, P’) we associate an edge
joining the component N, of the point P with the component N, of the point P’ in the
direction from N, to N;. We observe that in our case the sum X,y 1, is even since each
component of the multidegree deg w, is even. Therefore the number of edges passing
through (coming in and going out) an arbitrary vertex of this graph is even. It is clear that
the equations in the second part of our system for the corresponding ¢, still hold if we



PRYM VARIETIES: THEORY AND APPLICATIONS 87

change orientation of the edges of the graph I'. On the other hand, by Euler’s theorem
(see, for example, [20], I1.3) there exists an orientation on I' for which the number of
incoming edges is equal to the number of outgoing ones. For such orientation the ¢, also
satisfy the first part of our system:

Y &=
PeN,
np=1mod?2

(#{P e Nj|n,=1mod2})

M| —

=( 5 n,,)/z— Y [n,2]. =

PeN, PeN,

1.6. THEOREM. Suppose that the following conditions hold:

(1.6.1) m: & — S is a proper flat family of curves.

(1.6.2) &L is a coherent sheaf of Oy-modules which is flat over S, and the sheaves
L, =2, on the curves X, = n"'(s) are torsion-free sheaves whose rank at a generic
point of X, is locally constant on & .

(1.6.3) Q: - wg 5 is a nonsingular quadratic form.

Then the function s — h°(X,, L,)mod 2 is constant on each connected component of the
base S.

L.7. REMARKS. (a) In the statement of the theorem we denote by wg s the relative
dualizing sheaf !0 [25], i.e. the sheaf whose restriction to each curve X, of our family
coincides with the dualizing sheaf w, on X,.

(b) We say that the above quadratic form Q is nonsingular if the corresponding bilinear
form induces an isomorphism L, > Hom Gx:( L, wy)foreachs € S.

In the proof of this theorem we follow Mumford [16]. His main idea is to interpret the
space H%(X,, L,) for each point s in some neighborhood of a point s, from S as the
intersection of two maximal isotropic subspaces W, and W, in some larger even-dimen-
sional vector space V, with a nonsingular quadratic form g,. The index s indicates that all
these objects W, ., W, , V, and ¢, vary along with 5. Then from the known fact that
dim(W, ; N W, ) mod 2 is invariant with respect to continuous deformations (cf. [5], IX.6,
Exercise 18.d) it follows that the function A%( X, L.) mod2 is locally constant, hence
constant on each connected component of the base S.

1.8. We begin by interpreting the space H°( X, L,). So, let X be a curve, and let L be a
torsion-free sheaf on X. Consider the divisor D =X P, on X defined by distinct
nonsingular points P, of X. We have the following commutative diagram with exact rows
and columns:

0 0
l l
0 - L(-D) - L - L/L(-D) - 0
Il i N
0 - L(-D) - L(D) - L(D)/L(-D) - 0
! !
L(D)/L = L(D)/L
" l

0 0
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Suppose that 7 is so large that 1°(X, L(-D)) = 0. Then the above diagram gives rise to a
commutative diagram

0 0
I )
0 - HY(X,L) - H°(X, L/L(-D)) - HYX, L(-D))
I I B Il
0 - HYX,L(D)) > HYX,L(D)/L(-D)) - H(X,L(-D))
! )
H°(X,L(D)/L) = H°(X,L(D)/L)

with exact rows and columns. Identifying the space H°(X, L) with its image in
H°(X, L(D)/L(-D)) we obtain a representation H°(X, L) = W, N W,, where W, =
ima and W, = im 8.

Suppose now that L = Hom, (L, wy). We remark that in view of 1.7(b) this holds for
each L . They by the Serre-Grothendieck duality

h'(X, L) = h'(X,Hom, (L, wy)) = dimExt\,(L, wy) = A°(X, L),

since Ext,, (L, wy) = 0 in view of the local duality (cf. the isomorphism on p. 213 in [25]).
Hence x(L) = 0 and x(L(D)) = L{r, where r, is the rank at the point P,. But

KX, L(D))-h*( X,Hom, (L(-D),wy)) = h°(X, L(-D)) =0

in view of the choice-of D. Hence
dimW, = h%(X, L(D)) = Y r,.
i=1

Simple computations with the skyscraper sheaves L/L(-D) and L(D)/L(-D) show that
dimW, = X}r, and dimV =2 X7r, where V = H% X, L(D)/L(-D)). Thus dimV =
2dim W, = 2dim W,.

Suppose in addition that Q: L — wy is a nonsingular quadratic form on L. This form
induces a canonical isomorphism L = Hom,, (L, wy). Furthermore, it defines a nonsingu-
lar quadratic form Q,: L(D) — wy(2D). Let g: V — k be the quadratic form on the
space V such that

g(v) =% Resp 0p(l),
i=1
where / € T(U, L(D)) is the representative of the elementv € V = H%( X, L(D)/L(-D))
on a neighborhood U of the set { p;,}]. Easy local computations show that g is a
well-defined nonsingular quadratic form and the subspace W, C V is isotropic, i.e.
q(W,) = 0. The subspace W] is also isotropic with respect to g. In fact, for each element
w € W, there exists a global representative / € I'( X, L(D)), and so

n
g(w)= X% Res, 0,(1) =0
i=1
by the sum of residues theorem [1].
Thus we have constructed a vector space ¥ with nonsingular quadratic form g and two
maximal isotropic subspaces W, and W, with W, N W, = H°(X, L). It is known that for
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each orthogonal (with respect to g) automorphism ¢ of the space ¥ which transforms W,
to W, (it is easy to verify that such automorphisms always exist) we have the following
equality:

; 0
det = (_1)(d1m VY)/2+h(X, L)

(cf. the exercise from [5] indicated above).

To prove Theorem 1.6 we globalize the above construction. For each point s, € S there
exist a neighborhood U and a relative Cartier divisor D C & whose restriction to each
fiber over s € U satisfies the conditions indicated in 1.8. Over U one can globalize the
above construction; namely, there exist locally free sheaves #7| = 7, Z(D), #, =
T o(L/L(-D)) and ¥ = 7 (L (D)/L(~D)) (ct. [16], Corollary 2) and canonical inclu-
sions #, <" ¥ and %, <"y such that for each point s € U C § the space H( X, L,) is
identified with (#7 N #7,), ® k(s). Using residues, it is easy to construct a nonsingular
quadratic form g: ¥"— 0. It is easy to verify that for each point s € U the quadruple #7,
W,, ¥, q restricts to the quadruple W, ., W, V,, q, constructed in 1.8 for X = X,
L=L and D =9y.

We recall that the ground field has characteristic # 2. Globalization of standard
constructions from linear algebra allows to construct (possibly, after replacing U by a
smaller neighborhood of the point s,) decompositions ¥'= # | & ¥ * and ¥'= #, ® ¥,
where #7* and #7* are isotropic subsheaves and the pairing corresponding to q is induced
by the duality *. It is clear that locally there exists an automorphism ®: ¥"— ¥” which is
orthogonal with respect to g and transforms %7, to %#7,. Replacing, if necessary, U by a
smaller neighborhood we see that det® € I'(U, 0¥) and (det ®)> = 1. Hence either
det® =lordet® = -1. By 1.8,

.82

dim V) 2+ k%X, . L
det g, = (-1) 42D,

where @, is the restriction of ® to the fiber over s € U. Hence the map s — A°(X,, L,)
mod 2 is locally constant, which proves the theorem.

§2. Polarization

Let X be an arbitrary curve. We denote by J( X) its Jacobian. Recall that J(X) is a
smooth connected commutative algebraic group whose closed points are in a natural
one-to-one correspondence with the classes of isomorphic invertible sheaves on X of
multidegree (0,...,0); the group structure corresponds to tensor product of invertible
sheaves.

If kK = C, then to J(X) there corresponds the analytical Jacobian J?*( X)) which is
isomorphic to the quotient variety H'( X, 0,)/H'( X, Z); this immediately follows from
the cohomology sequence corresponding to the exact triple

07— 08508 5 0.

In the case when X is an irreducible nonsingular curve over C this yields the well-known
representation of J*(X) in the form of complex torus C#{lattice of periods} (see, for
example, [8]), where g is the genus of the curve X. Algebraic structure on J**( X) can be
recovered if we use a remarkable additional structure which is called polarization.

If the ground field k is arbitrary, the introduction of polarization also has deep
geometric meaning. Usually polarization is given by the algebraic equivalence class of a
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divisor which is called the polarization divisor; if our variety is complete, this divisor is
assumed to be ample. For abelian varieties there also exist other equivalent approaches
(see, for example, [8] or [17]).

Let f: N — X be the desingularization of the curve X. Then f*: J(X) — J(N) is an
epimorphism onto an abelian variety of maximum dimension. Hence it is natural to define
polarization on J( X) as the lifting of polarization on J(N ). For those curves X which have
the property

(RK) X is a Gorenstein curve (i.e. the dualizing sheaf vy is invertible) and each component
of the multidegree deg w y of the sheaf wy is even
there exists a unique (modulo translation) natural polarization divisor on J( X) satisfying
the Riemann-Kempf theorem (the abbreviation RK refers to this theorem). It is clear that
this class of curves contains smooth curves and irreducible Gorenstein curves.

So, let X be a curve with property (RK). Then the variety

df
Jv(X) = Pictes«0/2( x),

whose closed points are in a natural one-to-one correspondence with the isomorphism
classes of invertible sheaves on X of multidegree (deg w)/2, is nontrivial. Moreover, this
variety is a principal homogeneous space with respect to the action of the Jacobian J(X)
defined by the following formulas:

J(X)x W(X) > W(x), [M],[L]~[M®L]

(here [ L] denotes the isomorphism class of a sheaf L). The variety Jv(X) will be called the
Jacobi variety of the curve X. Fixing a class [L] € Jv(X), we obtain a noncanonical
isomorphism

JipJ(X) 3 I(X), [M]-[MeL]

If D is a divisor in Jv(X), then we denote by D, the image of D on J(X) under the
isomorphism j ;.

2.1. PROPOSITION. Let X be a curve satisfying (RK). Then
(2.1.1) the subvariety

{[L] € W(X)|h%(X, L) > 1} € Iv(X)

defines an effective reduced divisor ® on Jv( X).

If X’ is another curve satisfying (RK), ©’ is the divisor on Jv( X") defined by the preceding
formula, and g. X’ — X is a birational morphism, then, for arbitrary classes [ L] € Jv(X)
and [Ly] € Iv(X"),

(2.1.2) the divisor ©, , on J(X) is algebraically equivalent to the divisor ( g*)“l(G)E Lol
where g*: J(X) — J(X') is the morphism corresponding to g.

PRrROOF. First of all, we observe that the proposition easily reduces to the situation when
X is a connected curve and g = f: X’ = N — X is a desingularization of X. It is well
known that for a smooth curve X the divisor ® corresponds to the standard polarization
and each effective divisor which is algebraically equivalent to ©, ,is obtained from this
divisor by a translation, so that set-theoretically 1t has the form

O, = {[MleJ(X)|h(X,M® L) >1}, (2.1.3)



PRYM VARIETIES: THEORY AND APPLICATIONS 91

where L is an invertible sheaf of multidegree (deg w,)/2. The last assertion follows from
the fact that our polarization is principal (cf. (2.2)). For a singular curve this is not quite
so, and, although by the proposition the divisor ( f *)‘1(6{% }) is algebraically equivalent
to O, ;, there need not exist representation (2.1.3) with an invertible sheaf L. Thus the
required algebraic equivalence is not simply a translation on J( X), but something like this.
Namely, (f *)‘1(91 1)) is represented in the form (2.1.3) with L = f, L;,, and by Lemma
1.4 the last sheaf can be deformed to an invertible sheaf of a suitable multidegree.

More previsely, let #, S, 5, and s, be as in Lemma 1.4, where L, is replaced by L;,. We
construct a divisor Z on J(X) X S such that Z is flat over an open subset in S containing
5o and s, and for each point s € §

SupP(Z|J(X)><(s)) = {[M] eJ(X) (X, M® L) > 1}-

Here we use the Kempf construction (cf. [29]). Let & be the Poincaré sheaf on X X J(X),
and let p,q, r and m be the projections of the product X X J(X) X S onto X X §,
J(X)X S, X XJ(X) and X respectively. Consider the sheaf # = r*# ® p*¥ on X X
J(X) X S. For closed points s € S and [M] € J(X)

3‘-|X><([M])><(s) =M®L,.

We fix g nonsingular points x;,...,x, on X in such a way that the divisor D = ¥§ x, has
multidegree deg D > 3 deg wy (> with respect to all components), where g is the genus of
the curve X. Since the sheaf & is invertible in a neighborhood of the subvariety
{x;}$ X S, there is an exact sequence

0> F® m*0y(-D) > F—>F& m*0, > 0.

Consider the corresponding sequence of direct images with respect to . We claim that
d+«(F® m*0p) and R'q ( F® m*0 (-D)) are locally free sheaves of rank g, and

R'q (F® m*0,) = 0.
By Corollary 2 from [15], Chapter 11, §53, it suffices to verify that
(X, M®L ®0,) =g,
MX,M® L, ®0,) =0,
WX, M®L ,®0,(-D))=g

for all closed points s € S, [M] € J(X). The first two equalities are obvious, and the third
follows from the Riemann-Roch theorem and the construction of D. Thus we obtain an
exact sequence

E, 5 E, > Rig, - 0, (2.1.4)

where E, = ¢, (#® m*0,) and E, = R'q,.(F® m*0,(-D)) are locally free sheaves of
rank gonJ(X) X S.

Since the functors R'q, commute with base change, for each pair p = (M, s) € J(X) X
S (2.1.4) induces an exact sequence

ul,
E|,>El|,»H(X,M®L,)—0.
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By the Riemann-Roch theorem,
P(X,M®L)=h(X,M®L,).

Therefore A°(X, M ® L)) > 1 if and only if det(u)|, = 0. This proves (2.1.1), since from
Lemma 1.4 it easily follows that h°(X, L) = 0 for a generic [L] € Jv(X) (compare with
Lemma 2.1 in [3]).

Let Z be the divisor on J(X) X § locally defined by the equation det(u) = 0. Let
U c § be the open subset consisting of those points s € S for which Z, = Z|; y,,(,, #
J(X) and is reduced. To prove (2.1.2) it remains to verify that s, € U, since then the set of
points s corresponding to invertible sheaves L is open and dense in U. To do this we
observe that

fo(Ly) ® M =f,(Ly® f*M)
for each [M] € J(X). Hence set-theoretically Z, = (f *)‘1(®E 1)) Since O, is reduced,
our divisor is also reduced because for a sheaf f*M corresponding to a generic point of
01, we have
R(X, fa(L) @ M) = h(X, fo(Ly) ® M) = (N, Ly @ f*M] = 1. =

The above result justifies the following:

2.2, DEFINITION. Let f: N — X be the desingularization of the curve X, and let © be the
polarization divisor of the Jacobian J(N). A divisor which is algebraically equivalent to
(f*)"Y(®) is called a polarization divisor of the Jacobian J(X) or, in more traditional
terminology, a theta-divisor. The complete algebraic equivalence class of such divisors is
called the polarization of the Jacobian J( X). In what follows all Jacobians will be provided
with this additional structure. From a category viewpoint we thus obtain a contravariant
Jacobi functor from the category of algebraic curves to the category of polarized commuta-
tive algebraic groups; under this correspondence birational morphisms of curves are
transformed to morphisms of polarized groups.

From a geometric point of view, effective polarization divisors present special interest.
To such divisors there correspond various tangent maps. If there exists a canonical choice
of effective polarization divisor, at least modulo translation, then these maps define
geometric invariants of the Jacobian, such as, for example, the ramification divisor of the
Gauss map. Such a choice automatically exists for a principal polarization of an abelian
variety A, i.e. when the algebraic group A4 is complete and its polarization has degree 1.
We recall that the degree of polarization of an abelian variety 4 is by definition the
quotient 8™ /(dim A)!, where © is a polarization divisor. For some special algebraic
groups, among the polarization divisors there are similar distinguished classes of effective
divisors modulo translation. By Proposition 2.1, examples are given by the theta-divisors
®, on J(X), where J(X) is a curve satisfying condition (RK). However it is possible that
these are not all polarization divisors. The divisor ® on the Jacobian variety Jv(X)
introduced in Proposition 2.1 will be called the canonical polarization divisor or canonical
theta-divisor on Jv(X). The corresponding divisors ©,, C J(X) will also be called
canonical.

Let r and d be two nonnegative integers. We denote by GJ( X') the subvariety

{[L] € Pic(X)|deg L =d. h°(X, L) > r+ 1}

in Pic(X) (if there is no danger of confusion, we write simply Gj). Similarly, for an
integral vector / with ¢ components (where ¢ is the number of components of the curve X)
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we obtain a subvariety G/ C Pic/(X). For example, for a curve X satisfying condition
(RK) we have Gieg . )2 = ©-

Our next goal is to study infinitesimal properties of G;. To do this, we first of all give a
local description of the subvariety G. Take an arbitrary point [L,] € G} N Pico(X),
where [, = deg L,. We fix nonsingular points x,,...,x,, on X such that m = h°(X, L) >
r + 1 and h°( X, Ly(-D)) = 0 for D = L{*x,. The vector /, gives rise to a Poincaré divisor
2 on X X Pic’o(X). We denote by p and ¢ the projections X X Pic°(X) — X and
X X Pic/s( X) — Pico(X). Now we apply the construction from the proof of Proposition
2.1 in the case when S = { L}. This construction yields an exact sequence of sheaves

E, S E, > Rg,#—>0

on Pico( X), where in a neighborhood of the point [L,] the sheaves E; = g (2 ® p*0,,)
and E, = Rlq (P ® p*0(-D)) are locally free and have ranks mandn = m — d — x(0y)
respectively. For [ L] € Pic?( X) the Riemann-Roch theorem shows that

(X, LY>r+1eh(X,L)>r+1—-d—x(0,).

Hence a point [L] in a neighborhood of [L,] € Pic/o(X) lies in G} if and only if
rk(u|(;)) < m — r — 1. Defining the map u in a neighborhood of [ L,] by an m X n matrix
(u;;) whose entries are functions on Pic’o( X) defined in a neighborhood of [L,], we see
that GJ is locally defined by the vanishing of all (m — r) minors of this matrix. By our
construction, u|[, ;= 0, i.e. the exact sequence

Y[Lo)

0- H(X, L) ~ EII[LO] - EZI[LO] - H'(X, L) =0

reduces to a pair of isomorphisms
HY(X,Ly) = E\|;; ,, H'X, L) = E)|,
The linear parts of the germs of sections of the sheaf Op; 1y, at [ L,] can be identified with
the cotangent space
T;ic’O(X),[LO] = HO(X» “’x)
at the point [ L,]. Therefore the space of linear parts of the germs of sections of the sheaf
E, can be identified with
H(X,0x) ® Ey|, = H'(X, wy) ® H'(X, L,).
After performing all these identifications we have the following:

2.3. LeMMA. The linear part of the map u at the point [L,) coincides with the linear
homomorphism

HY(X, L,) » H(X, wy) ® HY(X, L,),
corresponding to the U -product
HO(X, wy)* ® H(X, Ly) = H'(X, 0y) ® H(X, L,) > H'(X, L,).

Before proving this lemma, we give several corollaries. We begin by restating the lemma
in terms of coordinates. To do this, we fix a basis (s,)7" in H°( X, L,) and a basis (¢ )1 in
H'(X, L,). Then for E; and E, there exist local trivializations which under the restriction
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l{z,; induce the trivializations of the corresponding vector spaces given by the bases (s;)
and (¢;) respectively, i.e. the bases of these trivializations correspond to the fixed bases at
[L,] modulo terms of higher order. Under these trivializations, the map u is given by an
m X n matrix (u,,) composed of functions on Pic/o( X) which are defined in a neighbor-
hood of [Lg]. Since (u;;)|,,;= O, the linear part of the matrix (u,;) at [L,] does not
depend on the choice of such trivializations. As above, the linear parts of the functions u,;
are identified with the elements of the cotangent space Tgcio xy (1,1 = H UX, wy)

2.4. COROLLARY. The linear part of the matrix (u,,) is equal to
((si®tj’.")[L0]), l1<ism1<j<n,
where
iz H2(X, Ly) ® HY(X, Lo)* = H(X, Ly) ® H( X, 0y ® Lg') » HO( X, wy)
is the natural pairing and (t}) is the basis in HY(X, Ly)* dual to ().

This immediately follows from Lemma 2.3 and some standard facts from linear algebra.
|

One of the most important applications of the coordinate version of Lemma 2.3 is the
following:

2.5. CoROLLARY (RIEMANN - KEMPF THEOREM). Let X be a curve satisfying condition
(RK), and let © be the canonical polarization divisor on the Jacobian variety Jv( X). Then for
each pont [L] € Jv(X) the following assertions hold:

(2.5.1) If det((s; ® £}) (1)) # O, then

Multi ;0 = #°(X, L)
(Multi , X denotes the multiplicity of the point x on the divisor X C Y), and, moreover, the
form det((s; ® t})|,) gives the equation of the tangent cone to © at the point [L] in the
tangent space Ty, x)(1-
(2.5.2) If det((s; ® 1}) (1)) = 0, then
Multi;,,0 > h°(Xx, L).
(2.5.3) In particular, for [ L] € Iv(X) we always have
Multi ,,© > A°(X, L).

2.6. REMARKS. (a) The matrix ((s; ® t});;;) considered in the preceding corollary is
square, i.e. m = n, since x(0y) = (det w)/2.

(b) It is easy to verify that det((s; ® ¢});,;) = 0 if and only if there exists a nonzero
section s € HO(X, L) such that (s ® H%(X,w,® L}))=0. If in H° X, L) or in
H(X,w, ® L!) there is a section which does not identically vanish on each component
of the curve X, this is impossible. Hence for an irreducible curve X condition (2.5.1)
always holds, which yields the equality Multi ;0 = h°(X, L) and a convenient descrip-
tion of the tangent cone to © at each point [ L] € © similar to the classical version of the
Riemann theorem on singularities (see, for example, [8)).

(c) Below we shall consider a similar theorem for the divisor = on a Prym variety.

PrROOF OF COROLLARY 2.5. By our main construction, in some neighborhood U of the
point [ L] € Jw( X) there is an exact sequence

(“,‘)
On = O > Rig,#— 0
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such that © is locally defined by the equation det(u,;) = 0 (here m = h°(X, L)). As at the
end of the proof of 2.1, we observe that the equation det(«,;) = 0 is reduced at the generic
points of ©. All other assertions follow immediately from Corollary 2.4 and the fact that
() =0. =

2.7. COROLLARY. Let Z C G} be a subvariety, and let [L] € Z be a point such that
h°(X, L) = r + 1. Then the tangent subspace T7(1) < Toiecx) 1 lies in the zero subset of the
forms fromim( ), C H U(X, wy) = T8 xy 1) Wwhere () denotes the natural pairing

H(X,L)® H(X, 0y ® L!) > H( X, wy).
Hence, if Z is irreducible, then
dim Z < g — dimim( ).

PrOOF. By the main construction of this section, in some neighborhood U of the point
[L] there exists an m X n matrix (u;) such that u,; €0, and ZN U C {([M]e

Pic(X)|M € U and (u,,(M)) = (0)}. By Coroliary 2.4, the linear parts of the functions u,,
at [ L] generate the space im( ), ®

PrOOF OF LEMMA 2.3. We need to show that for each tangent vector t € H'( X, 0y) =
HY(X, wy)* at the point [ L,] the composition

EII[LO] - HY(X,wy)® EZI[LO] - E2|[L0]
R u I
HO(X, LO) - HO(X,wX)®H1(X,LO) - HI(X, LO)

w®s—-t(w)-s

is the U-multiplication by . The tangent vector ¢ defines a morphism Spec k[e]/(&?) —
Pic( X) which is equivalent to defining an invertible sheaf L_on x, = X X Spec k[¢]/(&?)
which restricts to L. The sheaf L, as sheaf of @ ,-modules is represented by the extension

0-L,»>L,—>L,—0,
corresponding to our tangent vector

1 € ToigxyiLy = H'\(X,0y) = Ethax(Lo» Ly).

Consider the following commutative diagram of sheaves of @, -modules:

0 0 0
N 1 8

0 - Ly(-D) - L, - 0, - 0
l \ 1

0 - L(-D) - L, - 0,®klel/(e?) - 0
\ \ !

0 - Ly(-D) - L, - Op - 0
\) N8 \)
0 0 0
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The rows and columns in this diagram are exact. This diagram induces the commutative
diagram of vector spaces over k

E2|[Lo] 0
[
H(D,0,) - HYX,Ly(-D)) > H'(X, L)
l |«
klel/(22)  ® HYAD,0,) S HYX, L(-D))
] i
HY(X,L,) > HYD,0,) - HX,Ly(-D))
lur J Il
Hl(X,LO) 0 E1|[L0]

whose rows and columns are also exact. The map

a"l ot*y °B_1: HO(X, LO) = Ell[Lo] - Hl(X’ LO) = Ezl[Lo]

is well defined and coincides with the composition considered in the beginning of the
proof. Using the definition of the boundary homomorphism and a diagram search, it is
easy to show that this map coincides with the lower left-hand vertical arrow in the second
diagram, i.e. with the U-multiplicationby:. =

§3. Prymians and Prym varieties

We begin with some notation and conventions. In what follows C, C,, C,... denote
curves whose only singularities are ordinary double points. We recall that a singular point
s € C is called an ordinary double point if the computatlon 0C of its local ring O  is
isomorphic to k[[u, U]]/(u v).

A morphism I: € —» € with I? = id is called an involution. In what follows we shall
assume that the involutions under consideration are not the identity on any irreducible
components of our curve. The symbol denoting involution will have the same indices as
the symbol denoting curve, e.g. I;: C; = Cy, I5y: Gy > Cy,. Similarly, as a rule, each
object corresponding to a pair of the above type will have the same indices, e.g. the
canonical projection will be denoted by =5 C”gg - .

So, let (C, I') be a pair consisting of a curve C and an involution I on C. We denote by
C the quotient curve C/I and by 7: € — C the corresponding projection. This notation is
justified by the fact that, as is easy to see, the only singularities of C are ordinary double
points. We observe that the morphism = is finite, but is not necessarily flat.

Let K (respectively K ) denote the ring of rational functions I'(C, %) on C (on C), i.e.
the product of the fields of rational functions of the irreducible components of this curve.
As usual, Div( X) denotes the group of Cartier divisors of the curve X. Clearly I induces
an involution /*: K —» K. The norm homomorphism from K to K is by definition the
multiplicative homomorphism

Ni,x: K-> K" =K, h—h-I*(h),
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where K" is the subring of I*-invariant rational functions on C. The norm induces the
following commutative diagram with exact rows:

K* - Div(€) - Pic(C) - 0
l NI_(/K Jr T x le
K* - Div(C) - Pic(C) - 0,

where Nm = Nm¢ Pie(C) — Pic(C) is the usual norm of invertible sheaves (cf. [7],
11.6.5).
The involution I gives rise to an involution /*: Pic(C) — Pic(C). It is clear that

7*oNm = id + I*, (3.1.1)
Nmo ¥ = 2, (3.1.2)

where 2 denotes the isogeny corresponding to raising to the second tensor power and the
map 7*: Pic(C) - Pic(C) is induced by the lifting of sheaves.

3.1. LEMMA-DEFINITION. The connected commutative algebraic group

Pr(C, I)d=fkcr(Nm)0 = ker(id + 1*)° = (id — ") J(C)

with polarization induced from the Jacobian J(C ) under the natural inclusion Pr(C, 1) c J(C)
is called the Prymian of the pair (C, I);

dim Pr(C, I) = g(C) — g(C),
where g(C) = h'(C, 0:) and g(C) = h'(C, O.) are the genera of the curves CandC.

PROOF. In view of (3.1.2), the kernel of the map =* is finite and Nm: J(C) — J(C) is an
epimorphism. Hence by (3.1.1) ker(Nm)® = ker(id + 7*)° and has the required dimension.
Moreover, we clearly have the inclusions (id — I*)J(C) C ker(id + I*)° and ker(id — I*)°
D 7*J(C). Now we observe that the homomorphism 7* e Nm on ker(id — I*) coincides
with the isogeny defined by multiplication by 2. Therefore ker(id — I*) = #*J(C) and
dim(id — 1*)J(C) = g(C) — g(C) = dimker(id + I*)°. Hence

(id — I*)J(C) = ker(id + I1*)". u

In this section we study the main properties of Prymians. Here we consider only curves
with ordinary double points. However it should be noted that in certain cases it is
necessary to consider curves with cuspidal double points; this problem will be dealt with
in one of the following parts. Nowe we are going to determine when Pr(C, I) is a complete
algebraic group, i.e. an abelian variety. After that we shall study the question of when the
polarization on such an abelian variety corresponds to a principal polarization. We say that
two polarizations correspond to each other if they are proportional. It turns out that the
polarization of a Prymian Pr(C, I') can never be principal. We shall see that the best thing
one may hope for is that our polarization is equal to a principal polarization multiplied by
two. The most important cases when this is so were first described by Mumford in the
nonsingular case and by Beauville in the singular case (cf. [17] and [3)).
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3.2. DEFINITION. A birational morphism X’ — X will be called a partial desingulariza-
tion (or resolution of singularities) of the curve X. Similarly, a birational morphism f:
C’ — C fitting into a commutative diagram

7 -~
¢ - C
\r VI
~ 7 -
¢ - C

will be called a partial desingularization (or resolution of singularities) of the pair (C, I')
and will be denoted by f: (C’, I') = (C, I). Occasionally we shall specify the set of
singular points resolved by a given morphism.
A partial desingularization of a pair gives rise to a commutative diagram:
. A .
J(C) = JC)
I*l ‘L I'*

J(C) A J(C)

It is clear that f* Pr(C, I) = f*o(id — I")J(C) = (id — I'*)o f*J(C)  Pr(C’, I'). There-
fore a partial desingularization f: (C’, I’) = (C, I') induces a morphism of the correspond-
ing Prymians
f*:Pe(C, 1) > Pr(C, I) [L]~ [f*L].

By definition of polarization of a Prymian, this is a morphism of polarized algebraic
groups, i.e. the polarization on Pr(C, I) is the preimage of the polarization on Pr(C’, I')
with respect to f*.

We observe that a partial desingularization f: ¢’ — C gives rise to a partial desingulari-
zation of the pair if and only if the singular points x and 7(x) are resolved simultaneously

and the involution I’ is induced by the involution I. It is easy to verify that f defines a
partial desingularization of the quotient

fic=C/r-c==C/1
The following obvious result often helps to simplify situation.
3.3. LEMMA. Suppose that (C, 1) is a disjoint union of two pairs (C‘l, L) and((fz, 1)), i.e.
C=C¢udé, CnG=w2, I(C)=C, I(G)=23,
e =t e, =L
Then the polarized Prymian splits into a direct sum:
Pr(C,1)=Pr(C,,I,)®Pr(C,, 1,). W

3.4. REMARKS. (a) Let 4, and 4, be two commutative polarized algebraic groups. By a
direct sum A; ® A, we understand the commutative algebraic group A4, X A, with polari-
zation defined by polarization divisors of the form p¥D, + p*D,, where D, and D, are
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polarization divisors on 4, and A4,. It is easy to verify that this is a direct sum in the
category of commutative algebraic groups.

(b) The above lemma reduces all questions involving Prymians to the case of a
connected curve C, with the exception of one trivial possibility when C consists of two
connected components C; and C, transposed by the involution 7. It is easy to verify that
in the last case Pr(C, I) = J(C,) = J(C,) with polarization equal to the standard polariza-
tion on each of the Jacobians multiplied by two; hence in this case the Prymian is complete
if and only if the irreducible components of the curve C, (and C,) are nonsingular and form a
tree. In view of this, in what follows we shall often assume that C is a connected curve;
this will allow us to simplify the exposition. However it should be noted that in general it
is not advisable to disregard the disconnected case, since it naturally arises in some
auxiliary constructions.

We introduce the following invariants:

2n,= #{x € SingC|I(x) # x},
ny= #{x e SingC|I(x) = x,7(x) € Reg C},

2¢, = #{C’ c C|C’is an irreducible component with I(C’) # C’},
r=#{x e RegC|I(x)=x).

Here, as usual, Sing X denotes the subvariety of all singular points from X and Reg X
denotes the open subvariety of nonsingular points from X.

3.5. THEOREM. Let C be a connected curve. Then the Prymian Pr(C, I) is an abelian
variety only in the following cases:

(351) ny;=1, n,=c,— 2, the set {x|I(x)= x)} consists of a single point, and the
resolution of C at this point consists of two connected components C, and C, transposed by the
involution; the irreducible components of each of the curves C, and C, are nonsingular and
form a tree ( Figure 1). In this case Pr(C, I) = J(C)) = J(C,) and the polarization is equal
to two times the polarization on each of the Jacobians.

(3.52) n}; = 0 and ny = c,. In this case the polarization on Pr(C, I) is divisible by two if
and only if r < 2. More precisely, here there are two possibilities:

(3.3.3) n; = 0 and 2n, = 2¢, = &, where C is the number of irreducible components of the
curve C; the resolution of C at a pair of points x, I(x) € {x € Sing C|I(x) # x} consists of
two connected components C, and C, transposed by the involution, and the irreducible
components of each of the curves C, and C, are nonsingular and form a tree (cf. Figure 2). In
this case Pr(C, I) = J(C,) = J(C,), and the polarization is equal to two times the polariza-
tion on each of the Jacobians.

(3.54) n;=0 and 2n, = 2c, < & denote by C, a union of all irreducible components
C’ c Cwith I(C") = C'; Cy is a connected curve; the resolution of C at the points of the set
{x € Sing C|I(x) # x, x € C,} consists of the connected component C, and #{x €
Sing C|I(x) # x, x € C,} connected components Cy, I(C,), C,, I(C,),..., where the curves
of each pair are transposed by the involution; and the irreducible components of each of the
curves C,, I(C,), C,, I(C,),. .. are nonsingular and form a tree. In this case

Pr(C,1)=Pr(C,, 1I,) ®J(C) ®J(C)) ® ---,
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where I, = I|;,, and the polarization is equal to the polarization on the Jacobians multiplied
by two (cf. Figure 3).

3.6. DerINITION. Let (C, I) be a pair such that Pr(C, I') is an abelian variety whose
polarization is equal to a principal polarization multiplied by two. In this case we shall say
that (C, I) is a principal pair, and Pr(C, I') with the above principal polarization equal to
one-half of the standard polarization will be called a principal Prymian. This principal
Prymian will be denoted by P(C, I). Thus, as a group scheme P(C, I) coincides with
Pr(C, I); the difference is only in the choice of polarization divisor.

3.7. REMARKS. (2) The case (3.5.3), like (3.5.1), is trivial. However, it plays an important
role in global questions, since such pairs naturally arise as degenerations of the principal
case, where C is a nonsingular curve and I is an involution without fixed points.
Moreover, such pairs and the pairs described in (3.5.4) allow us to make the Prym map
P(, ) proper (cf. [3]). The pairs described in (3.5.3) are sometimes called Wirtinger pairs.
Wirtinger [6] was the first to introduce them in the case when 2n, = 2¢, = 2 and C, =, G,
is a nonsingular irreducible curve.

(b) The pairs (C, I) with r = 0 from (3.5.2) are usually called admissible. It is these
pairs that make the Prym map proper.

(c) As we can see from the theorem, the question of distinguishing principal Prymians
from the Jacobians of nonsingular curves naturally reduces to the case when C is a
connected curve and n} = n, = ¢, = 0. Below we shall see that we may also assume that
r = 0. Thus it is natural to consider the pairs (C, I') satisfying the following condition:

(B) Sing C = {x € C|I(x) = x} and n(Sing C) = Sing C, i.e. the fixed points of the
involution I are precisely the singular points of the curve C, and the involution I preserves the
branches at these points.

: /

o
N
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FIGURE 3



PRYM VARIETIES: THEORY AND APPLICATIONS 101

We shall call such pairs (C, I) Beauville pairs, since Beauville was the first to study the
main properties of their Prymians in the singular case.

3.8. Below we shall need an explicit description of the Cartier divisors on € and C and
an explicit description of the action of the homomorphisms /* and 7, on these divisors.
The group of Cartier divisors on C is as follows:

Div(C) = ( @ 2x)o( ® %02,
x&Reg C s€Sing C
Let f: €' — C be a partial desingularization at a point s € Sing C, and let s, and s, be the
preimages of s under this desingularization. Then there is an exact sequence of groups

vy, 0,

( 2)
1> k* > RE /05 > Z&Z—0,

where v, and v, are the valuations at the points s,, s, € C’ respectively; the map
h — f*(h)(s,)/f*(h)(s,) identifies the kernel of the arrow (v,, v,) with k*. A choice of
local parameters ¢; and ¢, at the points s; and s, splits this triple and defines an
isomorphism

(,,)k*XZXZ<RE JOE,,

((f*(h)/tfl)(51)/(12*(}7)/”2)2)(52)’ Uy = Ul(i*(h)),
v, = vy(f*(h))) < the class of h.
The description of the above homomorphisms falls into three cases:
(3.8.1) I(s) # 5. Then 7(s) € Sing C and for a suitable choice of local parameters
*(z,m,n), =z, m, n) s,
me(z,m,n), = (z,m, 1))
7e(z,m,n) = (z,m, n) ..
(3.8.2) I(s) = s and 7(s) € Reg C. In this case for a suitable choice of local parameters
I*(z,m,n),=(z7', n,m),,
7oz, m,n),=(m+n)n(s).
(3.8.3) I(s) = s and 7(s) € Sing C. In this case for a suitable choice of local parameters
*(z,m,n), = ((-1)"""z, m,n),,
mu(z,m,n), = ((-1)"""2% m, n) ().

PROOF OF THEOREM 3.5. Suppose that Pr(C, I) is a complete variety. First we consider
the case when n}# 0, i.e. there exists a point s € Sing C at which the branches are
permuted by the involution. We denote by f: C’ — C the desingularization at s. If C’ is a
connected curve, then there is an exact sequence

1 —»(k*,O,O)S—>J(C‘)§J(C~")—>O (3.8.4)

and = ,(k*,0,0), = {0}). Hence in this case there exists an inclusion k* < Pr(C, I') and
the Prymian is not complete. Therefore the curve C’ is not connected. But then it is easy
to see that C” is a disjoint union of two connected components C, and C, transposed by
the involu}ion I, and n; = 1. Besides that, in this case we have an obvious isomorphism
*J(6) - J(C’) which is compatible with the action of the involutions. Therefore

Pr(C,I)=Pr(C", I')=J(C,) = J(C,)
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and the polarization is equal to the polarization on the Jacobians multiplied by two. In
order that these Jacobians be complete it is necessary and sufficient that the irreducible
components of each of the curves C,, and C, be nonsingular and form a tree.

Suppose now that n; = 0. First we reduce everything to the case whenn, = 0. If n, # 0,
then there exists a point s € Sing C with I(s) # s. We denote by f: (C’, I') = (C, I) the
partial resolution of our pair at the points s and I(s). If the curve €’ is connected, then
there is an exact sequence

N
1 - (k*,0,0), ®(k*,0,0) ;. = J(C) > J(C) = 0,

and 7,((2,0,0), + (2740, 0)sy) = (1,0,0),,,, in view of (3.8.1). Therefore in this case
there exists an inclusion k* = Pr(C, 1), and the Prymian is not complete. Hence the curve
C’ is not connected. If €’ has two connected components C; and C, and the involution I’
preserves these components (cf. Figure 4), then there is an exact sequence

. S N
1= {200, + 00w} (mod =) =€) S ue) =0
i
k*/+1 zek*

and
74((2,0,0), +(27%,0,0) 1)) = (1,0,0) .5,

(here we consider the isomorphism (, , ), induced by (, , ), with respect to I). From
this it follows that there is an inclusion k*/+ 1 < Pr(C, I), and so in this case Pr(C, I)
is also noncomplete. Hence, if C’ has two connected components C; and C,, then these
components are transposed by the involution /’. We shall show that in this case

Pr(C, I) = Pr(C", I),
f’l

which, combined with the argument given at the end of the preceding paragraph, leads us
to the case of Wirtinger pairs (3.5.3). First of all, we observe that there is an exact
sequence

1- {(Z’O’O)s +(z_l’0’0) 1(3)} ekt (k*,0,0)s @(k*,0,0) I(s)
- J(C)->J(C)—>0
and
77'*((2,0,0)5 +(Z,’O’ O)](S)) = (Z ) Z’,0,0),,(s);
here we consider the isomorphism ( , , ),,, induced by ( , , ), with respect to I. Therefore
f*: Pr(C, I) > Pr(C’, I') is a monomorphism. However by 3.1
dimPr(C, 1) =g(€) - g(C)=g(C) +1 - g(C") — 1 =dimPr(C’, I'),
and therefore Pr(C, I) = Pr(C’, I'). It remains to consider the case when the curve
consists of three connected components. One of these components, which will be denoted
by C,, is stable with respect to I ’, and the two other components C; and C, are transposed
by I’. Moreover, since f*: J(C) — J(C’), 3.3 shows that
Pr(C,I) = Pr(C’, I') = Pr(C,, I,) ® Pr(C, U C,, "),
where I, = I’ and I” = I'| ¢, We have already verified that the last summand is
complete if the irreducible components of each of the curves C; and C, are nonsingular
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and form a tree; the polarization of this summand is always divisible by two. From this it
follows that ne(C’) - ne(C‘O) = ce(C‘) - Ce(éo) > 0 and r(C‘O) = r(C). This lets us reduce
everything to the case n, = 0.

Thus we may assume that n; = 0 and n, = 0. Then from the connectedness it follows
that ¢, = 0. In particular, in the above reduction we have n, = c,, which proves the
necessity. To prove the sufficiency, it remains to show that if ny=n,=c, =0, then
Pr(C, I) is an abelian variety whose polarization is divisible by two if and only if r < 2.
This forms an essential part of the following proposition. H

=™

Ly

FIGURE 4

3.9. PrOPOSITION. Let C be a connected curve, and suppose that the pair (C, I) satisfies
the following condition:

(F) SingC c {x € ClI(x) = x} and 7(Sing C) = Sing C, i.e. each singular point of C
and the branches at these singular points are stable under the action of the involution I.

Then the following assertions are true:

(3.9.1) If r > 0, then Pr(C, I) = ker(Nm), i.e. ker(Nm) = ker(Nm)°.

(3.9.2) If r = 0, i.e. the pair (C, I) satisfies condition (B), then there is an exact sequence
of groups

0 - Pr(C, I) - ker(Nm) - Z/2Z — 0.
In other words, kex(Nm) has two connected components.

(3.9.3) Pr(C, I) is an abelian variety of dimension g(C) — 1 + r/2 with polarization of
degree 29mPXC. D) iy the case when condition (B) holds and polarization of degree 25©
otherwise.

(3.9.4) The polarization of Pr(C, I) is divisible by two if and only if r < 2.

3.10. REMARK. It is easy to show that if a pair (C, I) satisfies condition (F), then the
number r is even. This follows from the fact that the number of fixed points of an
involution on a smooth curve is even.

3.11. LEMMA. In the conditions of Propositions 3.9, let L be an invertible sheaf on C with
Nm(L) = 0. Then L = M ® I*(M ™) for some invertible sheaf M on C. Moreover, M can
be chosen so that its multidegree is equal t0 (0,0,...,0) or (1,0,...,0).

PrROOF. We choose a Cartier divisor D” € Div(C) in such a way that L = Os(D").
Then 7, D" = (h) is a principal divisor, where # € K* is a rational function. Since K is a
product of fields of type C! (cf. [14]), by Tsen’s theorem there exists a function # € K*
with Nmy (%) = h. Hence L = Ox(D’), where D’ = D” — (h) and 7,D’ = 0. That
means that

D= Y n(x-I1(x)+ X D

xeReg € s€Sing C
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and 7, D = 0 for all s € Sing C. But then, in view of (3.8.3), D] = (£1,0,0),, where
(-1,0,0), =(1,0,1), — 1*(1,0,1),. Hence D’ = D — I*D for some divisor D € Div((:’),
from which it follows that L = M ® I*(M ™) for M = 0x(D). Now we observe that
(id — I*)(1,1,-1), = 0. Therefore we may replace M by M(1,1,-1),. Twisting by
(1,1,-1),, we can transfer the number one in the multidegree from one component to an
arbitrary component intersecting the chosen one. Since the curve € is connected, after a
suitable number of such transformations the multidegree of M becomes equal to
(d,0,...,0). Multiplying M by #*M’, where M’ is an invertible sheaf on C of multidegree
(-[d/2,0,...,0) (we remark that, since ¢, = 0, the irreducible components of the curves C
and C are in a one-to-one correspondence), we obtain the required sheaf. B

PROOF OF PROPOSITION 3.9. By the above lemma, ker(Nm) has at most two connected
components. First we consider the case r > 0. Then we may assume that on the curve
corresponding to the first component of the multidegree for a suitable ordering of the
irreducible components there exists a nonsingular point x which is a fixed point of the
involution I, so that x — I*(x) = 0. Hence in this case ker(Nm) = ker(Nm)°, which
proves (3.9.1).

Suppose now that r = 0, i.e. condition (B) holds. We set

Pr(C,1)={[L) € Pic(C)|L =M ® I*(M'), and [M] € Pic®®O(C)}.

It is easy to verify that the variety Pr'(C, I) ¢ Pic(C) does not depend on the choice of
irreducible components of the curve € on which the sheaves have degree 1.

3.12. REMARKS. (a) Let (C, I) be a pair satisfying condition (B). Then C has the
following property:

(E) For each decomposition C = C, U C,, diim(C,; N C,) < 0, of the curve C the number
of intersection points of the components C, and C, is even, i.e.

#(C,nC)=0 mod2.

This follows from the fact that the number of fixed points of an involution on a
nonsingular curve is even. Since ¢, = 0 and in this case = defines an isomorphism between
Sing € and Sing C, condition (E) holds also for the curve C.

(b) Let f: C’ — C be the partial desingularization of a curve C with ordinary double
points at a subset S. Then from the description of the dualizing sheaves on curves (see, for
example, [21])

froe = we(fgesx)- (3.12.1)

In particular, if C= C’l ] Cz is a decomposition of C, then we have the following
adjunction-type formula:

wele, = wé,( by S), i=1,2. (3.12.2)
‘ s€éné,
(c) From the above two remarks it follows that if (C, 1) is a Beauville pair, then € and

the quotient curve C satisfy condition (RK).
(d) We also indicate the following formula which holds for the Beauville pairs:

T 0 = we.
This formula can be easily derived from the description of dualizing sheaves (cf. Lemma
(3.2) in [3]).
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We go on with the proof of Proposition 3.9. We consider a Beauville pair. In this case in
view of 3.12(c) there exists an invertible sheaf L, on C with L} = w.. Consider the
function

ker(Nm) - Z mod?2, [L]- r%(C, L ® w*L,) mod2.
We claim that this function is constant on each connected component of ker(Nm) and
assumes distinct values on Pr(C, I) and Pr’(C, I'), which proves (3.9.2). Since

h(C, L ® 7*L,) = h°(C, 7oL ® L),
in view of Theorem 1.6, the first assertion follows from the existence of a nondegenerate
quadratic form Q,: 7, L ® L, = w, or, which is equivalent, a form Q: 7, L —» Nm(L) =
0, varying with L. This form is induced by the norm map
Q =Nm: 7,0z, O,, h— Nm(h)
on sufficiently small open subsets U C C. The local verification of the fact that Q is

nondegenerate is rather simple and is left to the reader. To prove the second assertion we
need to find [L,], [L,] € ker(Nm) such that
W(C,L,® n*L,)=i mod2, i=1,2.

By (E), the curve C does not have nonsingular irreducible rational components intersect-
ing the other components at a single point. From this it is easy to deduce that in the linear
system |w.| there exists a divisor D consisting of distinct nonsingular points (cf. 3.13). For
each point belonging to the divisor D we pick a point on C lying in the fiber over this
point; thus we obtain a divisor D € Div(C) with 7,D = D. Let M = 05(13). Then
h%(C, M) > 0and Nm M = 0.(D) = «,. Next we show that h°(C, M"y = h%(C, M) — 1,
where M’ = M(I(x) — x) and x is a generic point of C. In what follows we shall need a
similar result in a more general situation than the one considered in the case (B).
Therefore we now prove this result in a more general setting.

3.13. The following concepts enable one to generalize some facts which are well known
in the smooth case to the case of a singular curve X. Let L be an invertible sheaf on X. The
linear system of the sheaf L is by definition the set |L| of effective Cartier divisors D with
0,(D) = L. For a connected curve X it is more convenient to consider the system |L| as
an open subvariety in P(H°( X, L)) which does not necessarily coincide with P(H°( X, L))
(and may be even empty) if the curve X is reducible. We shall say that an effective divisor
is nonsingular if its support lies in the set of nonsingular points. A sheaf L, or its linear
system | L|, is called nonsingular if | L| contains a nonsingular divisor. This is equivalent to
the existence for each singular point x € X of a global section s € Ho( X, L) with
s(x)# 0.

3.14. LEMMA. Let X be a Gorenstein curve with involution I which is nontrivial on all
irreducible components of the curve X, and let L be a nonsingular invertible sheaf for which
the sheaf wy, ® L™ ® I*(L™') is nonsingular. Then there exists a generic point x € X such
that

RO(X, L(I(x) — x)) = h°(X, L) — 1.
Furthermore, if dim|L|> 0, then we may assume that the sheaf L(I(x)— x) is also
nonsingular; the sheaf

wy® L(I(x) = x ) @ I*(L(I(x) —x)") = w,® L ® I*(L")

is automatically nonsingular.
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PROOF. It is clear that all fixed points of the systems |L| and jw, ® L7!| lie in Reg X.
Let x € Reg X be a sufficiently general point which, in particular, is distinct from these
fixed points; if dim|L| > 0, then we also assume that x belongs to a sufficiently general
divisor from |L|. Then

hO(X, 0y ® L(I(x))") = h°(X, 0y ® L) - 1,
from which, by the Riemann-Roch theorem, it follows that
h°(X, L(I(x))) = h°(X, L).

Hence h%( X, L(I(x) — x)) = h% X, L) — 1 and the sheaf L(I(x)— x) is nonsingular
provided that dim{L| > 0. W

We return to the proof of the proposition. Since ws = M ® I*(M) (cf. 3.12(d)), by the
preceding lemma for M there exists a point x € C with the required properties. As a
result, we obtain two invertible sheaves M and M’ on C such that Nm M = Nm M’ = W
and h°(C, M") = h°%(C, M) — 1. After a suitable change of notation, the sheaves M ®
7*Lg' and M’ ® m*L;! yield the required sheaves L, and L,. This completes the proof of
(3.9.2).

The following lemma shows that by performing a resolution of singularities we can
reduce (3.9.3) to the case of a nonsingular curve C.

3.15. LEMMA. In the conditions of Proposition 3.9, let f: C' — C be the desingularization at
a singular point of C. Then the morphism of Prymians
f*:Pr(C,I) - Pr(C', I')
is an isogeny of degree 2 or 1. More precisely, this isogeny has degree 1 if and only if (C, I)
satisfies condition (B) or C’ is not connected.

3.16. COROLLARY. Let (C, I') be a Beauville pair. Suppose that there exists a decomposi-
tion C = C, U C, with €, C, = (p,q)}). Denote by C; and C; the curves obtained by
identifying the points p and q by means of the involutions I] and I’ induced by I (cf. Figure
5). Then

Pr(C,I)=Pr(C|, ;)@ Pr(C}, ;). m

FIGURE 5

3.17. REMARKS. (a) The pairs (C}, I]) and (C;, I5) are again Beauville pairs, and, as we
shall see below, the polarization of their Prymians is divisible by two. Hence we have the
following decomposition of principal Prymians:

P(C,1)=P(C], I)) ® P(C;, I}).
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This reduces the problem of distinguishing Prymians from Jacobians to the case when the
curve C and therefore also the curve C in the case (B) satisfy the following condition:
(S) For each decomposition C = C, U C,
#(C, N G,) =4
(b) If r = 2, then, gluing the two fixed points of the involution I on C, we obtain a
Beauville pair (C, I'). By Lemma 3.15, we have an isomorphism

Pr(C, I') - Pr(C, T).

This sometimes allows us to consider only the Beauville case with » = 0 (cf. also 3.7(c)).

PrOOF OF LEMMA 3.15. The case when the curve €’ is not connected is obvious, since
then there exists an isomorphism f*: J(C) — J(C’) which is compatible with the involu-
tions. If €’ is a connected curve, then by (3.8.4)

ker(Pr(C, 1) - Pr(C’, I')) C ker(k* N k*) ={+1}.

By (3.9.1), if (C, I) is not a Beauville pair, then the above inclusion is an equality; in case
(B) the kernel is trivial. The dimension of the Prymians Pr(C, I) and Pr(C’, I’) coincide in
viewof 3.1. W
Now we turn to the proof of (3.9.3). Using Lemmas 3.3 and 3.15 and examining the
variation of dimension and degree under the resolution of singularities of C, we reduce the
problem to the case of a smooth curve C; as above, we assume that this curve is
connected. In that case it is clear that Pr(C, I) is an abelian variety. From 3.1 and the
Hurwitz formula, it is easy to derive a formula for the dimension of Pr(C, I). It is harder
to compute the degree of polarization. Now we turn to this problem. We use Mumford’s
argument from [17].
So, let C be a smooth curve, and let ® be an effective polarization divisor on the
Jacobian J(C). Since the polarization is principal, there is an isomorphism
Ae: J(C) = Pic®(J(C)), x> [0,(T70 - 0)],
where T,: J(C) — J(C) is the translation by x (cf. 2.1). A similar isomorphism is defined
by © c J(C). We fix points %, € C and x, = n(X,) € C. Consider the Abel-Albanese
mappings
1:C—>J(C), x-[0(x—x,)],
1:C>J(C), xo[0:(%- %)

and the commutative diagram:

R ()

L | Nm

c 5 Jo)
Applying Pic?( ) to this diagram, we obtain the following commutative diagram:

JE) «  Pic’(J(C))
_— ? Nm*

JC) £ Pic®(J(C))
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By the Riemann theorem (cf. [8], 2.7),
()7 =X, (%) = Aq.

Hence the diagram
- Ao -
J(C) - Pic®(J(C))
a* ] T Nm*
Ao
J(C) - Pic®(J(C))

is also commutative, i.e. 7* = Xg eNm*o Ag. Since 7**o Ago7* = (Nmo 7*)*o A g = 2
- A g, the diagram
~ As ~
JE) S Pic(J(C))
,”*T J{ gx*
27g

Jc)y 5 Pic(J(C))

is commutative. Moreover, in view of the duality and one of the preceding equalities,

7**o A = A g o Nm. Therefore Pr(C, I) = Ad(ker 7**)°. The morphism #* and the inclu-
sion Pr(C, I') © J(C) define an isogeny

0:J(C)xPr(C,I)— J(C), (x,y) > 7*x + y.
Set H = ker o. It is clear that
(x,y)eH=>m*x+y=0=7**(Ag(7*x)) =0=2x=0=2y =0.

Therefore H C J,(C) X Prz(C', I') (the index 2 indices that we consider the subgroup of
points of order 2 on the corresponding abelian variety). Since H N {0} X Pr,(C, I) =
{(0,0)}, there exist a subgroup H; € J,(C) and a homomorphism y: H, — Pr,(C, I) such
that

H= {(a,ya)|la € H}.

Let H, = ker#*. Then H, C H, and y defines an inclusion H,/H, = Pr,(C, I). The
lifting 0*® of the polarization divisor defines a morphism A ,.g which coincides with the
composition

~ 4 LA ~ a* ~
J(C) X Pr(C, I) > J(E) S Pic®(J(E)) S Pic®(J(C)) x Pic®(Pe(E, ).
This morphism can be represented by a matrix (§ ;), where
a: J(C) » Pic®(J(C)), B:Pr(C,I) - Pic®(J(C)),
y:J(C) - Pic®(Pr(C, 1)),  8:Pr(C, I) - Pic®(Pr(C, I)).

In view of the self-duality of A .4, we have the equality y = 8*. But by the definition of
Pr(C, I) the morphism 8 is equal to 0, and 8 = Az corresponds to the polarization divisor
= on Pr(C, I). Hence y = 0 and the lifting 0*© of our polariiation splits. From one of the
preceding diagrams it follows that a« = 2A 4. Now we observe that since the morphism
(2\ g, 8) of the polarization on J(C) X Pr(C, I) corresponds to the lifting of the principal
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polarization with respect to o, ker o is a maximal isotropic subgroup in ker(2A g, 8) with
respect to the skew-symmetric form defined by the polarization (cf. [15], §23). Thus
Hc J,(C) X kerd
and
eZ,J(C)(a’ B) - es(‘l’(o‘)’ ‘P(B)) =1,
if (a, $(a)), (B, ¢(B)) € H. Therefore y (H,/H,) C ker § and
es(¢v(a), ¥(B)) = eZ,J(C)(as B)

for all a, 8 € H,. In view of the maximality of H,
(#H,)’ = (#H)* = #(J,(C) X ker 8),
from which it follows that

#J,(C) _#H, < #H,
#H,  kerd = #imy

#(HIL) = #H,,

where Hi" = {a € J,(C)le, ;i (@, B) =1 for all B € H,}. But H, C H*, since for all
a € Hyand B € H,

e, 0, B) = es(¥(a), ¥(B)) = 1.

Hence H, = H{", imy = ker8 and H, = Hy-. Therefore the polarization degree of
Pr(C, I)is equal to

2
VEkerh; = VEkers = [#(H,/H,) = 2,

where c is the integer defined by the equality #H, = 297 and a = dim J(C). Now we
recall that H, = ker w*. To complete the proof of (3.9.3) it remains to recall the following
result (cf. [17]).

3.18. LEMMA. Ler C and C be two connected smooth curves, and let w: C — C be a
morphism of degree 2. Then:

(3.18.1) ker 7* = {0} when w has branch points; and

(3.18.2) ker@* = {0,U} where = is the unramified covering defined according to the
Kummer theory by a point U € J,(C) of order two.

Now we turn to the proof of (3.9.4). By (3.9.3), the polarization of the Prymian Pr(C, 1)
is divisible by two only for r =0 and 2. In view of Remark 3.17(b), to prove the
sufficiency it suffices to consider only the case r = 0. So, let (C, I) be a Beauville pair.
Consider the subvariety

Pv(C, 1) = {[L] € Pic(C)[Nm L = w, h°(C, I) = 0 mod2}

in Pic@&%)/2(C) (compare with 3.12(d)). From the preceding proof it follows that this
subvariety is nonempty. Moreover, this is a principal homogeneous space with respect to
Pr(C, I). The variety Pv(C, I) is called the Prym variety. We claim that the divisor

E={[L]ePv(C, I)|r°(C,L)> 0},

which from now on will be called canonical, corresponds to the polarization of Pr(C, I),
i.e. for each [L,] € PW( C, I), under the isomorphism

Pr(C, 1) SPV(C, I)c W(C), [L]~[L® L,
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the divisor = is transformed to one-half of the polarization divisor on Pr(C, I). In fact, let
0= {[Me RN, M) > 0} be the canonical polarization divisor on Jv(C). From
Lemma 3.14 it is easy to deduce that there exists an invertible sheaf L on C with
[L]€ PW(C, I) and h%C, L) = 0. Hence the divisor © intersects Pv(C, I) along an
effective divisor F = Y a,F,, where the F, are irreducible reduced components. Since
ho(C, M) > 0 and h°(C, M) = 0 mod?2 for [M] € @ N Pv(C, I), so that h%(C, M) > 2
for such [M], the Riemann-Kempf theorem shows that the divisor © is singular along
©® N Pv(C, I). Therefore a, > 2 for all i. On the other hand, the degree of polarization of

the Prymian Pr(C, I) is equal to 28™®«C. 1) and so

(F)HmEHE D) = dm(PC. D) ¢ ((dim (Pr(C, T))).
Now it is easy to show that all a; are equal to 2, our polarization divisor is divisible by
two, and the quotient = = ¥ F, defines a principal polarization. This complete the proof of
Proposition 3.9. B .

We emphasize that the canonical polarization divisor = on a Prym variety Pv(C, I) is
defined only in the case of Beauville pairs.

3.19. Prym varieties and their canonical subvarieties. Let (C, I) be a pair with ¢, = 0
satisfying condition (F). If C is a connected curve and r = 0, then Pv(C, I) and
= c Py(C, I') are defined as above. If C is a connected curve and » > 0, then we set

Pv(C,I)={[L] € Pic(C)[Nm L = v}
and
2(C,1)={[M] e Pv(C, I)|h°(C, M) > 0}.

It is clear that Pv(C, I) is a principal homogeneous space with respect to the natural
action of the group Pr(C, I'). Therefore in this case Pv(C, I') also is a complete connected
nonsingular variety. If C is not connected, then Pv(C, I) is defined to be a product of the
Pv corresponding to all connected components, and =(C, I) is defined as above. We
remark that if we are not in the Beauville case, then the subvariety Z(C, I) is not
necessarily a divisor. This is clear from the following result.

3.20. LEMMA. Let C be a connected curve, and let (C, I) be a pair satisfying condition (F).
Let Z be an irreducible closed subvariety in = whose generic point [L] corresponds to a
nonsingular sheaf L. Then

dim Z < g(C) =1 =dimPv(C, I) — r/2.

PROOF. At a generic point of the variety 9 =U;; c,|L| there is a well-defined

quasifinite morphism
D ~ |, D> a,D.
Therefore it is clear that dim Z < dim @ < dim|w | =g(C)—1. B

Varieties Pv(C, I) will be called Prym varieties, and their subvarieties =(C, I) will be
called canonical subvarieties. For the sake of brevity, we often write simply Pv, =, Pr and
P with the indices of the curve €. For example, Pv, = Pv(C‘l, I), == =(C, I,
Pr* = Pr(C*, I*), and P| = P(C;, I}).

3.21. The isogeny f°. Let (C, I) be a pair with ¢, = 0 satisfying condition (F), and let f:
C’ — C be its partial desingularization at a subset S C Sing C. Then the map

Pic(€) — Pic(€7), [L]»—»[f*L(— Y x)}

fixyes
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induces a mapping
Fo:Pv(C, 1) - Pv(C', I'),
since
NmOf*L(~ Y x) =f*°Nm(L)(— > x)=f*wc( 3 x)=wc,
ftxyes f(x)en(S) f(xyen(s)
(cf. (3.12.1)). i
(3.21.1) We observe that for the pair (C’, I') we have ¢, = 0, and this pair again satisfies
condition (F). Let g: C” — C’ be its partial desingularization. Then
-~ . O - ~
(feg) =2°/"
(3.21.2) f° is an equivariant morphism of homogeneous spaces, i.e. for each [L] €
Pv(C, I) and each [M] € Pr(C, I)
fAMeL)=(M)efL).
From these facts and Lemma 3.15 it is clear that £ is a finite epimorphism which, like the
corresponding mapping of abelian varieties
f*Pe(C. 1) > Pr(C, )
will be called an isogeny. We observe that
deg f° = deg f*. (3.21.3)
§4. Special curves

In §2 we defined a subvariety G C Pic(X) whose points correspond to classes of
isomorphic invertible sheaves L on X with deg L = d and h°( X, L) > r + 1. The geomet-
ric properties of the variety G reflect essential information about the structure of the
curve X. For example, if X is a nonsingular irreducible curve of genus gand 0 <d < g — 1,
then by Martens’ theorem [18] dim G} < d — 2r and the equality is possible only if r = 0
or X is a hyperelliptic curve. A further refinement of the estimate for the dimension of G
was suggested by Mumford in the Appendix to [17]. In this section, following Beauville
(3], we extend the theorems of Martens and Mumford to the case of curves with
singularities.

4.1. LEMMA. Let L and M be two nonsingular invertible sheaves on a curve X, and let
e H(X,L)® H(X, M) > H(X, L ® M)
be the natural pairing. Then
dimimo > A°(X, L) + h°(X, M) — h®( X, 0),
and therefore
(X, L® M) >h°(X,L)+h%(X. M) - hX,0,).
PrOOF. By our assumption, generic divisors from the linear systems |L|, |M| and
|L ® M| are nonsingular, and the canonical morphism
lpl: IL| X (M| > |L® M|, (D, D))~ D)+ D,
always has finite fiber over a nonsingular divisor. On the other hand, on im ¢ we have a
rational map
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()o: HY(X,L® M) > |L ® M|
which transforms a section s € H( X, L ® M) to its divisor of zeros (s),. The dimension

of the fibers of this map is equal to the number of components of the curve X, ie. to
h°( X, 0y). Therefore

dimime = 1%( X, 0,) + dimim |¢|
>h%(X, LY+ h°(X, M) —-1h%(X,0,). m

4.2. LEMMA (CLIFFORD’S THEOREM). Let X be a Gorenstein curve, and let L be a
nonsingular invertible sheaf on X such that the sheaf w, ® L' is also nonsingular. Then

(X, L) < (degL)/2 + h°(X, 0,).
Moreover, if wy® L™ # 0y and the curve X is irreducible or the sheaf w, ® L2 is

nonsingular, then the equality holds if and only if L is isomorphic to a tensor product ®, M, of
free sheaves M, € G}; in a natural sense, this decomposition is unique.

4.3. REMARKS. (a) Let L be an invertible sheaf. We recall that this sheaf is called free if
for each point x € X there exists a section s € HO( X, L) with s(x) # 0. The linear system
|L| is called free if L is free. That means that the linear system |L| does not have fixed
points. A free invertible sheaf L on a connected curve X defines a morphism

9.0 X = P(H(X, L)*) = pamitl,
(b) From the preceding lemma it is easy to deduce that if the dualizing sheaf is
nonsingular, thenit is free; hence for a connected curve X this sheaf defines a morphism

k=9, : X > P(H(X, 0yx)*) = P51,

which is called canonical (here g is the genus of the curve X). The image of this morphism
is called a canonical curve.

(c) In accordance with the classical terminology, we say that an invertible sheaf L on a
curve X is special if the sheaves L and w, ® L™! are nonsingular; in particular, A'( X, L)
> 0. The linear systems of such sheaves admit a good description on the canonical curve.

An invertible sheaf L with h°(X, L) = r + 1 and deg L = d is called a sheaf of type G,
(compare with §2). It is possible that for fixed r and d a generic curve X does not have
invertible sheaves of type G although they exist on certain special curves. Such curves are
called special (in the sense of moduli). A typical example of such curves is given by the
curves from 4.2 with M, € G}. These sheaves are special and free, and h°(X, M,) = 2. To
these sheaves there corresponds a morphism

Yi = Pu X - P,

which has degree 2 over the generic point of P! Such a morphism will be called a
hyperelliptic structure on X. If vy, is a finite morphism, then the curve X is called
hyperelliptic. Equivalently, a curve X is hyperelliptic if it is connected and Gorenstein, its
dualizing sheaf w, is free, and the corresponding canonical curve k(X) € P2~ coincides
with the normally embedded rational curve of degree g — 1 in P87 1. From this it follows
that y, = x and the hyperelliptic structure v, on such X is unique.

In what follows we shall encounter some other types of special structures and the
corresponding special curves.

ProOF OF LEMMA 4.2. By the Riemann-Roch theorem,

RO(X, L)~ h%(X,wy® L) = deg L + h°( X, Oy) — h°( X, wy)-
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But by Lemma 4.1,
RO(X, L)+ h°( X, 0, ® L™') < h°( X, Oy) + h°( X, wy).
Summing up, we obtain
2h°(X, L) < deg L + 21°( X, 0,).
This yields the required inequality.

Suppose now that we have equality, i.e. dim|L| = (deg L)/2. It clearly suffices to
consider the case when the curve X is connected. Then we have a canonical morphism

K=, X = psl,
The above relations yield the equality
dim [L| + dim |0, ® L7} = dim |w]|.

Therefore a generic hyperplane section H intersects x(.X) along two nonintersecting
divisors D, and D, such that k™Y(D,) € |L| and x7(D,) € |0y ® L7!|. In view of the
geometric interpretation of the Riemann-Roch theorem, dim({D,) = (deg L)/2 — 1(})
and dim({D,) = deg(w, ® L™')/2 — 1. For a generic hyperplane section, { D, + D,) =
H. Hence {D,) N (D,) + @. We also assume that the divisor D, = ¥, x, is nonsingular
and consists of distinct points. It is clear that deg D, > dim{D,) + 1 = (deg L)/2. Using
the above inequality, it is easy to verify that the degree of the mapping x over an arbitrary
generic point x € X does not exceed 2, and if this degree is equal to 2, then 0 ,(x~!(x)) is
a free sheaf of type GL. In view of this, the last assertion of the lemma holds for X
provided that deg D, = (deg L)/2, and in that case M, = —X(x " !(x,)).

It remains to show that under our assumptions deg D, < (deg L)/2. In fact, suppose
that deg D, > (deg L)/2, and let D be a nonsingular divisor on «(X) consisting of
(deg L)/2 — 1 points x; € Supp D, in general position among which there are all those
points x; of the divisor D, for which #(k~!(x,)) = 2. Set D’ = D, — D; this is also a
nonsingular divisor. Since

dim (D) + dim(D,) = (deg L)/2 — 2 + deg(wy ® L™')/2 — 1 = (degwy)/2 — 3,

the linear system |k ~*( D’)| has dimension 1. It is easy to see that this linear system has at
least three nonfixed points. Therefore a generic divisor k}(D") € |k '(D’)| consists of
deg D’ distinct points, and #(Supp D" — Supp D,) = 3. By construction, the divisors
kYD + D’y and x"}(D + D”) are linearly equivalent. Hence

dim (D + D"”) = (deg L)/2 — 1.
Butdim(D + D’) N (D + D”) = dim(D) = (deg L)/2 — 2. Hence
dim ( D;) = (deg L) /2,

where D; is the divisor on k(X)) formed by the distinct points of the set Supp(D, + D”).
By the above,

deg k(D;) > deg L + 3.

The sheaf O,(x (D)) is nonsingular. On the other hand, if the sheaf w, ® L2 is
nonsingular, so is the sheaf w,(—x~'(D,)). So in this case we obtain a contradiction with

M) ( » denotes the linear span (author’s remark).
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the above inequality. If the curve X is irreducible, then so is k( X), and in this case it can
be shown that the sheaf w,(-k~}(D;)) is nonsingular, which again leads to a contradic-
tion. B

The following lemma extends the main result from [18] to the case of curves with
singularities.

4.4. LEMMA (MARTENS’ THEOREM). Let X be a connected Gorenstein curve, and let Z be
an irreducible subvariety in G such that for a generic point [L] € Z the sheaves L and
wy ® L' are nonsingular. Then dim Z < d — 2r. Moreover, if dim Z = d — 2r and for a
generic point [L] € Z the sheaf wy ® L2 is nonsingular, then on X there are r free sheaves
M, of type G} such that for a generic point[L] € Z

Lz(XM,.
i=1

where the fundamental subset D of the linear system |L| is a nonsingular divisor of degree
d—2ronlX.

® 0x(D),

Proor. By Corollary 2.7 and Lemma 4.1, for a generic point [ L] of the component of
G} containing Z we have
dim Z < g — dimim( )< g+ 1 —2°(X, L) — h°( X, 0y ® L7Y).
From the Riemann-Roch theorem it follows that
dimZ <deg L — 2h°%(X, L) +2<d—2r.

Suppose now that dim Z = d — 2r and that for a generic point [L] € Z the sheaves L,
wy ® L' and wy ® L™? are nonsingular. By the above, 2°( X, L) = r + 1. Subtracting the
fixed divisors of general linear systems |L| for [L] € Z, we reduce the problem to the case
when the system |L| for [L] € Z, we reduce the problem to the case when the system | L] is
free. We fix two general divisors D,, D, € |L} such that Supp D; N Supp D, = &. From
the exact sequence

(s.-9) (s+1)
0> wy(-D; = D;) = wy(-D;) ® wy(-D,) = wy—0

we infer that

dimim( )z;> 2h%( X, 0y ® L) — h%( X, 0y ® L72).
Applying again Corollary 2.7, we see that

d—2r<g—2g+r—d)+hr%(X, 0y®L?),

from which it follows that

RO(X, 0y ® L72) > g—d=(degwy® L ?)/2+ 1.

We have already proved that the variety {[wy, ® L72]|[L] € Z} has dimension < 0.
Therefore dim Z < 0 and d = 2r. The last assertion of Martens’ theorem now follows
from Clifford’s theorem. B

4.5. THEOREM. Let X be a connected Gorenstein curve, and let Z be an irreducible
subvariety in G} such that for a generic point (L] € Z the sheaves L, wy ® L' and
wy ® L2 are nonsingular and the sheaf L is free. Suppose also that (X, X,) > 2 for each
decomposition X; U X, = X. Then

dim Z < d - 4,
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with the exception of the following cases:

(45.1)d = 2,dim Z = 0; Z = {[L]}, where L is a free sheaf of type G?;

(4.5.2)d = 3,dim Z = 0; Z = {[L]}, where L is a free sheaf of type G3;

(4.5.3) d = 4; dim Z = 1; a generic point [ L] from Z has the form | L} = e*({ M), where
e: X = E is a morphism onto a connected curve E consisting of at most two irreducible
components; the (arithmetic) genus of E is equal to 1; the morphism ¢ has degree 2 over the
generic points of E, and M is a nonsingular ample sheaf of degree 2 on E; the morphism ¢ is
determined uniquely by Z;

(4.54) d = 4, dim Z = 1; a general point from Z has the form [L] = q*([M(x-x))]),
where

q: X))— Q c P?

is a morphism onto a plane curve of degree 5 (a quintic), M is the sheaf on Q induced by a
hyperplane section, and x is a nonsingular point of an irreducible component Q, C Q; for
g(X) = 17, Q,isaline.

4.6. REMARKS. (a) In accordance with the definitions given above, we shall call a
morphism 7: X — P! which has degree 3 over the generic point a trigonal structure on X.
The sheaf L from (4.5.2) defines such a structure on X. If the above morphism is finite,
then we say that the curve X is trigonal.

(b) A morphism e: X — E satisfying (4.5.3) will be called a superelliptic structure. A
curve X will be called superelliptic if ¢ is finite. The ampleness of M means that all
components of its multidegree are positive; from this it follows that we may assume that E
is a plane curve of degree 3.

(c) In order to get a better understanding of the case (4.5.4), we consider the case when
the curve X is stable in the sense of Mumford and Deligne, i.e. X is a connected curve
whose only singularities are ordinary double points and there are no nonsingular rational
components X, ~ P! intersecting the other components of X along a set consisting of at
most two points. In this case the canonical morphism k = ¢, : X —» P# ~1 where g is the
genus of X, is well defined and finite. We observe that in view of the one-dimensionality
of Z, deg(wy ® L™?) > 0. Therefore g > 6, and for g = 6 g is an isomorphic embedding,
1.e. X is a plane quintic. It is easy to verify that in a natural sense the structure of plane
quintic is unique. If g > 7, then the morphism

g: X > QcP?

is not birational, i.e. there exists a component Q" C Q over which the degree of ¢ is greater
than 1. But deg g*(M(-x)) = 4. Hence ¢ is not birational only over the line Q' = Q,
formed by the points x. We denote by O, the complement of Q, in Q. The curve Q, has
degree 4 and genus 3. If in addition the curve satisfies condition (S), i.e. (X; N X,) > 4
for each decomposition X; U X, of X, then the fibers of g over the points from Q, — @,
are finite, since a plane curve of degree 4 may have a singular poinit of degree 4 only if
this curve is a union of four lines passing through this point. This is also impossible under
our assumptions. Hence the proper preimage Y of the curve @, with respect to g is a
connected curve of genus < 3 having at most four intersection points with the other
components of X. From the nonsingularity of w, ® L~? it follows that

deg(“’xly) > deg(L®2|Y) = 8.
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Therefore, in view of (3.12.2), Y =, Q, has genus 3 and intersects the other components at
4 points; moreover, L], = w, = 0,(Y, X'), where X' is the complement of Y in X which
is clearly equal to ¢7(Q,) (compare with [3], 4.9).

(d) In particular, if X is an irreducible curve, then in Theorem 4.5 dim Z < d — 4 with
the exception of the cases when X is a hyperelliptic, trigonal or superelliptic curve or a
plane quintic (for g = 6) (compare with the Appendix in [17]).

(e) If the curve X is nonsingular and irreducible, then from the condition d < g — 2 it
follows that the sheaf w, ® L' is nonsingular, and from the condition dim Z > d — 3 it
follows that the sheaf w, ® L~? is nonsingular (compare with the inequality A'( X, L®?) >
g — d — 1 in the subsequent proof). Therefore in the case of a nonsingular irreducible
curve X, replacing the condition of nonsingularity of the sheaves wy, ® L' and w, ® L2
by the conditions 0 < deg L < g — 1 and dim Z > d — 3, we obtain the same exceptions
as in Mumford’s theorem on special divisors in the Appendix to [17].

PrROOF OF THEOREM 4.5. By 4.4, dim Z < g — 3 with the exception of the case (4.5.1).
Therefore in what follows we assume that dim Z = d — 3 and find out when this is
possible. Let [ L] be a general point from Z. As in the proof of Lemma 4.4, we prove the
inequality

dimim( )iz > 2h°( X, wy ® L) — h%( X, 0y ® L72).
On the other hand, by Corollary 2.7
dlmlm( )[L] < g- d+ 3,
where g is the genus of X. By duality,
2h(X, L) - h(X,L®?)<g—d+1.
We observe that, by Lemma 4.4, h°( X, L) = 2. Therefore h'( X, L)=g — d + 1 and
(X, L% >g—d-1,
which by the Riemann-Roch theorem yields
h(X, L®?) > d.
Thus a general point [L] € Z is transformed to [L®?] € G§;!; we denote by Z®? the
corresponding image {[L®?] € Pic(X)|[L]€ Z}. It is clear that dim Z®? = dim Z.
Applying this time Lemma 4.4 to Z®?, we come to the inequality
d-—3=dimZ®*<2d-2(d~-1)=2.
Hence 3 < d < 5.1f d = 3, we obtain (4.5.2).

Next we show that the case d =5, dim Z = 2 is impossible. In fact, otherwise
h°(X, L)y =2, h°( X, L®?) = 5 and we have equality in the above inequalities. In particu-
lar, dimim( );;;= g — 2 and, at a general point [L] € Z, im( ), defines a complete
system of linear equations for the tangent subspace T ;| C Tpixy.(z) t0 Z at [L]. It is
clear that the map [L]~ [L®?2] preserves the tangent spaces. Therefore im( e S
im( )[,;- We fix two general divisors D; € |L| and D, € [wy ® L~2%| with Supp D, N
Supp D, = &. Then we obtain the following exact sequence:

(s+1)

0 - wy(-D, - Dz) - ‘*’X( D)) ® wx(-D,) = wy— 0.

Now we observe that

im(s + 1) € im( )iz + im( )zez; = im( )z)-
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Hence
g — 2 =dimim( )z > h°( X, 0y ® L) + 1°( X, L®?) — h%( X, L),
and the Riemann-Roch theorem yields a contradiction, namely
2=h%X,L)>3.

Thus it remains to consider the case when d = 4 and dim Z = 1. Let L’ be another
general sheaf from [L’] € Z. Since |L| and |L’| are one-dimensional free linear systems and
dimZ > 1, |[L® L’ is a free system of dimension > 2, from which it follows that
h°(X, L ® L’) > 4. Applying 4.4, we see that h°(X, L®?) < 4. In view of the semi-
continuity of A%, h%(X, L ® L’) = 4 (for general [L], [L’] € Z). From this it follows that
for such L and L’ the sheaf w, ® L™' ® L’~! is nonsingular. By the Riemann-Roch
theorem,

(X, 0y ® L7Y)=g—3,
and
(X, wy® L' ® L'"') =g — 5.
We fix a set of g — 6 general points P;,...,P,_ on X such that for general [L], [L'] € Z
g—6
HO(X,wX(— Y r

i=1

@ Lte Lt + {0}

and the sheaf

g—6
wx(— YPleL'eL!

i=1

is nonsingular. Then each global section s, ; of this sheaf defines an inclusion
®spy
HO(X,L)c — HY(X, M),

where M (—i—ffw «(~L528P) ® L', The free part of the linear system |M| defines a mor-
phism

q=¢u: X~ P2
and the morphism ¢,.: X — P! is a composition of ¢,, and the projection from a point in
P2 In view of the irreducibility of Z and the fact that |L'| is free, there exists a unique

irreducible component Q, of the image Q = ¢,,(X) C P? containing the centers of these
projections. We denote by Q, the other irreducible components of Q. Let

d;=degQ,, ri=deg(L|<P7w‘(Q,))'

If deg O = 5, we obtain (4.5.4) (compare with (4.6c)). Moreover, it is clear that deg Q < 5.
Therefore in what follows it suffices to consider the case
degQ = ) d, < 4.
i»1
An easy computation of degrees yields the following equality:
r(d,— 1)+ Y rd, = 4.

iz2
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Next we show that r,d; > 2 for i > 2. Otherwise X would have an irreducible compo-
nent X, = P! which is isomorphically mapped onto a line Q, C P? and for which
deg(L|x) = 1. Since the sheal wy ® L~? is nonsingular, deg(w | x,) = 2. Therefore the
other components of X intersect X, along a divisor of degree > 4 (compare with (3.12.2)),
which contradicts the assumption that deg Q < 4. Here we also use the condition on the
decompositions of the curve X.

On the other hand, deg Q > 3 since dim Z = 1. If deg Q = 3, then we obtain (4.5.3)
with e = ¢ and E = Q, possibly after blowing down the component Q, when d; = 1.
Using the above inequalities, it is easy to verify that ¢ has degree # 2 over one of the
components of E only in the case when d, = 2, r;, = 1, d, = 1 and r, = 3 (cf. Figure 6).
Proceeding as in the above proof of the inequality r,d; > 2, one can show that this
contradicts the nonsingularity of w, ® L%

- —f center of
projection

FIGURE 6

Thus it remains to show that the case deg @ = X, , 4, = 4 is impossible. In view of the
above relations, there exists an irreducible component Q, C Q with »,=1 and 4, > 2 if
i = 1. Since r,d, > 2 for i > 2, we conclude that d, > 2. If d, = 2, then Q; = P' is a plane

conic. Reasoning as above forr, = d, = 1 and i > 2, we see that i = 1. Hence
Yd=2  rd>2  Yrd =3
iz2 iz2

This system of relations does not have solutions. Therefore d; > 3. But it is clear that
d; < 3. Hence d, = 3. From the relations for the general case it follows that i = 1. Let X
be the proper preimage of the curve Q,. By the condition on the decompositions of the
curve X the other components of X intersect X; along a divisor of degree < 3if X; = O,
and of degree < 5 if X; = P. This contradicts the nonsingularity of the divisor

wy ® L_zlxl-

The uniqueness in (4.5.3) immediately follows from the ampleness of M, since then
M®2is very ample. W

4.7. ReMARk. From the proof it is easy to see that if we discard the condition
(X;, X,) = 2 for the decompositions X, U X, = X, then we obtain a few new possibilities
in the case when d = 4, dim Z = 1 which can easily be described quite explicitly. This
condition on the decompositions holds for each connected curve satisfying (RK).

§5. Sing =

Before formulating an analogue of the Riemann-Kempf theorem on singularities in the
case of Prymians, we give a definition of the skew-symmetric pairing [ ].
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Let (C, I) be a pair consisting of a curve C with ordinary double points and an
involution I on this curve. As in 3.19, we assume that ¢, = 0 and that condition (F) is
satisfied. Consider a point [L] € Pv(C, I). By definition Nm L = w,, from which by
(3.1.1) it follows that

L® I*L = 7*Nm L = 7*w.
We fix such an isomorphism ¢: L ® I*L 5 7*w.. Then we obtain a pairing
()e: HY(C, 1) ® H(C, 1) » HY(C, 7*w.),

5@t (5®1),=o(s® I'1).
The involution I* acts on the space H’(C, 7*w.). With respect to this involution,
H°(C, m*w,) splits into a direct sum

H°(C,n*w.) " ® H(C, m*w.),
where H°(C, 7*w-) = 7*(H°(C, w.)) is the space of invariant differentials and

H°(C, n*w,-)" is a subspace in the space H %(C, we)~ of anti-invariant differentials which
are also called Prym differentials. It is easy to verify that

IF(s®1t)y=(t®s5),.
Therefore the above pairing gives rise to the following two pairings:
Symm? HY(C, I) - H°(C, n*w.) " = H(C, w.)
and
[ 1o: A2HY(C, 1) > HY(C, 7*0)",
sAte satly=9(s® I* — 1 ® I*s).

In what follows we shall often write simply [s A ¢], assuming that ¢ is fixed. )

Unless otherwise explicitly specified, in this section we shall asssume that (C, /) is a
Beauville pair. Then by the analogue of the Hurwitz formula (cf. (3.12d)) 7*w,. = we.

Since the Prymian is given by the anti-invariant part of the corresponding Jacobian, for
each point [L] € Pv = Pw(C, I) there are canonical identifications

Th, = HC, o) = HY(C, m*0c),

where T}, (,, is the tangent space to the Prym variety Pv at the point [L]. The above
skew-symmetric pairing can be written in the form

[1e: NPHY(C, 1) > T, 1), sAt— p(s ® I* — 1 ® I*s).

Let s;,...,s,, be a basis of the space H(C, L), and let m = h°(C, L). Set w,=[s; A s}
€ T™*. Then we obtain a skew-symmetric matrix @ = (@)1 <; j<»- We denote by Pf(w")
the Pfaffian of this matrix; modulo sign, this is equivalent to the equality Pf(w")> d=ddf:t(w‘).
The Pfaffian Pf(w") is a polynomial homogeneous form of degree m/2 on the tangent
space T; for m = 0 we assume that this form is identically equal to 1.

5.1. THEOREM. Let (C, I) be a Beauville pair, and let = be the canonical polarization
divisor on the Prym variety Pv(C, I). Then for each point [L]€ Pv(C, I) the following
assertions hold:
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(5.1.1) If Pi(w") = 0, then
Mult, E = h°(C, L) /2

and the form Pf(w") gives an equation of the tangent cone to = at the point [L] in the tangent
space Tp, 1.
(5.1.2) If Pf(w") = 0, then

Mult, E > h°(C, L) /2.
(5.1.3) In particular, for each point [L] € Pw(C, I)

Mult;,, = > h%(C, L) /2.

We remark that although Pf(w™) 2 0 on a generic Pv(C, I) for all [L], even for some
nonsingular irreducible curves C there may exist points [L] € Pv(C, I') with Pf(w) = 0.
They define singular points [L] € = which are often called Mumford singular points.
Below we shall describe the most typical of these points.

ProOF OF THEOREM 5.1. The divisor 2= is defined by the intersection ® - Pv( C, I ) on
Jv(C). By the Riemann-Kempf theorem, the first term of the formal expansion of the
function defining © at the point [ L] is equal to det(s; ® ¢F). Therefore the first term in the
expansion of 2= at [L] is defined by the restriction of det(s, ® ¢¥) to the tangent space
Tpy, (1 If we consider the basis {7*}} of the space H(C,ws® L") =~ H(C, I*L)
formed by the sections {i*s;}T, then

(s, ® I*SJ.)[L]|TPV_[” = w;,/2.
Therefore the first term of the expansion is equal to
m/2 1,2 m/2 _
(3)" det(w;,)" = (1)™*Pi(e).

All assertions of the theorem easily follow from this fact. ®
The second useful tool in the study of Sing = is the following:

5.2. LEMMA. Let Pv’ be the subvariety of those points [L] € Pw(C, I) for which h%(C, L)
> r + 1, let Z C Pv' be a subvariety, and let [ L] € Z be a point for which RO(C,Ly=r+1.
Then the tangent subspace T, (1, C Tp, (1) lies in the set of zeros of the forms from
im[ |, € T3, ,, where [ ], denotes the skew-symmetric pairing [ ], A*H°(C, L) —> T%, (1)
introduced above. Hence if Z is irreducible, then

dim Z < p — 1 — dimim|[ |,,
where p = g(C) is the genus of the curve C = C/1I.

PROOF. In view of Corollary 2.7, the subspace T;; C Tpiyey (g lies in the set of zeros
of the forms from im( );;, C T¥ ¢ (1) It is easy to verify that the restrictions of these
forms to the tangent space Tp, (;, sweep out im[ ], which yields the required result; we
would also like to point out the equality dim Tp, ;;, = dimPv=p - 1. B

5.3. DErFINITION. A curve C whose partial desingularization at an ordinary double point
¢ € C is a hyperelliptic curve will be called quasitrigonal. As in the trigonal case, the
canonical morphism is birational, and its image is not defined by an intersection of
quadrics if the curve is quasitrigonal but not hyperelliptic.

The proof of the following assertion will serve a model for the proof of Theorem 5.12,
which is the main result of this section.
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5.4. PrOPOSITION. Let (C, I) be a Beauville pair satisfying condition (S). Then
dimSing = < p - 5,

with the exception of the following cases:

(5.4.1) C is a hyperelliptic curve;

(5.4.2) C is a quasitrigonal curve;

(5.4.3) p < 3, where p denotes the genus of the curve C = C /1.

In the last three cases the principal Prymian P(C, 1) is isomorphic to a direct sum of
Jacobians of hyperelliptic curves.

Here dim Sing = denotes the maximal dimension of irreducible components of the
subvariety of singular points Sing = of the canonical polarization divisor.
The proof is based on the following assertion.

5.5. LEMMA. Let Z C Sing = be an irreducible component of dimension > p — 5. Then for
a generic point L1 € Z

(P) there exist two linearly independent sections s,, s, € H(C, L) such that s, ® I*s, =
5, ® I*s, or equivalently [s, A 5,] = 0.

Conversely, if [ L] € PW(C, I) satisfies condition (P), then [ L] € Sing Z.

5.6. REMARK. It will be clear from the proof that we may assume that s, and s, depend
“continuously” on [ L], i.e. there exist a set U C Z which is open in the etale topology and
two sections £, £, of the sheaf p, Zover U whose restrictions on [L] € U coincide with
sections s, and s, satisfying (P); here p denotes the projection C X Z - Z and . is the
universal Poincaré sheaf on C X Z.

PROOF. Let [L] be a general point from Z. If /°%(C, L) = 2, then, in view of 5.1, from
the fact that [ L] is a singular point of X it follows that Pf(w”) = 0. In this case the matrix
»” has the form

0 [s, A s,]
[s, A 5] U

where s, s, is an arbitrary basis in H°(C, L). Therefore [s; A s,]=0.

Since h%(C, L) is even, it remains to consider the case when h%(C, L) = 4. But in view
of Lemma 5.2 dimim[ ], < 4 and the affine subvariety of decomposable forms s, A s, in
A2H®(C, L) has dimension > 5 since h%C, L) > 4. Therefore ker| ]  contains a decom-
posable form s; A s, for which [s; A s,] = 0, from which it follows that s, ® I*s, = 5, ®
I*s,.

The converse immediately follows from 5.1 (compare with the proof of Lemma 5.7). ®

5.7. LEMMA. Let [L] be a point of Pv(C, I) for which there exist three linearly independent
sections s, 5,, 5, € H°(C, L) such that s, ® I*s; = s, ® I*s; for all 1 < i,j < 3. Then

Mult;, = > 3.
PROOF. In view of 5.1 it suffices to consider the case when h°(C, L) = 4. Considering

the basis formed by the family {s,}} and a section s, € H%(C, L) we see that the 4 X 4
matrix «~ has the form

S OO

o O O

o O O
*

*
*
*
*
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Therefore Pf(w") = 0, and applying 5.1 once more we conclude that Mult;, /= > 2. =
Property (P) has a convenient geometric interpretation.

5.8. LEMMA. Let C be an arbitrary connected curve with an involution I, and let L be an
invertible sheaf on C satisfying condition (P) with sections 8, and s, which do not simulta-
neously vanish at each singular point of the curve C. Then L = a*M(D), where

(5.8.1) M is a free invertible sheaf on C = C/I and h°(C, M) > 2; and

(5.8.2) D is a nonsingular divisor on C for which w o D € [Nm L ® M ~2|; in particular, the
sheaves Nm L ® M ! and Nm L ® M ~? are nonsingular.

Conversely, if M is a free invertible sheaf on C with h°(C, M) = m and D is a nonsingular
sheaf on C, then the sheaf L = w*M(D) has m sections s,,...,s, which pairwise satisfy
condition (P).

m

PrOOF. Replacing s, and s, by their linear combinations, we may assume that they do
not simultaneously vanish at each singular point of C. Consider the rational function
¢ = 5;/5,0n C. Since I*¢ = ¢ by (P), we have ¢ = 7*y for some rational function y on
C. Let D be the divisor of common zeros of the sections s, and s,, and let (s,),, (), and
(), be the divisors of zeros of the section s;, the function ¢ and the function . All these
divisors are nonsingular, and

(s1)o=(9)o + D, (9)o = 7*(¢)o-
Therefore L = w*M(D), where M = O-(({),). By our assumption, there are not compo-
nents on which the involution acts identically. Hence 7 ,(5;)¢ = Tx(®y) + T D = 2(¥),
+ 4 D, from which it follows that 7, D € [Nm L ® M2},

Conversely, let s,...,s,, € H°(C, #*M) be the lifting of a basis of the space H(C, M).
Performing the natural identification 7*M = I*7*M, we obtain the equalities I*s] = s/,
1 < i< m. From this it follows that condition (P) holds for the pairs of sections

.= s/ ® s, where s is a section from H(C, 0z(D)). ®

5.9. REMARK. Thus the triple (L, s,, 5,) defines M and D uniquely. Furthermore, for
such a “continuously varying” triple at a generic point there exists a morphism to the
pairs (M, D).

The condition that the sections s; and s, in (P) do not simultaneously vanish at all
singular points of C is not always satisfied. To work also in these cases, we shall need
partial desingularizations. So, we return to the beginning of this section and suppose that
the pair (C, I) satisfies condition (F) and ¢, = 0.

Let /- ¢’ > C be a partial desingularization of the curve € or, which is equivalent, of
the pair (C, I). Let [L] € PW(C, I). The isomorphism ¢: L ® I*L - m*w- induces an
isomorphism f*L ® I’*f*L = n’*f*w_ and hence, in view of (3.12.1), an isomorphism

@ f°L ® I'*f°L 5 7% 0.
The last isomorphism induces a pairing
[ 1o: A2HO(C, FOL) » HY(C', 7"*we.).
We denote by S the set of those points s € C which are resolved by the desingularization f
and by H°(C, L) the subspace of sections from H°(C, L) vanishing at all points of S.

5.10. LEMMA. There is an isomorphism
H°(C', f°L) & H°(C, L)s,
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compatible with the skew-symmetric pairings; in particular, for all s, s, € H °%C, L)
[sl’ s2]q) =0 [S{’ sé_]q)’ =0.

PROOF. Let 4 be the sheaf of ideals of the desingularized singularities. In our case

Fs =f~*05,(— 2 X)’
Jixyes
and, using the local construction from 1.5, it is easy to construct an isomorphism L ®
Fs — [ f°L. Hence

HYC,L)s=HC, L &%) > HOC, f« f°L) = H(C', F°L).

The compatibility is obvious. #
PROOF OF PROPOSITION 5.4. Let Z be an irreducible component of Sing = of dimension
— 4. For p < 3 everything is obvious. So we assume that p > 4. Then Z # & and
condmon (P) holds for a generic point [L] € Z and s,,s5, € H %, L). Let C, be the
maximal component of the curve C on which the sections s, and s, simultaneously vanish,
and let { z,}” be the set of all singular points of C at which both s, and s, vanish. In view
of Remark 5.6, we may assume that C, and { z;}} do not depend on the choice of generic
point [L] € Z for suitable 5; and s,. Consider the partial singularization f:C' = CofC
at the points of the set {z,;}}]. The isogeny £ Pw(C, I) » Pw(C’, I') maps Z onto an
irreducible variety Z’ C Pv(C’, I') of the same dimension. By the preceding remark and
Lemma 5.10, condition (P) holds for a generic point [L’} € Z’ and sections s, and s,
which do not simultaneously vanish at each singular point of C’. Moreover, we may
assume that s, and s, do not simultaneously vanish at each generic point of C}, where C|
is the preimage of the complementary curve C, to C, in C. Set G} = f~'((,). For the
Beauville curves, the preimage of a singular point under the desingularization consists of
two nonsingular points which are stable with respect to the involution. Hence the curve C;
1s connected, since otherwise

dim Z = dim Z’ < dimPvW((}, It) + ¥ dim Z(C{,, 1] ,),

where C~'1”,. are the connected components of €}, and by Lemma 3.20 and assumption (S)
this expression is
< dimPv(C, 1) + dim Pv(C}, I}) — 4 = dimPv(C’, I') — 4
and also
= dimPv(C,I)-4=p -5

by Lemma 3.15 and Proposition 3.9, which contradicts the hypothesis on the dimension of
Z. Thus C] is a connected curve. By Lemma 5.8, L’ |¢; is representable in the form

7 *M(D), where M is a free invertible sheaf on C| = Cl /I for which h°(C’, M) > 2 and
D is a nonsingular divisor on C;. We denote by Z| C Pic(C}) the irreducible variety of
such sheaves [ M] (cf. 5.9). For a generic point [M] € Z], the sheaves M, v, ® M -1 and
we, ® M- 2 are nonsingular and the divisor D is finitely mapped onto 7], D € loc, ® M -2,
Therefore

dimPv(C, I) — 3 < dim Z = dim Z'’

< dimPv(Cy, I5) + dim Z; + dim [loe; @ M2,
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from which it follows that
dim Pv({y, I}) - 3 < dim Z; + dim |0 ® M2,
By Lemmas 4.4 and 4.2,
dimZ; <d -2, dimjo, ® MY <g(C))—1-d,

where d = deg M. Hence dim Pv(C;, I]) < g(C}) and the equality is possible only if M is
a nonsingular sheaf of type G;. Furthermore, by (3.9.3) -1 + /2 < 0, where r = r(C{, 1),
from which it follows that r < 2. Applying (S) once again, we see that C, = @ and
#{z}{=n=r/2<1land C/ is a hyperelliptic curve.

The last assertion for a nonsingular hyperelliptic curve and a quasitrigonal curve with a
unique singular point was proved by Dalalyan [9], [10]; in the quasitrigonal case one
should take into consideration Remark 3.17(b). The singular case is obtained from the
nonsingular one by passing to the limit. W

The main result of this section is the description of Prym varieties with dim Sing = > p
— 5. In view of a well-known property of the singularities of the polarization divisor of
the Jacobian of a nonsingular curve, all Prymians which are isomorphic to Jacobians
satisfy the above condition. In the following sections we shall find out which of them are
really isomorphic to Jacobians. Before formulating Theorem 5.12, we describe the types of
singularities that we shall need.

5.11. Varieties of special singularities. Each of the varieties Z( - - - ) described below is
contained in Sing X, and the varieties Z’( - - - ) are contained in Mult, =, the subvariety of
points of the divisor = of multiplicity > 3. The proof of this fact is based on Lemmas 5.5,
5.7, 5.8, 5.10 and the obvious fact that if C = €, U C, is a disjoint union, I(C,) = C,, L is
an invertible sheaf on € and s,s, €H %C, L) are sections with 5|z =0, i = 1,2, then
s, ® I*s, = 0 = 5, ® I*s; and therefore [ L] satisfies condition (P) for s, and s, provided
that both these sections # 0. In what follows we assume that (C, I) is a Beauville pair
satisfying condition (S) for which the quotient curve C is neither hyperelliptic nor
quasitrigonal. Under these conditions, all subvarieties Z( --- ) constructed below have
dimension < p — 5, and dim Z’(--- ) < p — 7. As a matter of fact, it will be clear that
some of these subvarieties satisfy the equality dim Z(--- ) = p — 5; and if this is so, we
shall point out this fact. Describing the subvarieties Z(--- ) and Z'(--- )in Pv(C, I), we
determine the structure of the sheaf L or its lifting to some partial desingularization, where
[L1€ Z(--- ), Z'(--+ ) are generic points. For this construction we need some special
structures on C which exist on only a few of the curves C corresponding to the pair (C, I).
The introduction of these structures allows to select the Prymians whose polarization
divisor has a large singular subset (dim Sing = > p — 5) and the more refined analysis
carried out in the following sections enables one to pick those Prymians that are
isomorphic to Jacobians.

Type 1 (trigonal). Let T: C — P! be a trigonal structure on C. The subvariety Z(7) C Pv
has generic points [L] for which L = (1o w)*M(D), where M = Opi(1) and D is a
nonsingular divisor on C. We observe that by (S) the curve C in this case is trigonal.

Type 11 (superelliptic). Let e2 C — E be a superelliptic structure, where E is a plane
(< P?) curve of arithmetic genus 1 which has at most two irreducible components. The
subvariety Z(&) C Pv has generic points [ L] for which L = (go w)*M(D), where M is a
free invertible ample (i.e. such that all components of its multidegree are positive) sheaf of
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degree 2 on E and D is a nonsingular divisor on C. Taking a sheaf M of degree 3 and
proceeding in a similar way, we define the subvariety Z'(e) C Pv.
Type 111. Consider the diagram

e

vi

Pl
where y is a hyperelliptic structure on C, and f is the partial desingularization at two
singular points ¢, and ¢,. We denote by f: €, — C the corresponding partial desingulari-
zation of the curve C at the points ¢, = 7 '(¢;) and &, = 7 '(¢,). The subvariety
Z(¥; ¢;, ¢;) € Pv has generic points [L] for which foL = (yom)*M(D), where M =
Opi(1) and D is a nonsingular divisor on C,. Taking M = Opi(2) and proceeding in a
similar manner, we define the subvariety Z'(y; ¢, ¢,) C Pv. For the above types we have
not verified the inclusions Z(--- )< Sing = and Z'(--- ) C Mult, =, and we will not
always do this in what follows, but the present case Z'(vy; ¢, ¢;) € Mult, = is typical and
we consider it in more detail. In view of the converse statement in 5.8, the sheaf
(v © 7 )*M(D) has three sections which pairwise satisfy condition (P). In view of 5.10,
each sheaf L with f°L = (y o 7, )*M( D) has the same property. By 5.7, from this it follows
that Mult ;| = > 3. In the case of Z(v; ¢, ¢,) one should use the converse statement in
5.5.

Type IV. Let C, be a connected component of the curve C whose complementary
component C; is connected and admits a hyperelliptic structure y: C, — P!, and suppose
that C, N C; = {¢,}1is a set consisting of four points. Let f: C, U €, = C be the partial
desingularization at the set {,}% = {7 '(¢,)}]. The subvariety Z(v; c,;) C Pv has generic
points [ L] for which

fO[L] = ([L0]7 [(Y°‘”1)*M(D)])’

where [L,] € Py, = PW(C,, 1), M = Op(1) and D is a nonsingular divisor on C,. Taking
M = 0p1(2), in a similar manner we define the subvariety Z’(y; C,) C Pv.

Type V. Suppose that the curve C has a component C; which is a plane curve of genus 3
whose complementary component C, intersects C; along a set consisting of four points
{c;}] and we, = 0C1(ch,). In view of (8), the curves C, and C, are connected. The
subvariety Z(C,) C Pv has generic points [L] for which L = #*M(D), where D is a
nonsingular divisor on C and M is a nonsingular sheaf of degree 4 on C with h*(C, M) = 2
such that M| =~ w. (compare with (4.5.4) + (4.6(c))).

Type V1. Suppose that the curve C admits a decomposition C = C; U C, with C; N G,
= {¢;}{- Letf: C, U G, - C be the partial desingularization at the set {&,}* = {7 '(¢)}%.
Set

Z(C,.G) = (F°) (5, x 5,),

where =, = E(C,, I,) (cf. 3.19). We verify the inclusion Z(C,, C,) € Sing Z. If [L'] € = X
=, then there exist two sections s,, s, € H(C, U C,, L’) with 5,/ = 0, i = 1,2. Hence
L’ satisfies condition (P). By 5.10, (P) holds for L with f°L = L’, and therefore Mult ;=
> 2. Using Lemma 3.14, it is easy to verify that dim Z(C,, C,) = p — 5 if neither of the
curves C, and C, is isomorphic to P!,
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Type VIL. Suppose that the curve C has a decomposition C = Cy, U C; U C, with
CNC={c;},0<ig<j<2Letf: GUC U C, — C be the partial desingularization
at the set {¢, .} = {7 (c;;)}. Set

~ -1 — —
Z(Cy, €1, G) = (f°) (Pvy X E; X F,).
Type V1II. Let C, be a component of C whose complement consists of two connected

components C, and C, such that #C, N C, = #C, N C, = 4. We denote by f: C, Ll C,
L C, — C the corresponding partial desingularization at 8 points. We set

woy =1 — —_
Z(Gy, €1, G) = (f°) " (Pyy X E X Ey).
Type IX. Suppose that C has decomposition C = C; U C, U C, such that C; N C, =

{co) and #Cy N C, = #C, N C, = 3. We denote by f: C, U €, U C, - C the corre-
sponding partial desingularization at 7 points. We set

z0\~1 — —
Z(CO,Cl,C2)= (fo) (PVOX -1 X"—‘-z)'-
For types VII, VIII and IX, dim Z(C,, C,, C,) = p — 5 if C;, C, # PL. This is proved in

the same way as in VI, with the help of 3.14. More precisely, using this lemma we establish
the upper bound in 3.20, i.e. we show that

dim =, = g(C,) — 1 = dimPvW(C, I,) - r(C, 1) /2,
if C, is a connected curve with involution I, satisfying (F) and r(C,, I,) > 0. Using this, it
is easy to determine the dimension of Pv, X =, X =, and hence to compute the dimension
of Z(Cy, Cy, C,).

Type X. Let C be a plane quintic, so that there exists a very ample invertible sheaf M of
degree 5 on C such that A°(C, M) = 3. In particular, p = g(C) = 6. The subvariety Z(C)
has generic points [ L] for which L = #*M(x — I(x)), where x is a nonsingular point on
C. In this case dim Z(C) = 0 or 1 depending on the evenness or oddness of the type of the
pair (C, I) (compare with [17], p. 347).

The varieties Z(--- ) and Z’(--- ) described above will be called varieties of special
singularities, and their points (as a rule, generic points) will be called special singularities.

5.12. THEOREM (compare with Theorem 4.10 from [3]). Let (C, I) be a Beauville pair
satisfying condition (S) such that the quotient curve C = C /I has genus p = g(C) > 6, and
let = = =(C, I) be the canonical polarization divisor on Pv(C, I'). Suppose that the curve C
is neither hyperelliptic nor quasitrigonal. Then

dimSing= < p - 5,
i.e. the dimension of each irreducible component Z of the variety SingX is <p — 5.
Moreover, if Z C Sing = is an irreducible component of dimension p — 5, then Z lies in one
of the varieties of special singularities Z( - - - ) described in 5.11, i.e. each point from Z is a
special singularity.

ProoF. The inequality immediately follows from Proposition 5.4. Suppose now that Z is
an irreducible component of Sing = of dimension p — 5. In view of Lemma 5.5, we may
follow the proof of Proposition 5.4. The difference is that the curve C; has at most two
connected components. First we consider the case when C; is not connected; we denote by
€, and C, the corresponding components of C. If C, # @, then there is a decomposition
C = €, U C, U G,. In view of (S) and the inequalities from the proof of Proposition 5.4,

#C, N(C,u G) = #C,n(C,u C)) = 4.
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It is easy to verify that in this case Z € Z(C,, C,, C,) and is of type VIIIif C, N , = @,
type IX if #C, N ¢, =1, and type VI if #C, N C, = 2. If C; = &, then we obtain an
inclusion Z € Z(C,, C,) in a special variety of type VI. In what follows we assume that el
is a connected curve. As in the proof of Proposition 5.4, we come to the inequality

dimPv(C{, I}) = 4 < dim Zj + dim |, ® M2,

and for a generic point [L} € Z

FoIL) = ([Lo). (=M (D)]),
where [L,] € Pv, = P¥(C,, I,), M is a free invertible sheaf on C] = C;/I;, h°(C], M) > 2,
[L] € Z{, and D is a nonsingular divisor on C;. By Lemmas 4.4 and 4.2,

dimZ; < d -2, dim|e, ® M7 <g(C))—1 -4,

where d = deg M. Hence dim Pv(C}, I]) < g(C}) + 1, and equality holds only if M is a
nonsingular sheaf of type GJ. By (3.9.3), -1 + r/2 < 1, where r = r(C}, 1), from which it
follows that r < 4. Thus if C, # @, then r = 4 and M is a nonsingular sheaf of type G..
In this case Z C Z(y; C,), where y is the hyperelliptic structure for M and C, is the
component of C corresponding to C]. These singularities are of type IV.

Thus it remains to consider the case when C, = @ and (] is a connected curve. It is
clear that 2n = r(é{, ID). If r = 4, then we obtain an inclusion Z C Z(y; ¢;,¢,) in a
special variety of type III. Since r is even and r < 4, we may assume that # < 1. By the
condition of the theorem, M is not a sheaf of type G3. Then by 4.4 dim Z; < d — 3 and by
42 dim|M| < d/2. 1f r = 2, then

dim Pv(Cy, 1) = g(C7).
from which it follows that dim Z{ = d — 3 and
dim |we, ® M2 = g(C)) -1 —d.

In view of 4.4 and the Riemann-Roch theorem, this is possible if and only if d = 3,
dim|M ®?| = 3, and by the above dim|M| = 1. By (S), the curve C] is stable and does not
have nonsingular sheaves of type G;. Therefore the canonical mapping k: C; — P is
birational. By the geometric interpretation of the Riemann-Roch theorem, the linear spans
(D) of the divisors from |M| define trisecants of the image «(C;), and besides that, any
two generic trisecants of such type intersect with each other. All these lines must have a
common point O € P, since otherwise the points of the divisors D € |M| sweep out a
plane curve of degree 3 and |M ©?| is cut out by conics, which is impossible in view of the
nonsingularity of o, ® M ~2|. Thus the trisecants { D) intersect at a point O & x(Cj).
Applying Clifford’s theorem, we can show that these trisecants sweep out a quadratic
cone. We denote by C| ; the component of the curve C| for which «(C7 ) lies on this cone.
By our construction, «(Cj,) is a curve of degree 6 and the preimages of its hyperplane
sections of with respect to k make up the system |M ®2| at a generic point. Let C;, be a
connected component of the complementary curve C{ — C{,. By (S), #C[, N C{,; > 3,
and, arguing as in the beginning of our treatment of the case of equality, from the proof of
Lemma 4.2 we infer that

dim (x(C7,)) n{(Ci.)) <0,

since {Dj ) N (Dj,) = @ for a generic hyperplane section D;, + D{, of the curve
k(C{; U C{,). But since the curve k(C{,) has degree 6, it cannot have more than one
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point of multiplicity > 3. Hence Cj, = C] — Cj, is a connected curve. The morphism ¢,,
corresponding to the linear system |M| maps the curve C{, to a point. Therefore
#C{; N Cj, = 3. Now we observe that deg(w¢;) ® M _2|Ci_1 = 0, from which it follows
that deg w, = 3, which contradicts the fact that deg w¢y, is even. Here we left out the
case when C{, = &, which is impossible if p > 6.

So it remains to consider the case when C, = {z;}7_, = &, i.e. C] = C. As above,
dim Z] < d — 3. If dim Z] = d — 3, then in view of Theorem 4.5 and Remarks 4.6 we
have inclusions Z € Z(--- ) of type I, I, V or X. To complete the proof it suffices to
show that the case dim Z] < d — 4 is impossible. Using the inequality

dimPv — 4 < dim Z{ + dim |0 ® M|
it is easy to verify that this is possible only if d = 4, dim|M ®?| = 4 and dim|M| = 1. Now
we can argue as in the preceding paragraph. The vertex O is replaced by a line which does
not intersect k(C), and the planes intersecting x(C) along four points corresponding to
divisors from | M| serve as generatrices. The component of C whose canonical image lies
on the quadratic cone will again be denoted by Cj,. Then C], = C — C{; is a connected
curve, and #Cj; N Cy, = 4. Since p > 6, C], # @. To get a contradiction, we shall use
an argument which differs from the argument at that end of the preceding paragraph; we
remark that this argument can also be used in the above situation. The divisor
D= Z X
x€C, NCY,

on C{, belongs to the linear system |M lCill' Since the hyperplane sections of the curve
k(Cj ;) correspond to the elements of the linear system |M ®2| on Ci, and k(D) is a point
because dim{k(C;,)) N (k(Cj,)) =0,

dim M|, | > 3.

In view of 3.12.2 and the nonsingularity of the systems |M| and |w- ® M ~?|, the systems
M qull and [w¢;, ® (M IC{J)‘II are nonsingular. This, as expected, yields a contradiction
with Clifford’s theorem. B

CONCLUDING REMARK. It turns out that the difficulties encountered in the end of the
proof of Theorem 5.12 are related to the problem of finding out when there is an equality
in Clifford’s theorem. Everything would be greatly simplified if we could prove the
following result, which is certainly true. Let C be a connected curve with ordinary
quadratic singularities which satisfies condition (S) and on which there do not exist free
sheaves of type G.. If L and w. ® L' are nonsingular invertible sheaves, then dim|L| <
(deg L)/2, and equality holds only if L = 0. or L = w., as in the classical version of
Clifford’s theorem (compare with 4.2).

§6. Superelliptic curves and certain curves of small genera

In this section S denotes a connected smooth curve of genus g = g(S). First we recall a
general fact clarifying the role of the Mumford-Beauville Theorem 5.12 (details can be
found e.g. in [2] and [8]).

6.1. PROPOSITION. Let ® C JV(S) be the canonical polarization divisor (cf. §2). Then
(6.1.1)g - 4 < dimSing® < g — 3;
(6.1.2) dimSing ® = g — 3 if and only if S is a hyperelliptic curve.

6.2. REMARK. Assertion (6.1.2) is an immediate consequence of the classical Martens
theorem (cf. [18]).
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The main part of this section is devoted to the study of those curves whose theta-divisor
© has “many” singularities of multiplicity > 3. After making more precise what we mean
by “many”, we show that the only such curves are hyperelliptic curves, superelliptic curves
with g > 7 (cf. Proposition 6.4) and plane quintics with g = 6 (cf. Proposition 6.8). In
view of Proposition 5.4, hyperelliptic curves do not present much interest for our
purposes. Therefore in what follows we assume that the curve S is not hyperelliptic.

In accordance with Remark 4.6(b), a curve S will be called superelliptic if there exists a
morphism &: S — E of degree 2 onto a smooth elliptic curve E (in this case E is always
smooth because S is connected, smooth and not hyperelliptic).

It is easy to verify that for g > 6 such structure ¢ is unique. In fact, consider a general
divisor of the form e, + e, on E, where ¢, e, € E. Then the linear system |e*(e, + ;)]
has degree 4 and dimension 1 (the last assertion holds by Clifford’s theorem). In what
follows we identify the curve S with its canonical model § € P27}, i.e. with the image of
the morphism « = ¢, corresponding to the canonical system on S. By the geometric
interpretation of the Riemann-Roch theorem, the points of the divisor £*(e, + ¢,) span a
plane {e*(e, + e,)). From this it follows that any two lines of the form (e*e,), (e*e,)
intersect at some point. Since all these lines cannot lie in one plane, all of them pass
through a common point O ¢ S. This point O will be called the center of the superelliptic
projection. Clearly, the morphism ¢ is identified with the projection of the curve S from the
point O, and the curve E is identified with the image of this projection in P82, We
observe that under this identification E is a projectively normal curve of degree g — 1 in
P27 2 The following result is well known.

6.3. LEMMA-EXERCISE. Each effective divisor D of degree { g — 1) on E spans a projective
subspace (D) of dimension deg D — 1, i.e. the “points™ of each such divisor D are in
general position. B

Let ¢: S — E’ be another superelliptic structure on the curve S. Then we obtain
another center of projection O’ # O. But in this situation, for generic points e¢;, e, € E’
the divisor &, &'*(e; + e,) has degree 4 and lies in a plane, i.e. dim(e,,,e’*(e1 +e,)) <2
But by 6.3 this is impossible for g » 6 since then dege,e'*(e; +e,)=4<g— 1.
Therefore for g > 6 on the curve S there exists at most one superelliptic structure, which
means that if such a structure does exist, then it reflects some intrinsic properties of the
curve and its Jacobian. In particular, this structure allows us to point out the following
very important component in the variety Sing @ of singular points of the theta-divisor:

A= {[eM(D)]|[M] € Pic*(E)and D € S~}
here we implicitly use the Torelli theorem for curves and, as usual, $©) denotes the kth

symmetric power of the curve S or, in other words, the variety of effective divisors of
degree k on S. Moreover, by 2.5, for g > 7, Mult, © contains the subvariety

A = {[e*M(D)]|[M] € Pic*(E) and D € §¢ 7}
of dimension g — 6.

6.4. PROPOSITION. Let S be a nonhyperelliptic curve of genus g > 7 such that dim Mult ; ©
> g — 6. Then S is a superelliptic curve and Mult; 0 = A’

PROOF. Let M be a general sheaf corresponding to a component .# C Multi, ® of
dimension > g — 6. Subtracting the fixed components of such sheaves we obtain an
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irreducible subvariety A” € G} = {[L] € Pic“(S)|h°(S, L) > 3}, where d < g — 1 and
dim A” > d — 5. But now for a generic point [L] € A” the sheaf L is free. By Martens’
theorem (cf. Lemma 4.4), dim|L| = 2. Therefore the variety U ;< ,-L| € $'“) has dimen-
sion > d — 3. Furthermore, a general divisor D from this subvariety spans a space { D) of
dimension d — 3, and any d — 1 points of this divisor also span { D) because |D| is a
linear system without basepoints. Hence, choosing 4 — 1 points in each general divisor D
of this type and passing to the isomorphism classes of the corresponding sheaves, we
obtain a subvariety Z C G}_, of dimension > d — 4 because for a generic point [L] € Z
the sheaf L is of type G)_,. Subtracting the fixed components of these sheaves and taking
into consideration 4.5 and Remark 4.6(¢), we obtain the following possibilities:

(6.4.1) S is a trigonal curve, and for a generic point x € S and a generic point [M] € #
each divisor from |M(-x)| has the form g} + F, where g} is a divisor from the unique
trigonal linear series |gi| on S, and F is an effective divisor.

(6.4.2) S is a superelliptic curve, and for a generic point x € S and a generic point
{M] € A each divisor from |[M(—x)| has the form &*(e; + e,) + F, where F is an effective
divisor and e, and e, are two points on E.

We claim that the case (6.4.1) is impossible. In fact, in this case each divisor from |M|
has the form g} + F. It is clear that for a suitable divisor from | M| the divisors g} and F
do not have common points. Suppose now that x is a point of the divisor g3. By the above,
the divisor g} + F — x again has the form (g}) + F’, where (g;) is an element of the
trigonal series and F” is an effective divisor. It is clear that Supp g3 N Supp(g}) = <.
Therefore M = O;(2g} + F’), where F” is an effective divisor of degree g — 7. So
dim # < g — 7, which yields a contradiction.

Arguing similarly in the case (6.4.2), we obtain an isomorphism

M= 0. (e, + e, + e;)(F)

for a generic point [M] € ., so that # = A’. Thus S is a superelliptic curve and A’ is the
only component of dimension g — 6 in Mult, ©. The other assertions of the proposition
follow from the following lemma whose statement was suggested by Arnaud Beauville. B

6.5. LEMMA. Let & S — E be a superelliptic structure, let D € S¢~1 be an effective
divisor on S of degree g — 1, and let A be the maximal effective divisor on E for which
e*A < D. Then either

(6.5.1) A = 0 and h°(S, O04(D)) < 2
or

(6.5.2) h°(S, Og(D)) = deg A and |D| = €*| A| + the fixed part.

PROOF. If 4 = 0, then it is clear that h°(S, Oy(D)) < 2. Therefore, subtracting the part
e*4, it suffices to show that an effective divisor D on S of degree < g — 1 whose
complete linear system |D| does not contain elements of the form e*e + D', where
D’ € $We D=2 and ¢ € E, is necessarily linearly fixed, i.e. h°(S, O,(D)) = 1. Moreover,
it suffices to verify that in this case the space { D) does not contain the center 0 of the
superelliptic projection. Then our assertion follows from the geometric interpretation of
the Riemann-Roch theorem. So, let D be such a divisor. By assumption, each hyperplane
H c P#! containing the divisor D (i.e. such that (H - §) > D) and passing through the
point O is projected onto a hyperplane e( H) C P22 containing the divisor ¢, D on E.
Hence dim{D) > dim(e, D), and equality is possible only when (D) # 0. But by 6.3
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dim(e, D) = deg D — 1. Hence dim(D) > deg D — 1, and in view of the geometric
interpretation of the Riemann-Roch theorem the divisor D is linearly fixed and we have
equality, from which it follows that (D) » O. ®

6.6. PROPOSITION. Let S be a superelliptic curve of genus g > 1. Then the following
assertions are true.

(6.6.1) A and A’ are irreducible subvarieties in JV(S) of dimensions g — 4 and g — 6
respectively.

(6.6.2) The variety of singularities Sing ® has besides A at least one other component of
dimension g — 4.

(6.6.3) If t € J(S) is a point such that t - A’ C Sing © (- denotes the natural action of the
Jacobian J(S) on the variety Jv(S) = Pic®~Y(S)), thent - A’ C A.

6.7. REMARK. From the following proof it will be clear that the assertion (6.6.2)
concerning the existence of another component holds also for g = 6 and 5.

PROOF OF PROPOSITION 6.6. Assertion (6.6.1) is obvious.

To prove (6.6.2), we consider the projection 7: S — P2 from g — 3 generic points
Xi5...;X,_3 € S. Then the image 7(S) C P?is a curve of degree 2g — 2 — (g —3) =g
+ 1 with an ordinary singular point #(O) of multiplicity g — 3, and

p(m(S)) - (8-3)(—-4 _slg-1) (g-— 3)(g - 4) _,

) 3 2 g—6>g.
Hence #(S) has at least one other singular point y # w(0). Therefore on S there exist
irregular special divisors of the form x; + --- + x, 3 + x,, + x,_,. It is clear that the

dimension of the variety of such divisors is equal to g — 3, and they define a component
of dimension g — 4 in Sing © which is distinct from A. This proves (6.6.2).

As for (6.6.3), we first observe thatif [L] € ¢ - A’ C Sing 0, then for each pair of points
e,, e, € E there is an inclusion [L(e*(e; — €,))] € Sing O, since A'e*(e; — e,) = A’ If
dim|L| > 2, then, by 6.4, [L] € Mult,® = A’ € A. Now we consider the case when
dim|L| = 1. If the linear system |L| is free, then a general divisor D € |L|consists of g — 1
distinct points, and dim<Zig='11 x,.> = g — 3. Moreover, dim(Z,{f x,-> = g — 3 and, by 6.3,
O & (D) or D = e*e + an effective divisor. In the last case, by Lemma 6.5, [L] € A. If
O & (D), then ¢({ D)) is a hyperplane in P52 and a generic point e, € E satisfies the
equality dim{D + e*e,) = g — 1. From this it follows that h%(S, ws ® L(e*e;)™) = 0,
and by the Riemann-Roch theorem

hO(S, L(e*e)))=g+1—g+1=2=hS, L).

Therefore |L(e*e )| = |L| + ¢*e,, but |L(e*e, — e*e,)] # @ for a generic point e, € E.
Hence for such points e, we have |L(—¢*e,)| # &. Therefore e*e, + an effective divisor
€ |L} and, again by Lemma 6.5, [L] € A. If the system |L| has basepoints, then it
contains a divisor of the form ¢*a + an effective divisor. Therefore, again by Lemma 6.5,
[LITe A. B

6.8. PROPOSITION. Let S be a nonhyperelliptic curve of genus 6. Then the theta-divisor ©
has at most one singular point of multiplicity > 3, and if such a point [ M| does exist, then S
is a plane quintic embedded in P via the morphism ¢,,.

PROOF. Let [M] € © be a singular point of multiplicity > 3. Then, in view of 2.5 and
Remark 2.6(b), h°(S, M) > 3. But degM = g(S)— 1 = 5. In this case by Clifford’s
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theorem the sheaf M is free and h%(S, M) = 3. Thus we obtain a morphism ¢,,: S — P2
of degree 1 onto a curve ¢,,(S) of degree 5. Applying the Pliucker formula for the genus of
a plane curve and using the fact that S is the normalization of the curve g,,(.5), we see
that ¢,, is an embedding and S is a plane quintic. By the Noether-Enriques theorem {28],
the structure of plane quintic is defined intrinsically, namely by the intersection of
quadrics in the canonical embedding of a given curve, which implies the uniqueness of the
point[M]. ®

6.9. PROPOSITION. Let S be a nonhyperelliptic curve of genus 6. Then for a generic point
[M] of one of the two-dimensional components of the variety Sing © there exists only one
nonsingular point on Sing © the tangent plane at which to Sing © is “parallel” to the tangent
plane at [ M ], namely the point [wg ® M ).

6.10. REMARK. It is easy to generalize the last result to the case of an even g > 8, but the
assertion fails for g = 5. When we speak about “parallel” planes, we have in mind the
natural connection on an abelian variety.

PROOF OF PROPOSITION 6.9. First we consider the case when S is a plane quintic. By the
Noether-Enriques theorem, in this case the intersection of quadrics through the curve
S c P? defines the image of the plane P? under the Veronese map defined by the linear
series of conics. We shall show that on § there are no complete free linear systems |D{ of
degree 5 and dimension 1. In view of Theorem 4.5 and Remark 4.6(e), from this it is easy
to conclude that

Sing® = {[M(s, — 5,)]|s1, 5, € S}

(at least modulo components of dimension < 1), where M is the sheaf of type G2 defining
the structure of plane quintic on §. But the tangent plane to Sing @ at the point
[M(s, — s,)] is “parallel” only to the tangent plane at the point [wg ® (M(s, — 5,)) ']
since it is easy to verify that, in a natural sense, the projectivization of this plane coincides
with the line in P?® passing through the points 5,5, € S € P> So, let D = X7 x, be a
divisor consisting of 5 distinct points on S and varying in the linear system | D| of type Gj.
By the Riemann-Roch theorem, the linear span { D) C P* has dimension 3. It intersects
the Veronese image of the plane P? at at least 5 points. This is possible only if the
intersection is not proper and contains a conic in P> corresponding to a line in P2, Since
{D| # | M|, this line does not contain all five points of the divisor D. If this line contains
four points from Supp D, then [0 ( D)] belongs to the variety Sing @ described above, i.e.
| M| has a fixed point. Finally, if this line contains no more than three points of the divisor
D, then the intersection { D) N S contains at least 7 points, from which it follows that the
curve S is trigonal, which is impossible by the Noether-Enriques theorem [28]. Thus our
proposition is true in the case of a plane quintic, and so in what follows we may assume
that S is not a quintic.

Next we observe that Sing ® has a two-dimensional component .# with generic point
[M], where M is a free invertible sheaf. In fact, by Theorem 4.5 and Remark 4.6(e) this
holds for arbitrary two-dimensional components provided that the curve S is not trigonal
or superelliptic (and is not a plane quintic). If S is a trigonal curve, then it is easy to verify
that the component which is symmetric to the component {{M(D)]|D € S®} with
respect to the point [w¢] € Pic S, where M is the invertible sheaf of type G} defining the
trigonal structure on S, satisfies our condition. In the superelliptic case it suffices to take a
component which is complementary to A; such a component exists in view of Remark 6.7.
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So, let # be a two-dimensional component in Sing ® for whose generic point [M] the
sheaf M is free. Clearly we may assume that the point [ M] is not equal to one-half of the
canonical class [wg] and is nonsingular on Sing ®. Then by [2] to the sheaf M there
corresponds a quadric @ C P° of rank 4 containing S, and in a natural sense the vertex of
this quadric (which is a line) is the projectivization of the tangent plane to Sing © at the
point [M] (cf. 2.7). Hence it suffices to verify that S is contained in a unique quadric of
rank 4 with this vertex. This can be easily shown using the birationality of the projection
of the curve S with center at this vertex and the fact that the degree of the image of S is
not less than 8 (the degree can be equal to 8 only in the trigonal case when the vertex
contains two points of S; in the remaining cases the degree is equal to 10). W

Suppose now that S is a nonhyperelliptic and nontrigonal curve of genus g = 5. By
Masiewicki’s thesis [19], the pair Sing ® and the natural involution -1 induced by the
symmetry with respect to the class [wg] is a Beauville pair for which the quotient curve
Sing ® / + 1 is a plane quintic and the Prymian is the Jacobian of S.

6.11. PROPOSITION. Let S be a canonical curve of genus 5 which is a complete intersection
of three quadrics. Then for a generic point [M] of an arbitrary irreducible component of the
variety Sing @ which is not an elliptic curve there exists only one other nonsingular point of
Sing © the tangent space at which to Sing © is “parallel” to the tangent space at [M],
namely the point [wg ® M ™). The elliptic components in Sing ©® correspond to lines in P>
under the mapping of the quotient curve Sing ® / + 1 onto a plane quintic. In particular, in
view of (B), two such components intersect at exactly one point.

PROOF. Since the curve S is neither hyperelliptic nor trigonal, for a generic point [M ] of
each of the components of Sing © the sheaves [M] and [wg ® M '] are free and the
projectivization of the tangent line to Sing ® at [M] is the vertex of the corresponding
quadric of rank 4. Therefore it suffices to verify that the curve S is contained in a unique
quadric with this vertex, with the exception of the case when [M] lies on a component
which is an elliptic curve. This easily follows from the fact that the projection of S from
this vertex has degree 2 or 1. In the first case the image of our projection is an elliptic
curve.

The remaining assertions are obvious consequences of the Beauville condition and the
fact that each component of a plane quintic which is not a line either intersects the other
components at at least 6 points or coincides with the quintic. N

We conclude this section by proving several simple results about curves of genus 4.

6.12. PROPOSITION. Let S be a nonhyperelliptic curve of genus 4.

(6.12.1) #Sing © < 2.

(6.12.2) A point x € Sing® is a symmetry point for the divisor © if and only if
#Sing ® = 1.

(6.12.3) If x, and x, are two distinct points from Sing ©, then (x, — x,) & J,(S), where
J,(S) is the set of points of order 2 on the Jacobian J(S).

ProOF. By the Noether-Enriques theorem [28], the curve S is the intersection of a
quadric and a cubic in P?. Therefore by the Riemann-Kempf theorem and the geometric
interpretation of the Riemann-Roch theorem the points from Sing ® correspond to the
sheaves of type G; cut by the lines on the quadric Q > S. Since there are at most two such
lines modulo rational equivalence, # Sing © < 2.
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By the above, if #Sing ® = 1, then the quadric Q € P? has rank 3, i.e. is a quadratic
cone. Hence two lines on this cone are cut out by a hyperplane section, so that 2M = w,
where [M] is the sole point of Sing ®. Conversely, since @ is a principal polarization
divisor, all its symmetry points belong to one-half of the canonical class or, in other
words, are theta-characteristics. The necessity assertion in (6.12.2) easily follows from this
fact.

The last assertion follows from the fact that if S lies on a quadric Q of rank 4, then the
linear systems [2/,], |2/,|, where /; and /, are the line generatrices of the quadric Q, cut
nonequivalent complete linear serieson S. H

§7. Proof of the main theorem: case p > 8

In this section we turn to the proof of our main theorem on distinguishing Prymians
from Jacobians. More precisely, as we have already remarked in the Introduction, we
point out some properties of Beauville pairs which are necessary in order that their
Prymians be Jacobians. The sufficiency is clear in view of the results mentioned in the
Introduction, and we shall discuss it in more detail in one of the following parts.

7.1. So, let (C,I) be a Beauville pair such that P(C, )= J(S), where S is a
nonsingular curve of genus g. As above, as we assume that the corresponding quotient curve
C is neither hyperelliptic nor quasitrigonal (compare with §5). Besides that, in this section,
unless specified otherwise, we assume that p = p(C) > 8 (compare with [26] and [27]).
Then, by Propositiions 5.4 and 6.1, § is a nonsingular connected nonhyperelliptic curve of
genus g = p — 1 > 7. The goal of the present section is to show that C is a trigonal curve
(7.12).

The above isomorphism between the Prymian and the Jacobian can be rewritten in the
form of a canonical isomorphism Pv(C, I) = Jv(S) under which the canonical polariza-
tions are identified.

We begin by proving the following assertion, which greatly simplifies our situation.

7.2. LEMMA. Suppose that the curve C has two connected components C, and C, such that
g2ncuc=cC

and
(7122 #C, N G, = 4

Then one of these components C, or C, is a nonsingular rational curve.

PROOF. Suppose the converse. Then, by (S), p(C,), p(C,) = 1. Let f: C, LU C, - C be
the partial desingularization at the points of the set C; N C,. To this desingularization
there corresponds a partial desingularization of the pair (C, I'), namely f: &, u C, — C,
where C, and C, are the proper preimages of the curves C; and C, with respect to the
projection 7: C — C. In view of (3.18), this last desingularization induces an isogeny

fOPy(C, 1) - Pv(C,, I) x Pv(C,, I,).
We denote by Z < Pv the preimage of the subvariety Pv, X Z, C Pv; X Pv,. By Lemma
5.10, h°(C, L) > 0 for all points [L] € Z. Therefore Z ¢ Z. Now we observe that
dim Z = p — 3, since from 3.14 it easily follows that the codimension of , in Py, is equal
to two and E, # & if p(C,) > 1. Thus the Gauss map I': Z -—» (P#~!)* associating to a
point z € Z the projectivization of the tangent space to = at z is well-defined at generic
points of Z (here the projectivizations of all tangent spaces to Pv are naturally identified
with one fixed P#~1, namely the space of the canonical embedding of the curve S). By
construction, all hyperplanes from P£~! belonging to the image of the Gauss map pass
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through a subspace P C P2~ ! coinciding with the projectivization of the tangent space to
the abelian variety (f°)"'Pv, X {x} (more precisely, to a principal homogeneous space
with respect to the action of P(C,, I,)). The dimension of the subspace P is equal to
dimPv, — 1 =p(C,)+ 3 —1 — 1= p(C,). Hence the image of I has dimension g — 1
- p(C))—1=p—3-p(C)) < p — 3, since by our assumption p(C;) > 1. Hence there
exists a one-dimensional family of smooth points on Z = ® which is mapped to a single
point by the Gauss map I'. But this is impossible for the Jacobians. In fact, for each
smooth point [L] € © C Jv(S) = Pv we have dim|L| = 0, deg L = g — 1 and the unique
divisor D € |L| spans the hyperplane { D) C P#~!. Using 2.7, it is easy to verify that
I'((L]) = { D). But the hyperplane D) intersects the curve § € P#~! along finitely many
points and so defines the point [ L] modulo a finite number of possibilities (under the
assumption that [ L] is a smooth point of ©). This contradiction completes the proof. =

7.3. REMARK. From the proof it is easy to see that Lemma 7.2 holds for all p.

7.4. By Proposition 6.1, the variety Sing = = Sing ® has an irreducible component Z of
dimension > g — 4 = p — 5. Moreover, in view of our assumptions dim Z = p — 5. We
fix such an irreducible component Z. By Theorem 5.12, Z is a subvariety of one of the
varieties of special singularities Z(--- ) described in 5.11. We say that Z has type
corresponding to the type of a special variety Z( --- )if Z C Z(--- ), and does not have it
otherwise. Here and in what follows in the study of special singularitiecs we use the
notation from 5.11.

7.5. First we verify that the component Z does not have type V, VI, VII, VIII, IX or X.
In fact, case X does not occur already for p > 7. For the types VI, VII, VIII and IX we
have p(C,), p(C,) = 1, since otherwise Z( --- ) = @. After a suitable modification of the
components C; and C, this leads to a contradiction with Lemma 7.2. For example, in the
case of type IX it suffices to replace C; by the curve C; U C, and to leave C, intact. The
same argument shows that Z cannot have type V, because in this case p(C;) = 3 and in
view of (S) the complementary curve C, in C is connected and has genus > 1 for
p(C)=1T.

7.6. REMARK. As a matter of fact, we have proved a somewhat stronger assertion:

(7.6.1) For p > 7 the component Z does not have any of the types V — X,

(7.6.2) For p = 6 the component Z does not have any of the types VI — IX.

7.7. Suppose now that Z has type 1V, i.e. Z C Z(y, C;). We claim that then S is a
superelliptic curve and Z = A. We note that by 7.2 the curve (; is a nonsingular rational
curve. On the other hand, applying (S) and 7.2 again, we see that the structure vy is finite,
i.e. C, is a hyperelliptic curve of genus p(C;)=p — 3 > 5.

7.8. The following assertions are immediate consequences of the fact that the canonical
image of the curve C; is a projectively normal rational curve of degree p(C;)—1 in
prco-1.

(7.8.1) The linear system |, ® v*( M,)~?| is nonsingular and has dimension g(C;) — 3,
where [M,] € Pic(P).

(7.8.2) The linear system |-, ® Y*(M,)™?| is nonsingular and has dimension g(C,) — 5 >
0, where [ M,] € Pic?(P!).

But by 3.14 a general nonsingular divisor D on C, such that 7, D € lwe, ® YH(M,;)™?|
is linearly fixed. Hence

dim Z(y; C,) = dim P(C,, I) + dim |we, ® y*(M,) 7| = p — 5,
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and dim Z'(y; C;) = p — 7. From this it follows that § is a superelliptic curve (cf.
Proposition 6.4) and Z'(y; C,) = A"
Now we construct a surface 7 € P(C, I ) for which
T-Z'(yv; C) = Z(y; Cy).

Since the isogeny /% Pv — Py, X Pv, is compatible with the actions of the corresponding
Prymians (cf. 3.21.2), it suffices to construct a surface 7, € P, = P(C,, I,) for which the
following condition holds:

T, - {[(ym)*(M,)(D)] € Pv,|[ M,] € Pic*(P") and D is a nonsingular divisor on C, }
= {[(ym)*(M,)(D)] & Pv||[ M,] € Pic'(P") and D is a nonsingular divisor on C, } .
Here we understand equality in the sense of coincidence of generic points. In fact, by
(5.8.2) for a generic point [(y o m (M )(D)] € foZ(y; C,) we have
ma+D € |¢..)C1 ® y*(Ml)_ZI.

Now we observe that, modulo a nonsingular fixed divisor, the linear system |7, , D| can be
viewed as a subsystem of the complete hyperelliptic system |w. | and

dim |7, D| = deg wc, ® y*(M,)°/2 = p(C,) — 3.
On the other hand,
dim|wc, ® y*(M,)™| = p(C;) -5 > 0.

Using the fact that C, is a hyperelliptic curve, it is easy to show that 7, , D = y*(x + y) + a
nonsingular divisor on C,, where x and y are generic points on P.. Let D, and D, be the
components of the divisor D on C, lying over y*(x) and y*(p), so that 7, , D, = y*(x)
and 7, , D, = y*(y). Then D = D, + D, + a nonsingular divisor on C,. Therefore

(yem)*(M,)(D — D, + I*D,) = (y ° m)*( M, )(a nonsingular divisor on C,).
Now we define a surface 7; to be the closure of the following subset of classes of

invertible sheaves:

{ [061( D, - Dz)] € P,| D, and D, are nonsingular divisors of degree 2 on C,
such that m Dy, m, 4 D, €|y*M,| } .

By the above,
T {(yem)*(M,)(D)} 2 {(yom)*(M,)(D)}.

The opposite inclusion is obvious.
Thus we have constructed a surface T € P(C, I) = J(S) such that
T-Z'(v; C,) = Z(v; Gy).
Hence by (6.6.3) there is an inclusion Z(y; C;) € A, and in view of the irreducibility of Z
and A we have Z = A, as required.

7.9. Suppose now that Z has type 111, i.e. Z C Z(¥; ¢;, ¢;). We shall show that in this
case S is also a superelliptic curve and Z = A. In this situation the hyperelliptic structure y:
C, — P! is not necessarily finite, i.e. there may exist curves C, C C, whose image with
respect to v is a point. But by 7.2 and (S), if such a curve does exist, thenit is unique and is
a nonsingular rational curve intersecting the residual component C; at two distinct points.
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This component C; is a hyperelliptic curve of genus p(C|) > 5. We observe that in the
case under consideration wc |-, = 0. Now a word-for-word repetition of the argument
from 7.8 for the curve C, yields the desired result.

7.10. REMARK. Using the construction of the preceding paragraph, we can show that for
p = 7 the variety Z'(y; ¢;, ¢,) consists of two distinct points, since the degree of the
corresponding isogeny f° is equal to two (one should twice apply 3.15).

7.11. Suppose now that Z has type II, i.e. Z € Z(e). We shall verify that in this case S is
also a superelliptic curve and Z = A. So, let &2 C — E be a superelliptic structure. If the
morphism ¢ is not finite, then the finiteness may fail only over the ordinary double points
e € E. Moreover, by (S) and 7.2 this is possible only if over the point e there lies a
nonsingular rational curve C,. Hence in this situation the morphism extends to a finite
superelliptic structure. Since the curve C has only ordinary double singularities, E has the
same property. Thus the elliptic curve E is a “wheel” consisting of » rational curves E,,
i=1,...,n. By Lemma 7.2, n < 3. Moreover, for n = 3 all the curves e }( E,), e "(E, )and
5‘1(E3) are nonsingular rational curves. In this case it is easy to verify that p(C) = 4.
Therefore this is impossible forp > 5. Thusn = 1 or 2.

Now we show that the case n = 2 is also impossible. By 7.2, one of the components
¢ }(E,) or e"}( E,) of C is a nonsingular rational curve. We denote this curve (say, ¢ '( E,))
by C, and the residual component by C;. On E there are exactly two singular points, e,
and e,. Let ¢, and ¢, be the points of C over e, and let ¢; and ¢, be the points of C over
¢,. By 7.7 and 7.9, S is a superelliptic curve and A = Z(v; ¢, ¢;) = Z(y’; C,), where v is
the hyperelliptic structure on the desingularization C, of C at the points ¢, and ¢, and v’ is
the hyperelliptic structure on C, which, as well as vy, is induced by the morphism e.
Consider the partial desingularization f: C‘O L €, = C at the four points & = 7~ (cl)
c2 =7 Xc,), & =77Yc;), &4 =7 (c,) as a composition of the desingularization f1
¢, — C at the points ¢, and ¢, and a subsequent desingularization at the points ¢, and ¢,.
Then for a generic point{L] € Z

Il L])lco (flo([L])lco)( 8y = 8y) = [@C‘ﬂ(‘53 - 54)] = const € Pv(Cy, 1y).

To prove this, we use the fact that w. |, = 0 (compare with 7.9). But this contradicts the
equality Z = Z(y’; C,). Hence the case n = 2 is actually impossible.

Therefore n = 1, so that if Z has type 11, then Z C Z(¢), where & C — E is a finite
morphism of degree 2 onto an irreducible elliptic curve E having at most one ordinary
double point. Consider a generic point [L] € Z(e). Then L = (e° 7)*(Or(e + ")) D),
where e, e’ is a pair of generic points on E and 7, D € |we*(e + €’) | is a nonsingular
divisor on C. Using the canonical model of the curve, it is easy to verify that, as in the
nonsingular case, there is a representation 7,D = e*(Lf °e,) =¢*(e, + e, + €;) + a
nonsingular divisor on the superelliptic curve C, where e, ¢, and e, are generic nonsingular
points on the elliptic curve E. We recall that by our assumption p > 8. We denote by 4, a
nonsingular point on E such that 24, ~ ¢, + e, 1 </, j < 3 (here ~ denotes the linear
equivalence). By the above, there is a representation D = D, + D, + D, + a nonsingular
divisor on C, where 7, D, = £*(e,), 1 < i < 3. On the curve C we consider the divisor

1= (eom7)* ( ,.j) - D, - Dj.
Then
Tal = 28*(h,j.) —e*(e, + e;) ~ 0.
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Hence [0x(2,)] € kerm,, = P(C, 1) ® Z/2Z.
On the other hand, the points #,; can be chosen in such a way that X, _,.; 3%, ~ e,
For such a choice

3
L (eom)h, ~ X (emre,

1<i<j<3
from which it follows that
> L= (eom)*(hyy + hyy + hy3) — 2D, — 2D, — 2D,

lg/<j<3
3
~(eom)*(e, + e, + e3) —2D, — 2D, — 2D, = Y I*D, — D,
=1

and by definition the class of the sheaf corresponding to this divisor lies in P(C, I).
The~refore one of the sheaves 0x(¢,;) or, more precisely, its isomorphism class lies in
P(C, I'). Moreover,

(sow)*(0E(e + e’))(D + t,j) = (eo w)*@E(e + e’ + h,j)

(a nonsingular divisor on 0), ie. [L(#;)] = [L']1 € Z'(¢). Now we consider the variety
T c P = P(C, I') whose generic points have the form

[02(D, + D, — (&0 m)*(hyy))],
where D, and D, are nonsingular divisors of degree 2 on C such that 7, D, = e*e, and
7 « D, = €*e,, and h,, is one-half of the divisor e, + e,. We have already verified that
T - Z'(¢) > Z(e). The reverse inclusion is obvious. Therefore T - Z'(¢) = Z(¢). By our
assumption dim Z(&) > p — 5 since Z(¢) 2 Z, and an easy dimension count shows that
dim 7 < 2. Hence dim Z'(¢) > p — 7. As above, applying Propositions 6.4 and 6.6 we see
that S is a superelliptic curve and Z = A.

7.12. In view of 7.5, 7.7, 7.9 and 7.11, Z does not have type V, V1, VII, VIII, IX or X, and
if Z has type 11, 11 or 1V, then S is a superelliptic curve and Z = A. By the Torelli theorem,
this is an intrinsic result. On the other hand, by (6.6.2) Sing @ = Sing = has at least one
other irreducible component Z of dimension p — 5. Therefore by Theorem 5.12 the curve
C admits a trigonal structure 7: C — P!, and then by (S) the curve C is trigonal, which
completes the proof of necessity in the case p > 8.

7.13. REMARK. Type IV can occur when the Prymian is a Jacobian, namely when the
glued points c,, c,, ¢; and ¢, of the nonsingular rational curve C, = P! are compatible

with the hyperelliptic structure y: C; — P!, which defines a trigonal structure on C (cf.
Figure 7). Type II and the corresponding quasitrigonal structure can also occur (cf. Figure

8).

FIGURE 7
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Fi1GURE 8

§8. Proof of the main theorem: casesp = 7,6

8.1. As in the preceding section, we assume that P(C, I)= J(S) or equivalently
Pv(C, I) = J¥(S), where S is a connected nonsingular nonhyperelliptic curve whose genus
(this time) is equal to p — 1 = 6. The case p — 1 = 5 will be briefly discussed in the end of
this section (cf. 8.6-8.10). As above, we assume that C is neither hyperelliptic nor
quasitrigonal. Our goal is to show that this curve C is trigonal (cf. 8.5).

8.2. By Proposition 6.9, the variety Sing ® = Sing = has a two-dimensional component
(a surface) Z such that for a generic smooth point [M ] € Z there exists exactly one other
nonsingular point in Sing ® = Sing = with a “parallel” tangent plane, namely the point
[ws ® M~']. We fix such an irreducible component Z. In view of Remark (7.6.1), Z does
not have type V-X.

8.3. Now we verify that Z does not have type III or IV. In fact, suppose that
Z C Z(--- ), where Z(--- ) is a variety of special singularities of one of these types. By
definition, in these cases

Z(---)= (};0)—1 (a surface € PV'),

where % Pv — PV is the isogeny corresponding to a partial desingularization at two or
four points. A repeated application of Lemma 3.15 shows that the degree of this isogeny is
equal to two or four. Since at a generic point from Z the transformation [M] = [w, ® M !
does not correspond to a translation, we arrive at a contradiction.

8.4. To complete the proof in the case p = 7, it remains to consider the situation when Z
has type II. So, let &2 C — E be a superelliptic structure and let Z ¢ Z(¢). As in 7.11, we
can extend this structure to a finite one. Moreover, we may assume that FE is a “wheel”
consisting of n = 1 or 2 rational curves. Since C is not quasitrigonal, for n = 2 over each
of the two singular points e, e, € E there are two ordinary double points ¢,, ¢, and ¢;, ¢,
respectively (compare with 7.13). But then by Lemma 7.2 one of the components
C, = ¢ Y(E)), i = 1,2, of Cis a nonsingular rational curve. Furthermore, by Remark 7.10
on the variety Sing = there are two points of multiplicity > 3 with respect to = which lie
in Z'(y; Cy, C,), where v is the hyperelliptic structure on the resolution of C at two points
¢, and ¢, induced by & and the “contraction” of a nonsingular rational component to a
point. This contradicts Proposition 6.8.

Thus n = 1; that is, E is an irreducible elliptic curve, possibly with one ordinary double
point. Since the curve C is not quasitrigonal, over such a singular point of E there are two
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singular points ¢}, ¢, of C. Hence if E is singular, then, arguing as in the end of the
preceding paragraph and applying Remark 7.10 and Proposition 6.8, we arrive at a
contradiction. Therefore E is a nonsingular elliptic curve.

We denote by J,(E) the subgroup of points of order 2 in the Jacobian J(E) of E.
Consider the homomorphism:

(eem)* :JL(E) - ker(Nm)= P(C,I)®Z/2Z
Z/ZZgaZ/2Z

If it is injective, then there exists an element [a] € J,(E) such that (eem)*a U 0 €
P(C, I). If M is a general invertible sheaf of degree 2 on E, then

(eem)*(a) ®@(eom) (M) = (eom)*(a ® M),

where a ® M is again a general invertible sheaf of degree 2 on E. Furthermore,
(a ® M)®% = M®2, Using this, it is easy to show that [(e° 7)*a] + Z(&) = Z(¢). But this
contradicts the choice of Z C Z(&) C Sing ©. Hence the morphism (e° w)* has kernel on
JL(E).

We remark that, applying the argument from the beginning of §6 to the singular curve
C instead of S, we see that w. = ¢*M for some invertible sheaf M of degree 6 on E. Let
[M,], [M,], [M,], [M,] € Pic? E be four half-divisors for [M] € Pic® E. The group J,(E)
acts transitively on the set of these points. If [a] # 0 € J,(E) and (eew)*a] =0
P(C, I), then the sheaves (e° w)*M, and (e° 7)*(a ® M,) on C are isomorphic to each
other. From this it clearly follows that #/°(C, (g 7)*M,) > 6. But by the Clifford theorem
4.2)

h°(C,(eom)*M,) < (deg(eom)*M,) /2 +1=1.

The case h°(C, (eo m)*M,) = 7 is impossible, since then by 3.14 and (5.1.3) there exists a
one-dimensional family of singular points [(e° #)*M (¢ — I(¢))],.c ¢ of multiplicity > 3
on =. But this is impossible by Proposition 6.8. Hence

R(C,(eom)*M,) = 6.

But Nm(eo 7)*M, = 2e¥(M,) = ¢*(2M,) = £*(M) = w_. Using this and Theorem 5.1, we
obtain an inclusion [(e° 7)*M,] € Pv, and so Mult ., ,)«3; ;= > 3. On the other hand, by
Proposition 6.8, = = © has at most one such point. Now we observe that the above
argument can be applied to each of the four sheaves M, i = 1,2,3,4. Therefore all
elements of the group J,(E) lie in the kernel of the homomorphism (&° w)*. But since the
group J,(E) has rank 2 over Z/2Z, Lemma 3.18 (applied to the normalizations of the
curves of the “tower” C — C — E) shows that this is impossible. Thus the surface Z does
not have type I

8.5. In view of 8.2-8.4, we see that our surface Z C Sing = has type I, from which, as in
the preceding section, it follows that the curve C is trigonal. This completes the proof of
necessity for p = 7.

8.6. Now we consider the case p = 6, g(S) = p — 1 = 5. We do not go into details, but
give a sketch of the proof of necessity. This time, in addition to the trigonal case one must
consider the case of a plane quintic C with an odd pair (C, I') a special case of which is type
V. Therefore we assume that among the singular curves making up Sing = there are no
curves of types I, V and X and show that this yields a contradiction. By Remark (7.6.2),
types VI-1X also do not occur.
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8.7. First we verify that S is not a trigonal curve. In fact, otherwise Sing = = Sing © has
exactly two (nonsingular) components with distinct tangents (in the sense of the Gauss
map) which are isomorphic to the curve S. One of these components coincides with the
curve g3 + S C JW(S), where g} is the class of the sheaf of type Gi corresponding to the
trigonal structure on S, and the other component is symmetric to the first one with respect
to [wg]. Arguing as in the case p = 7, we obtain a finite superelliptic structure e: C — E,
where E is a nonsingular curve. Since for type II the divisor D can be chosen in at most
two ways and Sing = = Sing® has two components, each of these components is
birationally isomorphic to the curve J( E'), which yields a contradiction.

8.8. The variety Sing = does not have components of type IV. Suppose to the contrary that
on C there is a structure of type IV. Then, by (S) and 7.2, C, is a nonsingular rational
curve and the hyperelliptic structure y is finite (compare with 7.7). By 8.7 and the
Noether-Enriques theorem {28], the canonical embedding of S is an intersection of three
quadrics, and therefore we can apply Proposition 6.11. It follows that the variety Z(y; C,)
is a nonsingular elliptic curve. Hence, again by this proposition, in Sing E there exists at
least one other irreducible component Z’ # Z. If this component again has type 1V, then
C, = C4 U Cy, where Cj and Cj are nonsingular rational curves such that C, N Cj = @
and #C{ N C; = #C] N C; = 4. More precisely, the other structure of type IV is the pair
v’, C{ U C,, and the structures y and y’ yield a single trigonal structure (cf. Figure 9),
which is impossible by our assumption. If Z’ has type III, then by (S) and 7.2 the
corresponding structures are compatible with type IV. By what we mean that the points ¢,
and c, of the structure of type III lie in the set C; N C; of intersection points for type IV
and the structure y for type IV is induced by the structure y for type III. Applying
Proposition 6.11 once more, we see that Z’ = Z(¥y; ¢, ¢,) is a nonsingular elliptic curve
and the intersection of the components Z and Z’ consists of exactly one point, which
contradicts the definition of the curves Z and Z’ as the preimages of isogenies for some
partial desingularizations. In fact, since the degree of the isogeny f° for type II is equal to
two, these curves intersect along an even number of points. Hence the component Z’ must
have type 11, which, in its turn, again leads to type 111 and yields a contradiction.

FIGURE 9

8.9. Next we show that the curve C is irreducible. By Theorem 5.12, C has a structure of
type I1I or II. First we consider the case of type III. Then the hyperelliptic structure y is
finite. If the curve C, is reducible, thenit consists of two nonsingular rational components
intersecting along five points. In view of condition (E), C has the form sketched in Figure
10 (after a suitable ordering of the points ¢, and ¢,).
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On the other hand, using Proposition 6.11 instead of Proposition 6.9 in the argument
from 8.3, we see that the curve Z(v; c,, ¢,) C Sing E is an irreducible nonsingular elliptic
curve. Hence Sing = contains other irreducible curves and has other structures of type II
or III. But in each of these cases C must have a quasitrigonal structure since after
resolving the point ¢; we obtain a hyperelliptic structure on the resolution. Since by our
assumption C does not admit quasitrigonal structures, the curve C in this case is
irreducible.

The case of a structure of type II is dealt with in a similar way unless the superelliptic
structure ¢ C — E is a finite morphism onto a smooth elliptic curve E. But then C is
irreducible in view of condition (E).

8.10. Since C is irreducible, so is C. Moreover, all curves C for nearby admissible pairs
(in the sense of the Zariski topology) are irreducible. But for general pairs (C, I') over
Jacobians this is possible only if C is a trigonal (nonsingular) curve or a (nonsingular)
plane quintic [12]. But in that case the intersection of quadrics through the canonical
model of C is a surface. Hence the same holds for the specialization to our curve C. But
this is impossible since if the irreducible curve C is not hyperelliptic, trigonal or
quasitrigonal, then the intersection of quadrics through C coincides with itself. This is
proved in practically the same way as the Noether-Enriques theorem for g = 6. This
completes the proof of the necessity for p = 6. It remains only to add that the fact that the
pair (C, I) is odd when C is a plane quintic follows from Theorem 5.12 (cf. the argument
on p. 347 of [17)).

§9. Proof of the main theorem: case p = 5

9.1. So, let Pv(C, I) = Jv(S), where § is a nonsingular connected nonhyperelliptic curve
of genus 4. We need to show that C is a trigonal curve. As above, we assume that the curve
C is neither hyperelliptic nor quasitrigonal.

9.2. First we consider the case when S is a general curve, i.e. its theta-divisor © has two
distinct singular points. By assumption, Sing ® = Sing =. Therefore the set Sing = = {[L,],
[L,]} consists of two distinct points [L;], [L,]. By 5.5, there exist two linearly indepen-
dent sections s,, s, € H%(C, L,) such that s, ® I*s, = 5, ® I*s,. In ivew of 3.15, (S) and
5.10, the sections s, and s, do not simultaneously vanish on any of the components of the
curve C, since otherwise we would have # Sing = > 4. Similarly, the sections s, and s, do
not simultaneously vanish at every point of any set consisting of at least three points. 1f
the sections s, and s, simultaneously vanish at two singular points ¢, ¢, € C, then the
same argument shows that f°L, = f°L,, where f: ¢’ — C is the partial desingularization
at & and &,. Hence in this case [L, ® L;!] is a point of order two on P(C, I) = J(S),
which is impossible by (6.12.3). If the sections s, and s, simultaneously vanish only at one
singular point ¢ € C, then by Lemma 5.8 and the fact that C is not quasitrigonal there is a
representation f°L, = #'*M, where f: C’ — C is the partial desingularization at the point

FIGURE 10
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¢ and M is a free invertible sheaf of type G on C’. Hence I'*f°L, = f°L, and therefore
I*L, = L,, since in this case the isogeny f° is an isomorphism. From this it is clear that
{L,] is a symmetry point of the divisor =. In fact, in this case a point [L] € X is
symmetric to the point corresponding to the sheaf L” = L8> ® L' = L, ® [*L, ® L'}
=~ we ® L' Vand h°(C, L") = h°(C, L’) (the Serre duality + the Riemann-Roch formula).
But in view of (6.12.2) and our assumption this is impossible. Hence the sections s, and s,
do not simultaneously vanish at any of the singular points of C. Then, by 5.8, L, =
a*(M)( D), where M is a free invertible sheaf on C such that #°(C. M) > 2 and D is a
nonsingular divisor on C. It is clear that deg M < 4. Moreover, if deg M = 4, then
L, = a#*(M) and I*L, = L, which again yields a contradiction with (6.12.2). Hence
deg M = 3 and C is a trigonal curve.

9.3. Using the result of the preceding paragraph for a general Jacobian and the fact that
the Prym map P is an epimorphism for p = 5, we see that C is a degeneration of an
irreducible trigonal curve. In particular, the intersection of quadrics through the canonical
model of our curve C C P* contains an irreducible surface F. If F linearly spans the space
P4, then, as in the case of a nonsingular curve C, it is easy to verify that the curve is
trigonal. So we consider the case when F spans a subspace P* c P*. Since the curve C is
contained in a three-dimensional family of quadrics and condition (S) holds, this is
possible only if F is a quadric and the intersection of quadrics through C also contains a
plane P2 C P* But this is impossible by (S). Hence F is a plane in P*. In particular, the
curve C is reducible. Then by 7.2 one of its components C, is a nonsingular rational curve.
If C, intersects the remaining component C, in 6 points, then C, € C C P* is a rational
normal curve of degree 4. But this easily yields a contradiction since the curve C is
contained in three linearly independent quadrics and the curve C, does not lie on F.
Hence #C, N C, = 4 and C, € C C P*is a plane conic. Using this, (S), and Lemma 7.2,
one can show that C, is irreducible. Then by (S) the curve C, linearly spans the space of
the canonical embedding P*. From this it follows that F = {C,), which yields a contradic-
tions since the curve C; ©€ C C P* has degree 6. This completes the proof of necessity for
p = 6, and by the above, also for all valuesof p. M

9.4. To obtain specializations of P(C, I) by general Jacobians in 8.10 and 9.3, one
needs to use the results of §7 of [3] for p = S and an easy count of parameters for p = 6.

§10. Some applications

10.1. RATIONALITY CRITERION FOR CONIC BUNDLES OVER A MINIMAL RATIONAL
SURFACE. Let V be a nonsingular threefold over the field C of complex numbers for which
there exists a flat map w: V — S onto a nonsingular minimal rational surface S whose
general fiber is a nonsingular rational curve 1 defining an extremal ray [I1 € N(V') (cf. [31)).
The variety V is rational if and only if its intermediate Jacobian J(V') is isomorphic as
principally polarized abelian variety to a sum of Jacobians of nonsingular curves, i.e. its
Griffiths component J (V') is trivial.

The necessity is well known (cf. [22]). Hence we only prove the sufficiency. So, suppose
that J;(V') is trivial. We shall consider the case when S = F, is a rational ruled surface.
The case when S = P? easily follows from [4] and [32]. We denote by b, the unique
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irreducible curve on F, such that > = —n, and by s, a fiber of the ruled structure. Let
C C F, = S be the degeneration curve of our conic bundie. We shall show that

(C-s5,)<3
or

(C-by)<3 forn=0
or

(C-b)=0 forn=1andb, ¢ C
or

(C-b,)=1 forn=1andb, c C.

But in these cases the rationality of ¥ is known (cf. [13] and [32]); moreover, the last two
cases are reduced to the case when S = P2,

We denote by C the base of the family of “lines” over the degeneration curve C of our
conic bundle. Then the pair (C, I') consisting of € and the natural involution I permuting
the two lines in a degenerate fiber is a Beauville pair with C/I = C. In view of the
computations performed in [4] and [22],

J(VYP(C, I).

Hence the Prymian P(C, I) is isomorphic to a sum of Jacobians of nonsingular curves.
Consider the linear system Jw(C)| on the surface S. From the exact sequence

0 - wg— wg(C) = wc— 0

and the vanishingof h%(S, wg) = (S, wy) it follows that the linear system |wg(C)| on §
restricts isomorphically to the canonical linear system |w.| on C. In view of (E), (B), and
the nonexistence of double coverings of P! with fewer than two branch points, the linear
system |w| is free and defines the canonical morphism k: C — P”". We remark that the
curve C is connected. By the above, the morphism « is induced by the map ¢: S - PV
defined by the linear system [wg(C)|, possibly after subtracting the fixed component. In
what follows we use the following properties of linear systems on F,: they define a map to
a point, or a map onto a rational normal curve of degree N in P", or a birational map
which possibly blows down the curve b, for n > 1 and is an isomorphism off 5,. In all
these cases the image ¢(S) coincides with the intersection of quadrics passing through it.

Case N = 0. In this case C is an elliptic curve and |w (C)| = {Bb,|, where B is a
nonnegative and n > 1 for 8 > 0. Therefore C ~ (8 + 2)b, + (n + 2)s,. We need to
show that 8 < 1. In fact, if b, ¢ C, then

((B+2)b, +(n+2)s,,b,)=0
=(n+2)—(B+2)n>0
=22>(B+1n=1>4.

If b, C C, then
(B+1)b,+(n+2)s,-b,)=2
>n+2)-(B+Dn=22=0=>B-n=>1>8.

Next we consider the case when N > 1 and the image @(S) is a rational normal curve of
degree N in P". Then the map k: C — x(C) has degree 2 at a generic point and defines a
hyperelliptic structure on C. Hence in this case (C - s5,) = 2.
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Suppose now that N > 2 and the map ¢ is birational. Then « either is an embedding or
blows down to a point the curve b, C C for n > 1 and is an isomorphism outside this
curve. In the last case the curve b, C C intersects the other components of C at exactly
two points. If the curve () satisfies condition (S), then by the main theorem the curve C
either is trigonal or quasitrigonal or is a plane quintic. In all these cases the quadrics
passing through «(C) intersect along an irreducible surface of degree N — 1 in P". By the
above, this surface coincides with ¢(S). Using the classification of such surfaces, it is easy
to show that C satisfies one of the conditions formulated in the first paragraph of our
proof.

So it remains to show that there does not exist a decomposition C = C; U C,, where C,
and C, are connected curves, C;, C, # b, and C; N C, = 2. More precisely, we shall show
that in this case we again come to the alternative described in the first paragraph of our
proof. If C, or C, (say C, is linearly equivalent to s,, then (C -s,)=(C,-s,)=2. In
what follows we shall assume that b, ¢ C, and C, += s5,. Then C; ~ Bb, + {s,, where
B=1 and { > nB. If C, contains a curve X which is distinct from s, and b,, then
C; = G\ b, ~ B'b,+{s,, where 8’ > 1 and {’ > nf’. But then

B-B -n<(C-C)<(CC) =2,

from which it easily follows that (C-s,) <3 forn>2 If n=1 and 8-’ = 2, then

C, ~ B(b, + s5;) and C; = B(b, + s,), which contradicts the connectedness of C, when

b, € C,. Hence C, = Cj. Therefore (C - 5,,) = B + B’ = 3. The case n = 0 can be easily

treated directly. So, the only unclear case is the case when C, ~ b, + {’s,, where {’ > 1.

But then it is clear that 8 < 2, from which it again follows that (C - s,) < 3. &
Essentially, we have proved the following result.

10.2. THEOREM. In the conditions of Criterion 10.1, if the variety V is rational, then
2K+ C| = @, where K is the canonical divisor. W

The following conjecture generalizes this result.

10.3. CONJECTURE. Let V be a nonsingular algebraic threefold over an algebraically closed
field k of characteristic +# 2 for which there exists a flat map w: V — § onto a nonsingular
surface S whose general fiber is a nonsingular rational curve 1 defining an extremal ray
{1} N(V'). If V is a rational variety, then 2K¢ + C| = &, where C is the degeneration
curve of our conic bundle.

10.4. REMARK. The necessity rationality condition 2K + C] = @ formulated in 10.2 is
also sufficient, except in the case when the degeneration curve C is a plane quintic. In the
last case we must require that the “theta-characteristic”” be even. Using this, it is easy to
verify that in the class of conic bundles over a minimal rational surface there does not exist a
smooth family V,, b € B, such that V, is a rational variety and V, is irrational for
b € B — b, (compare with Problem 1 from [24]).

We denote by %, the variety of Beauville pairs (C, I'y such that C = C/I is a connected
curve and p,(C) = p. Let N,_, be the variety of principally polarized abelian varieties of
dimension g such that dimSing ©® > g — 4, where O is the effective divisor of principal
polarization. This is the so-called Andreotti-Mayer variety (2], and according to [2] the
variety J, = J(# ) (the closure of the image of the Jacobians of nonsingular curves in the
space of principally polarized abelian varieties) is a component of N, _,.
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The following theorem describes the intersection of N,_, with the closure P(é&‘g +1) of
the image of the set of Beauville pairs under the Prym map (compare with Theorem 5.1 in

{11)).

10.5. THEOREM. For g > 6 the variety N,_, N P(%’g 1) has the following components:

(a) J,, the variety of dimension 3g — 3 whose generic points correspond to Jacobians of
nonsingular curves of genus g;

(l}) Qi’fg(_z)l, the variety of di@ension 2g + 1 whose generic points correspond to the Prymians
P(C, I) of Beauville pairs (C, I') such that C = C/1 is the curve obtained by identifying two
general pairs of points of a nonsingular irreducible hyperelliptic curve of genus g — 1;

(c) H#,?,, the variety of dimension 2g whose generic points correspond to the Prymians
P(C, I) of Beauville pairs (C, I) such that C = C/I is obtained by gluing a nonsingular
irreducible hyperelliptic curve of genus g — 2 and a nonsingular rational curve along four
points in general position;

(d) &,..1, the variety of dimension 2g — 1 whose generic points correspond to the Prymians
P(C, I of Beauville pairs (C, I) such that C = C/I is a nonsingular irreducible superelliptic
curve of genus g + 1 (this variety consists of two irreducible components); and

(e) Z,, 1 <d<|[(g—2)/2], the variety of dimension 3g — 4 whose generic points
correspond to the Prymians P(C, I) of Beauville pairs (C, I') such that C = C/I is a union
of two nonsingular irreducible curves of genus d and g — d — 2 respectively intersecting along
four points in general position.

The proof is an immediate consequence of Theorem 5.12, the description of P(@g +1)
and the main theorem. To compute the dimensions, one needs the local Torelli theorems
except in case (d) when the fibers of the Prym map are one-dimensional in view of the
tetragonal construction [11]. W

These components will be discussed in more detail in one of the subsequent parts.
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