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Abstract

Let F' be a non-trivial finite extension of the p-adic numbers, and G be a com-
pact p-adic Lie group whose Lie algebra is isomorphic to a split semisimple
F-Lie algebra. We prove that the mod p Iwasawa algebra of G has no modules
of canonical dimension one. One consequence is a new upper bound on the
Krull dimension of the Iwasawa algebra. We also prove a canonical dimension-
theoretic criterion for a mod p smooth admissible representation to be of finite
length. Combining our results shows that any smooth admissible representa-
tion of GL,,(F"), with central character, has finite length if its dual has canonical
dimension two.

Introduction

Let p be a prime number and k& be a field of characteristic p. When G is a
p-adic Lie group, a very important class of its representations over k are those
known as smooth admissible. The study of smooth admissible representations
is crucial to the Langlands programme when G is a general linear group, for
example. When the vector spaces V' on which the representations are defined
have the discrete topology, the smooth representations of G are exactly the
continuous representations. The (smooth) admissible representations are those
with the property that the subspaces VE of vectors fixed by an open subgroup
K are always finite-dimensional.

The vector space dimensions of the invariant subspaces VX are an important
structural property of an admissible representation V. Morra computed many
of these dimensions for irreducible representations of GL2(Q,) in [Mor13]. Typ-
ically, however, the integers dimy VX are unknown, particularly when V is a
supersingular representation of a general linear group.

On the other hand, the admissible representations of GG are characterised as
those whose k-linear duals are finitely-generated modules over the Iwasawa al-
gebra of a compact open subgroup, see [Section 9. This means the theory of
admissible representations is tightly controlled by these Noetherian rings. Be-
cause Iwasawa algebras are moreover Auslander-Gorenstein, by [Ven02], the
theory of canonical dimension gives a natural way to measure and classify their
modules.



The canonical dimension, as expressed in |Definition 2.4} is in general an integer-
valued homological invariant Cdim(M) for modules M over a noncommutative
Auslander-Gorenstein ring R. However when R = kH is an Iwasawa algebra,
it is fruitful to notice that the canonical dimension is the dimension of an affine
variety associated to M, known as the characteristic variety, see [['heorem 2.6|
We therefore are inclined to view Cdim(M) as a measure of the “size” of M,
expressed as an integer lying between zero and dim H.

In fact, the canonical dimension directly measures “growth” in admissible rep-
resentations. When V' is an admissible representation and M is the dual £H-
module, Emerton and Pasktinas have proved a formula for the asymptotic be-
haviour of the dimensions dimj V® of invariant subspaces along a chain of
compact open subgroups K, [EP20], which crucially involves Cdim(M). The
canonical dimension also appears, although not by name, in conjectures on
completed (co)homology [CE12] and in the work of Gee and Newton, [GN20].

More recently, and partially motivated by the works mentioned above, the
canonical dimension has been studied by Breuil, Herzig, Hu, Morra, Schraen,
and Wang. Their primary interest has been in representations associated with
the mod p cohomology of Shimura varieties, which are believed to realise a mod
p (local) Langlands correspondence. In [BHH™23| and [HW22], the canonical
dimensions associated to such representations of GLo(F'), for F' an unrami-
fied finite extension of the p-adic numbers @Q, are determined, and found to
be equal to the degree of the field extension [F : Q,]. In [BHH], the authors
make numerous conjectures towards a mod p Langlands correspondence, and
prove many of their conjectures due to the results of [BHH"23] and [HW22].
We will take a complementary perspective to that of the above authors: rather
than computing the canonical dimension for certain representations, we fix a
group and investigate, for a given integer, whether a representation exists with
canonical dimension equal to that value.

In this article we let F' be any finite field extension of Q,, and consider the
Iwasawa algebras of compact p-adic Lie groups such as G = SL,(Or), and
those corresponding to other semisimple types. Our central result is that when
F # Q,, the Iwasawa algebra has no modules of canonical dimension one,
lorem 1.7

From this, we deduce corollaries in two different directions. A restriction on
the canonical dimension of modules over a noncommutative ring gives an upper
bound on the Krull(-Gabriel-Rentschler) dimension of the ring, [Proposition 8.3,
Therefore [I'heorem 1.1 implies a non-trivial upper bound on the Krull dimen-
sion of kG, |Corollary 1.2 This generalises a result of Ardakov, and verifies that
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a conjecture of Ardakov and Brown holds for the group SLy(Op), when F is a
quadratic extension of the p-adic numbers.

Our second application is to admissible representations of non-compact p-adic
Lie groups, in particular to representations of the general linear groups G L, (F').
We show that for many split-semisimple p-adic Lie groups such as SL,(F), an
admissible representation is of finite length as long as its corresponding canoni-
cal dimension takes a certain minimal value, [[’heorem 1.3| and [Proposition 10.2]
One consequence is a characterisation, purely in terms of the canonical dimen-
sion, of the admissible finite length representations of GL9(Q,) with central
character, see |Corollary 1.4!

In the case GL,(F) # GL2(Q,), we also deduce from [Theorem 1.1] that any
admissible representation with central character has finite length if its dual has

canonical dimension two, [Corollary 1.5, Therefore, the admissible representa-
tions of GLy(Q,2) considered in [BHH"23| and [HW22] are necessarily of finite

length, as conjectured in [BHH"] — see [Section 10}

Let us mention that although [Theorem 1.1 and [Corollary 1.2| generalise results
proved when F' = Q, in [Ard04], the methods used here are somewhat differ-
ent. We explicitly rely on having a non-trivial finite field extension of @Q,, and
use group structures most clearly found in SLy(Op), which Ardakov’s methods
cannot apply to.

Our methods (like those of [Ard04]) do not easily generalise to modules of
canonical dimension two or higher. The principal reason for this is that the
natural generalisations of the commutative algebra result established in
to higher dimensions do not necessarily give sufficient restrictions on the
characteristic variety attached to a module. As an illustration of the difficul-
ties, we mention that a module of canonical dimension one has a characteristic
variety which corresponds to a projective variety of dimension zero, whereas a
module of canonical dimension at least two corresponds to a projective curve
or higher-dimensional variety, which have a more complicated structure.
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1 Main results

Let p be a prime number and let £ be a field of characteristic p. Let F' be a
finite field extension of QQ,, with ring of integers Or. We maintain this notation
throughout the article.

In the first part of this article we consider compact p-adic Lie groups G whose
Lie algebras £(G) — see [Definition 3.1| — are semisimple and split over F'. The
completed group algebra, known as the Iwasawa algebra kG, is a Noetherian
Auslander-Gorenstein ring of injective dimension dim G. Therefore any finitely-
generated module for kG has a canonical dimension, lying between zero and
dim G — see [Definition 2.4, We prove that this value cannot be equal to 1 in
many cases.

Theorem 1.1:
Let g be a finite-dimensional F'-Lie algebra which is semisimple and split
over I'. Let G be a compact p-adic Lie group with associated Lie algebra
L(G) =g If[F:Q) > 1, then the Iwasawa algebra kG has no finitely-
generated modules of canonical dimension one.

Throughout the article, isomorphisms of Lie algebras are Q,-Lie algebra iso-
morphisms. Any F-Lie algebra is viewed as a Q,-Lie algebra via the usual
restriction of scalars.

Theorem 1.1] has an immediate consequence for the Krull dimension of the
Iwasawa algebra.

Corollary 1.2:
Let g be a finite-dimensional F-Lie algebra which is semisimple and split

over F'. Let G be a compact p-adic Lie group with associated Lie algebra
L(G)=g. If [F:Q,] > 1, the Krull dimension of kG is at most dim G — 1.

In [Bru66] it was proved that the global dimension of kG is dim G (or infinity).
Thus |Corollary 1.2/ shows that the Iwasawa algebra has Krull dimension strictly
less than its global dimension.

[Theorem 1.1]is proved in [Section 6] and [Corollary 1.2]is then deduced in
ftion 8.

[I'heorem 1.1lis a lower bound on the canonical dimension of infinite-dimensional
modules for an Iwasawa algebra. This may be viewed as a first step towards a
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Bernstein’s inequality for representations of p-adic Lie groups.

In the second part of the article, this perspective allows our results to find ap-
plication to the representation theory of non-compact p-adic Lie groups. When
V' is an admissible representation of a p-adic Lie group G, the k-linear dual
VY = Homy(V, k) is a finitely-generated module for the Iwasawa algebra of any
compact open subgroup of G.

We say that an infinite-dimensional representation V' is holonomic when the
canonical dimension Cdim(V") is minimal among infinite-dimensional admissi-
ble representations of G. We prove a result showing that such a representation
is often of finite length.

Theorem 1.3:
Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-
dimensional smooth representations over k. Every holonomic smooth ad-
missible representation of G' over k is of finite length.

For example, [Theorem 1.3 applies to the special linear groups SL,(F). Due
to the existence of non-trivial finite-dimensional smooth representations, the
theorem does not apply to general linear groups, or groups of units of p-adic
division algebras.

However, considering representations with central character allows the applica-
tion of [Theorem 1.3 In the case of GLy(Q,), we deduce a characterisation of
the finite-length representations with central character.

Corollary 1.4:
The finite length smooth admissible representations V' of GLy(Q,) with
central character are precisely those with Cdim(V") < 1.

Combining Theorems [I.1] and [1.3] we also deduce the following.

Corollary 1.5:
Let V' be a smooth admissible representation of GL,,(F') with central char-
acter. If [FF: Q] > 1 or n > 2, and Cdim(V") = 2, then V is of finite
length.

The proof of [Theorem 1.3 may be found in [Section 9 with [Corollary 1.4] and
\Corollary 1.5| proved in [Section 10}

2 Canonical dimension

In this section we give two formulations of canonical dimension for modules
over [wasawa algebras.



Recall that the Iwasawa algebra of a compact p-adic Lie group G is the com-
pleted group algebra,
kG = tim kD).
U<,G
where the limit is taken over the open normal subgroups of G. We summarise
the very nice properties of this noncommutative ring.

Theorem 2.1:
The Iwasawa algebra kG is a left and right Noetherian ring, which is
Auslander-Gorenstein of injective dimension dimG. When G has no p-
torsion elements, kG is moreover Auslander-regular.

In the case that k = I, the result follows from Corollary 7.25 of [DDMS03],
Theorem J of [AB07], and Theorem 3.26 of [Ven(02]. See also Lemma 6.2 of
[Ard12]. We give a proof which extends this to any field k of characteristic p.

We will occasionally refer to augmentation ideals of kG, defined below.

Definition 2.2:
Let N < G be a closed normal subgroup of a compact p-adic Lie group.
Its augmentation ideal is the two-sided ideal eg(N) = Ker (kG — k(G/N)).

When G is uniform pro-p, as in [DDMS03|, Definition 4.1], the augmentation
ideal e¢(G) = Ker (kG — k) is the unique maximal ideal of kG, and in this
special case we write J = eg(G).

Proposition 2.3:
Let GG be a uniform pro-p group. The J-adic filtration on kG is complete,
and the associated graded ring is isomorphic to a commutative polynomial
ring in dim G variables over k.

Proof:
When k =T, section 7.4 of [DDMS03] shows that under the /-adic filtra-

—_—

tion, where I = F,[G](G — 1), the completion F,[G] = F,G, and
grF [G] = grF,G =F,[Xy,..., X4,

where d is the dimension of G, [DDMS03, Theorem 7.24].
When £ is an arbitrary field extension of IF),, we consider the [;-adic filtra-
tion on the group algebra k[G], where

Iy =k®g, I = kIGl(G —1).



Clearly I}) = k ®p, 1", thus the associated graded ring is
grk[G] = gr (k ®F, F)[G]) = k ®p, gr F,[G] = k[X1,..., Xy].

Since G is uniform pro-p, it is straightforward that 17" = k[G](G?" —1) with
quotient ring k[G/GP"], where G?" = {¢"" | ¢ € G}. The inverse system
(G""),>0 is cofinal in all open normal subgroups of G, and therefore

K[G] = lim k[G)/I} = lim K[G/U] = kG.

n>0 U<,G

It follows that kG has a complete filtration with associated graded
grkG = grk|G| = k[X, ..., X4

In particular, kG is Noetherian by [DDMS03|, Proposition 7.27].

Now, define J,, = Ker (kG — k[G]/I}}) for all n > 1. Clearly J = J,
and a direct computation shows that (J" + J,,)/J, = (J, + Jn)/J, for
all m,n > 0. Therefore the closure of J™ in kG is J,, (in the induced
pseudocompact topology). But kG is Noetherian, hence Corollary 22.4 of
[Sch11] implies all ideals are closed, so J,, = J™. The result follows. [

Proof of [I'heorem 2.1:

Suppose G is uniform pro-p. By |Proposition 2.3, the associated graded
ring of kG is (left and right) Noetherian, and Auslander-regular (of global
dimension d). By [DDMS03], Proposition 7.27], and [LVO96|, Proposition
[1.2.2.1, Theorem II1.2.2.5], it follows kG is Noetherian and Auslander-
regular of dimension d = dim G.

Now let G be an arbitrary compact p-adic Lie group. Let G’ be an open
normal uniform pro-p subgroup. By the arguments of section 2.3 of [AB06],
kG is a crossed product with a finite group over the Noetherian ring £G’,

kG = kG * (G/G),

hence kG is Noetherian. Since kG’ is Auslander-regular, Lemma 5.4 of
[ABOT] shows that kG is Auslander-Gorenstein. By Corollary 5.4 of [ABOT],
the injective dimension of kG is equal to the injective dimension of kG,
which in turn equals the global dimension by Remark 6.4 of [Ven02]. Thus
Theorem 4.1 of [Bru66] implies kG has injective dimension dim G’ = dim G,
and if G has no p-torsion elements, that kG is Auslander-regular. [

Since kG is Auslander-Gorenstein, Definition 4.5 of [Lev92] gives us the defini-
tion of canonical dimension below.



Definition 2.4:
Let M be a finitely-generated left kG-module. The canonical dimension of
M is Cdim(M) = dim G — min{j > 0 | Ext,(M, kG) # 0}.

Many properties of canonical dimension are proved in section 4 of [Lev92], and
a summary can be found in subsection 5.3 of [ABO6].

We will frequently work with an alternative characterisation of canonical di-
mension, understanding the canonical dimension as the dimension of an affine
variety known as the characteristic variety. The characteristic variety of a
module is given by the characteristic ideal in the commutative ring gr kG.

Definition 2.5:
Let G be a uniform pro-p group, and recall the J-adic filtration on kG.
Let M be a finitely-generated kG-module. The characteristic ideal of M
is the radical ideal

J(M) = +/Ann(gr M) C grkG,

where Ann(gr M) ={z € grkG | - m = 0Vm € gr M} is the annihilator
of the graded module gr M.

Note that J(M) is an ideal of gr kG, whilst the augmentation ideal J = e5(G)
is a two-sided ideal of kG. Recall now the definition of Krull dimension K from
section 6.2 of [MRO1].

Theorem 2.6:
Let G be a uniform pro-p group, M be a finitely-generated kG-module.
The canonical dimension of M is given by

Cdim(M) = /c(gf’fG/J( M>).

The proof of [Theorem 2.6| is essentially given in section 5.3 of [AB06], where
it is shown that Cdim(M) = K(gr M), which is easily seen to be equal to
IC(grkG/J(M)). This integer can be naturally seen as the dimension of the
variety associated to J(M), which we do not define. We will frequently use
Theorem 2.6| rather than [Definition 2.4 when discussing the canonical dimen-
sion of a kG-module.

To finish this section, we prove that the canonical dimension and the Krull
dimension are stable when passing to an open normal subgroup. In this arti-
cle, for R a ring we denote the finitely-generated non-zero left R-modules by

mod(R).



Proposition 2.7:
Let G5 be a compact p-adic Lie group and G; <, Gy be an open normal
subgroup. Then,

{Cdim(M) | M € mod(kG1)} = {Cdim(M) | M € mod(kG>)},
and the Krull dimensions IC(kG1) = K(kGy).

Proof:
By the arguments of section 2.3 of [AB06], we have that kG is isomorphic

to a crossed product,
k‘GQ = kGl * (Gg/Gl)

Thus kG5 is a finitely-generated free kGi-module, and Corollary 6.5.3 of
[IMRO1] implies that IC(kG1) = K(kG3).
Moreover, Lemma 5.4 of [ABQO7] implies that for any finitely-generated
kGy-module M,
Ext}q, (M, kGs) = Ext} (M, kG1),

and thus Cdimyg, (M) = Cdimyg, (M). So

{Cdim(M) | M € mod(kG1)} 2 {Cdim(M) | M € mod(kG2)}.
Conversely, let M be a finitely-generated kGi-module, and let N = kG2 ®iq, M.
By Theorem 10.74 of [Rot09],

Ext], (N, kGa) = Extl (M, kGs) = @Ext (M, kGh),

because kG is a free kG-module of rank m = |Go/G1|. Thus Extyq (N, kGo)
is zero precisely when Ext;, (M, kGy) is zero, from which it follows that
Cdimyg,(N) = Cdimgg, (M). Note also that N = 0 only if M = 0. There-
fore,

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kGs)},

as required. []

3 The Lie algebra

Recall from section 4.5 of [DDMS03] that any uniform pro-p group G has an
associated Z,-Lie algebra L¢, which has underlying set G. We now extend the
definition to any compact p-adic Lie group, and the scalars to Q,,.
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Definition 3.1:
Let G be a compact p-adic Lie group, and H <, G be an open normal
uniform pro-p subgroup. The Q,-Lie algebra L£(G) = L(H) = Q, ®z, Ly
with the obvious Q,-linear Lie bracket.

Any compact p-adic Lie group has an open normal uniform pro-p subgroup, by
Corollary 8.34 of [DDMSO03]. Since the open subgroups of G all have finite index,
it is easy to check that £(G) does not depend on choice of H up to isomorphism.
We now show that the canonical dimension of modules for the Iwasawa algebra,
and its Krull dimension, are determined only by the Lie algebra of G.

Corollary 3.2:
Let Gy, G2 be compact p-adic Lie groups with £(G1) = L(G3). Then

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kGs)},
and the Krull dimensions K(kG1) = K(kG3).

Proof:
Let K; < Gy, Ky < Gy be open normal uniform pro-p subgroups of Gj,
Go. Let ¢ be an isomorphism of Q,-Lie algebras,

¢: L(G1) =Q,®z, Lx, - Q,®z, Lx, = L(G2).
Then, ¢(Lk,), Lk, are Z,-Lie lattices in £(Gs), so for some n > 0,

p"¢(Lk,) = ¢(p"Lk,) < Lg,.

Now, recall from Theorem 9.10 of [DDMS03] that the assignment G +— Lg
is an equivalence of categories between uniform pro-p groups and powerful
Z,-Lie algebras. K is uniform pro-p, so L, is a powerful Lie algebra, hence
p"Lg, and ¢(p"L,) are powerful. Then ¢(p"Lg,) corresponds to a open
uniform pro-p subgroup K < (5. The Z,-Lie algebra p" L, corresponds
to K7 = {2 | 2 € K1} < G, and thus the restriction of ¢ gives us an
isomorphism of compact p-adic Lie groups ¢ : K7 " LK. Now, let

H= (] gKg
QEGQ/K

so H is an open normal subgroup of Gs. It fonllows that H is also nom%al

in K. So, we have open normal subgroups K{ <, Gy, H <, K = (K} ),
and H <, G5. By |[Proposition 2.7, it follows that

{Cdim(M) | M € mod(kG;)} = {Cdim(M) | M € mod(kK?" )}

= {Cdim(M) | M € mod(kK)}

= {Cdim(M) | M € mod(kH)}

= {Cdim(M) | M € mod(kG1)},
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and K(kG1) = K(kKY") = K(kK) = K(kH) = K(kGy). O

Example 3.3
Consider the additive group Op, and let d = [F' : Q). Then the Iwa-
sawa algebra can be identified as kOp = k[[T1,...,Ty]]. Consider the kOp-
modules M, = kOg/I,, where I, is the ideal generated by the first n ele-
ments of {11,...,Ty}. It is a straightforward deduction from [Theorem 2.6|
that Cdim(M,,) = d — n, hence

{Cdim(M) | M € mod(kOr)} = {0,1,....,d}.

Also, the Krull dimension K(kOp) = K(k[[11,...,T4]]) = d.

Now, OF is an abelian group, hence £(Or) must be the abelian Q,-Lie algebra
of dimension [F' : Q,]. By [Corollary 3.2, the above results apply to any
abelian compact p-adic Lie group of dimension [F': Q,]. In particular,

{Cdim(M) | M € mod(kO%)} = {0,1,...,d},

and K(kOp) = [F : Q.

Motivated by |Corollary 3.2 we now associate a specific group to each split-
semisimple F-Lie algebra, which will assist us in our later proofs.

Throughout this article, g will denote a finite-dimensional F-Lie algebra which
is semisimple and split over F'.

We fix a uniform pro-p group G4 with Lie algebra £(Gy) = g, as Q,-Lie alge-
bras. [Corollary 3.2 will then show that proving [['heorem 1.1| and |Corollary 1.2|
for G4 implies these results for arbitrary G. We make the choice of Gy in the
following way — see also section 3.4 of [Ard04] for a similar construction.

Because g is split semisimple over F', let g = Xp, where X is a root system.
For any commutative ring R, there is a Chevalley basis for the Lie algebra
Xpg, namely an R-basis B such that ZB is closed under the Lie bracket. Such
a basis was constructed by Chevalley for simple g, and the semisimple case
follows by taking a union. We can then define the adjoint Chevalley group
X(R) < Aut(Xg) in the usual way.

Consider the Op-Lie algebra Xp,, and notice that the subalgebra pXp, is a
powerful Op-Lie algebra. Let Y be the uniform pro-p group constructed from
pXo, using the Campbell-Hausdorff formula. Let Ad : Y — GL(pXo0,) be the
group homomorphism given by Ad(g)(u) = gug™'.
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Definition 3.4:
The compact p-adic Lie group Gy = Ad(Y) is the image of the group ho-
momorphism Ad.

It is straightforward to show that Ker Ad = Z(Y') = {e}, so Ad is an injective
homomorphism. It is also clear that G = G has Lie algebra

‘C(G) = @pLG = @pLY = @prOF = Xp = g.

We define some root subgroups of G, corresponding to the root system of the
Lie algebra g.

Definition 3.5:
The root subgroup corresponding to a € X is A, = Ad(p(Xo,)a) < Gg.

The root subgroups A, will be used over the following three sections, in the
proof of [Theorem 1.1]

Lemma 3.6:
Gy is a normal subgroup of the Chevalley group X (Op). Moreover, Ad is
X (Op)-equivariant with respect to the defining action on Xy, and conju-
gation action on G.

Proof:
This is similar to the proof of Lemma 3.13 of [Ard04]. Let B be the
Chevalley basis of Xp,. It is straightforward to show that Ad(puOp) C
X (Op) for all w € B. There exists a Zy-basis {pvi,...,pvn} of pXo,
where each element is contained in some puQOp. Now, Y is generated by
the subgroups pv;Z,, by Proposition 3.7 and Theorem 9.8 of [DDMS03],
and Ad(pv;Z,) € X(Op) for each j. So Gy = Ad(Y) C X(Op).
It is then straightforward to check that G is normal in X (Op), using the
Steinberg relations.
In particular X(Op) acts on G by conjugation. Now Exercise 9.10 of
[DDMS03], implies Ad(pv) = exp(ad(pv)). Let x € X(Op), v € Xo,,
and u € pXp,. Now, because the Chevalley group consists of Lie algebra
automorphisms, we have z - [pv,z ' - u] = [p(z - v),u], and iterating, we
have

z - ad(pv)"(u) = ad(p(z - v))"(u).

It follows from the formula for exp that

rAd(pv)z~(u) = 2 - exp(ad(pv))(z ™" - u) = exp(ad(p(z - v)))(u).

Namely,
zAd(pv)z™" = Ad(p(z - v)),

as required. []
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4 The microlocalised module

Recall the theory of algebraic microlocalisation from Chapter IV of [LVO96].

If S C grkG is a multiplicatively closed subset of homogeneous elements, we
can extend kG to a microlocalised algebra QQg(kG). Similarly, for any finitely-
generated kG-module M, we can extend M to the microlocalisation Qg(M).

We prove that a certain microlocalisation of M is isomorphic to a finite-dimensional
vector space.

Proposition 4.1:
Let G be a uniform pro-p group, and M be a finitely-generated left kG-
module. Let g € G be a non-trivial element, let H = (g) < G, and let

bj = {o(9—1)" | n > 0}. Suppose that S+ (i—f\}%
S~ 'k[o(g — 1)]-module.

Then the microlocalisation Qg(M) is a finite-dimensional K-vector space,
where K is the field Frac(kH) = Frac(k[[g — 1]]) = k((g — 1)).

) is a finitely-generated

Proof:
Because J(M) is the radical of Ann(gr M), and gr kG is a commutative
Noetherian ring, there exists r € N such that J(M)" annihilates gr M.
Because gr M is finitely-generated over gr kG, it follows that there is a
surjective homomorphism

<grkG

J(M)T‘)n — e,

hence we have a surjective homomorphism

§‘1( Br kG )n — S~ tgr M,

J(M)

for some n € N. Now, the module S™'(grkG/J(M)") has a series of
subquotients

(B0 (AU 5 (1)

Each of these subquotients is finitely-generated over S~ 'gr kG and annihi-
lated by S™'J(M). Therefore each is a finitely-generated module for the
ring S (grkG/J(M)). Because S~'(grkG/J(M)) is finitely-generated
as a S~ 'k[o(g — 1)]-module, it follows that each subquotient, and hence
S~ (grkG/J(M)") itself, is finitely-generated over S~'k[o(g — 1)]. Con-
sidering the surjective homomorphism above, it follows that S™tgr M is a
finitely-generated S~'k[o(g — 1)]-module.
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Now, the closed subgroup H is isomorphic to Z,, with kH = k[[g — 1]]. By
Proposition 4.1.8 of [LVO96],

S7'klo(g—1)] = S 'grkH = gr Qs(kH),

and we have shown S~ 'gr M = gr Qg(M) is a finitely-generated gr Qg(kH)-
module. By Proposition 4.1.7 and Theorem 1.5.7 of [LVO96], the finite-
generation can be lifted since Q) g(M) has a complete filtration, thus Qg(M)
is a finitely-generated Q) g(kH)-module. But

Qs(kH) = Frac(kH) = K

is a field, so the statement follows. [

We combine this with the following commutative algebra proposition, which is

proved in [Section 7]

Proposition 4.2:
Let G be a uniform pro-p group, M be a finitely-generated left kG-module
of canonical dimension 1. Let g € G be such that o(g — 1) & J(M). Then,

S (if{g) is a finitely-generated S~ 'k[o(g — 1)]-module.

Recall the uniform pro-p group G4 and its root subgroups A, from Definitions

B.4 and 3.3

Corollary 4.3:
Suppose [F': Q] > 1. Let M be a finitely-generated left kGy-module of
canonical dimension 1. Let o € X be a root. Suppose there is a g € A,
such that o(g — 1) € J(M). Then the annihilator Anng 4 (Qg(M)) is non-

Z€ero.

Proof:
By Propositions and 4.2, Qg(M) is a finite-dimensional vector space
over the field K = k((g — 1)). Now, the root subgroup corresponding to «
is an abelian uniform pro-p group,

A, 2 O0p 27

Since [F': Q,] > 1, let h € A, be non-trivial such that the closed subgroup
of A, generated by g, h is 2-dimensional. Because g, h commute, h acts
as a K-linear map on Qg(M). Since Qg(M) is finite-dimensional over K,
the characteristic polynomial gives a non-zero element of K[h] that anni-
hilates Qg(M). By clearing denominators, there exists a non-zero element
of k[lg — 1]][h] < kA, annihilating Qg(M). Thus the annihilator ideal is
non-zero as claimed. [
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5 I'-invariant ideals

In this section we recall and slightly extend a result of Ardakov, which in
our situation classifies the prime ideals of the Iwasawa algebra kA, of a root
subgroup invariant under the action of a torus. Recall the following definition
from subsection 8.1 of [Ard12].

Definition 5.1:
Let A be a free abelian pro-p group of finite rank, and I" be a closed
subgroup of the continuous automorphisms of A. We say that I' acts ra-
tionally irreducibly on A if every non-trivial I'-invariant closed subgroup
of A is open.

Equivalently, I acts rationally irreducibly if and only if the Q,-Lie algebra £(A)
is an irreducible module for the Lie algebra L£(I'). Ardakov has proved the
following restriction on I'-invariant prime ideals in this situation, see Corollary
8.1 of [Ard12].

Theorem 5.2:
Suppose I' acts rationally irreducibly on A and

(h-g9)g~" € AP = {a” |z € A}

for all h € T',g € A. The only non-zero I'-invariant prime ideal of kA is
the unique maximal ideal.

We extend this result slightly.

Proposition 5.3:
Suppose I' acts rationally irreducibly on A and (h - g)g~' € AP for all
hel,ge A If Iis a non-zero ['-invariant ideal of kA, then VT is maxi-
mal.

Proof:
Note that I" acts continuously on kA by ring automorphisms. Let P be
a minimal prime over I, and I'p = {h € I' | h- P = P}. Since kA is
Noetherian, let P have generators x1,...,x, € kA. Then

n

FP:ﬂﬁb;l(P)

1=1

where ¢; is the restriction of the action map toI’ = I'x{z;} — kA. Because
P is closed in kA, each ¢; '(P) is closed. Hence I'p is a closed subgroup of
I'. Now, h- P is a minimal prime over h-I = [ for any h € I', and there are
finitely many minimal primes over I, because kA is Noetherian. Therefore
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['p must be a finite index closed subgroup of I', so is an open subgroup.
Hence the inclusion map I'p — I' induces an isomorphism L(I'p) = L(T'),
so I'p acts rationally irreducibly on A. Moreover, (h-g)g~' € AP for all
h € I'p because I'p < TI".

By definition of I'p, P is a non-zero I'p-invariant prime ideal of kA. Thus
by [I'heorem 5.2, P is the unique maximal ideal of kKA. So, the only mini-
mal prime over [ is the unique maximal ideal, and hence the radical VT is
maximal. []

We now apply this in the case that A and I' are both subgroups of G4, with
I' acting by conjugation. Recall G is uniform pro-p and has Z,-Lie algebra
pXo,, which is a powerful Op-Lie algebra.

For the remainder of this article, fix I' as follows.

Definition 5.4:
Let pt' < pXop, be the maximal torus of pXp, which corresponds to the
root system X. The subgroup I' = Ad(pt') < G,

Then I is an abelian closed subgroup of G,. Since pt’ normalises p(Xo, ), for
any root a € X, it follows that [' normalises any root subgroup A,.

Lemma 5.5:
The group I' acts rationally irreducibly, by conjugation, on A, for any root

a e X.

Proof:
We have that L£(A,) = g, and L(I') = t is the maximal torus of g corre-
sponding to the root system X. Both can be considered as F'-Lie algebras,
with dimp g, = 1, and t acts via scalars given by « : t — F. Therefore
L(A,) is an irreducible £(I')-module. So I' acts rationally irreducibly. [J

Lemma 5.6:
Forall heT, g € A,, hgh 'g~' € AP, for all roots a € X.

Proof:
This follows from the fact that Lg = pXo, is a powerful Lie algebra and
that I" normalises A,. O

Combining Lemmas and together with [Proposition 5.3 we have the
following.
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Corollary 5.7:
Let o € X. If I is a non-zero I'-invariant ideal of kA,, then the radical of
I is the augmentation ideal VI = e 4.(An).

6 The characteristic ideal

In this section we prove our first main result, [[heorem 1.1, We do this by
finding many elements which must lie in the characteristic ideal of a module of
canonical dimension one.

Theorem 6.1:
Let M be a finitely-generated left £Gg-module of canonical dimension 1. If
[F: Q] > 1, then for any root & € X and any g € A,, o(g — 1) € J(M).

Proof:
For a contradiction, suppose not. Then by [Corollary 4.3| there is an o € X
and a non-trivial g € A, such that the annihilator ideal

[ = AnnkAa(Qg(M)) S] kAa

is non-zero, where S = {o(g —1)" | n > 0}. Now, because the microlocali-
sation Qg(M) has an action of kG, for any x € I, h € I', and m € Qg(M),
we have

hah™ -m =hx-(h™'m)=h-0=0,

therefore hah™! € I. So, I is a I-invariant ideal of kA,. By |Corollary 5.7
VI = ey (A,) contains g—1, so (g—1)" € I for some n > 1. But Qg(M) is
a vector space over K = k((g—1)), by|Proposition 4.1} and is annihilated by
a non-zero element of K, thus Qg(M) = 0. So S 'gr M = grQs(M) = 0,
hence S N Ann(gr M) # ). It follows that o(g — 1) € J(M), a contradic-
tion. UJ

Corollary 6.2:
Let M be a finitely-generated left £Gg-module of canonical dimension 1.
If [F: Q] > 1, then for all continuous group automorphisms ¢ : Gy — Gy,
all roots o € X and all g € A,, the element o(¢(g) — 1) € J(M).

Proof:
For ease we write G = G. Any continuous group automorphism ¢ ex-

tends to a filtered ring automorphism ¢ : kG — kG, which induces a
graded ring automorphism ¢ : grkG — grkG. We then define a kG-
module M’ on the set M via x-m = ¢(z)m. It is easy to see that
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J(M') = ¢ Y(J(M)), and therefore M’ is a module of canonical dimen-
sion 1. By [Theorem 6.1, o(g — 1) € J(M') for any o € X, g € A,. Hence

¢(o(g—1)) = o(d(g) —1) € J(M). O

We show that this forces the characteristic ideal J(M) to be too large, by
showing that J(M) must contain the entirety of the first graded piece J/J? of
grkGy.

Lemma 6.3:
Let G = Gy. There is an isomorphism of k[Aut(G)|-modules,

/J2 =k ®r, ( /Gp> =k ®r, (p OF/szOF) :
where 0(g—1)+J? = gG? and Ad(pv)G? — pv+p*Xp, forg € G, v € Xo,.

Proof:
It suffices to prove the statement when £ = IF,, by then applying the
appropriate tensor product.
In this case, the first isomorphism is given by Lemma 3.11 of [Ard04].
For the second isomorphism, Corollary 4.18 of [DDMS03] implies that the
identity map ¢ : G — L is an isomorphism of Z,[Aut(G)]-modules. The
image ¢(G”) = pL¢, and therefore

b G/Gp — LG/pLG

is an isomorphism of F,[Aut(G)]-modules. Since Lg = pXp,, the state-
ment follows. [

We can now prove [['heorem 1.1]

Theorem 1.1:
Let g be a finite-dimensional F-Lie algebra which is semisimple and split
over F. Let G be a compact p-adic Lie group with associated Lie algebra
L(G) =g If [F:Q] > 1, then the Iwasawa algebra kG has no finitely-

generated modules of canonical dimension one.

Proof:
By |Corollary 3.2 we may assume that G' = G is the uniform pro-p group
of [Definition 3.4l
Suppose there exists a finitely-generated kG-module M with canonical di-
mension 1. We obtain a contradiction by showing that J(M) contains

J/J?, as in this case J(M) is the maximal graded ideal of gr kG, which
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forces Cdim(M) = 0.

By [Lemma 6.3} let L be the image in £ ®p, (pXoF/p2XoF) of the degree 1
elements of J(M). We adopt the notation of section 3.4 of [Ard04], which
naturally extends to semisimple Lie algebras, so that X, is spanned by
{ea, ha | @ € X} and the Chevalley group X (Op) is generated by elements
{z.(t) | a e X,t € Op}.

Since L is a k-vector space, it is enough to show that L contains the
Or/pOp-Lie algebra pXo,/p°Xo,. By considering the group elements

Ad(ple,) € A, and [Theorem 6.1] imply that for any A € Op
and any a € X,

pAey +p2X@F € L.

By the first part of [Lemma 3.6, X (Op) acts by conjugation automorphisms
on G, hence on the k[Aut(G)] modules of [Lemma 6.3, and on L. Thus by

[Corollary 6.2]

x - (pAegy +p2X@F) €L,

for any x € X(Op), A € O and o € X. By the second part of [Lemma 3.6]

the identification of implies X(Op) acts on pXp,/p"Xo, via
its standard action on Xp,. Recall that z_,(1) € X(Op) acts on e, € Xo,.

by
T_o(l)-ea=€qa+h_o—e€_4.

Since the images of pAe,, pAe_, lie in L, it follows that
PA_q + X0, = 1_o(1) - pAeq + pre_q — preq + p*Xo, € L,

for any A € Op. Since Xp, is spanned over Op by {en, ho | @ € X}, it
follows that L contains pXo, / p2X@F, as required. [

7 A normalisation lemma

To finish the proof of [Theorem 1.1], we need only establish [Proposition 4.2 We
will actually prove a stronger statement, which we may view as a relation of
Noether’s normalisation lemma.

Proposition 7.1:
Let K be any field, and A be a commutative finitely-generated positively
graded K-algebra of Krull dimension 1. Let f € A be a non-zero homoge-
neous element of positive degree and let T = {f" | n > 0}. Then T 'A is
a finitely-generated module over the subalgebra T~ ' K[f].
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When G is a uniform pro-p group with element g € GG, and M is a kG-module of
canonical dimension 1, we obtain [Proposition 4.2 by putting A = grkG/J(M)
and letting f be the image of o(g — 1) in A.

Proof of |[Proposition 7.1
Consider the ideal of f-power torsion elements of A,

I={xe€ Al f'z =0 for somen >0} C A,

then let B = A/I, and let h = f + [ € B. Localising the natural quotient
map A — B induces an isomorphism of 771 A-modules,

T'A=T7'B,

due to the definition of I. Hence, to show that 77! A is a finitely-generated
T 'K[f]-module, it is enough to show that B is a finitely-generated K [h]-
module.

By definition of B, the element h € B is not a zero divisor, so multiplication
by A" induces an isomorphism of B-modules,

B/Bh = BRh"/Bh"!,

for all n > 0. Hence all of the subquotients in the descending sequence of
B-modules
B> Bh> Bh*> ...

are isomorphic to B/Bh. It follows from the definition of Krull dimension
that

K(B/Bh) < K(B) < K(A) = 1.
So B/Bh is an Artinian B-module. Since B is a finitely-generated com-
mutative K-algebra, B is Noetherian. Moreover, Hilbert’s Nullstellensatz
implies that all simple B-modules are finite-dimensional over K. It follows
that B/Bh is a finite-length B-module and finite-dimensional K-vector
space. Finally, it follows from the graded Nakayama lemma that B is a
finitely-generated K [h]-module, giving the result.
Namely, there is a finite-dimensional vector space V' < B such that

B =V +hB.

Let B' = B/K[h]V, a positively graded K[h]-module. Then hB' = B,
implying that for all m > 0, the graded pieces

B;n = (hB/)m - hBin—deg(f)’

so for all n > 0,

/ n n/
Bm =h Bm—deg(f)n'
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Since f is of positive degree and B’ is positively graded, it follows that
B’ =0. Thus B = K[h]V is a finitely-generated K [h]-module, as required.
]

I thank the reviewer for the elegant refinement of the statement and proof
above.

8 Krull dimension

Following our result limiting the possible canonical dimensions of modules for
kG, we can bound the Krull dimension of the Iwasawa algebra above. This
is a straightforward deduction from a result for rings, [Corollary 8.4, We first
state a fundamental characterisation of Krull dimension, see sections 6.1-6.2 of
[IMRO1].

Lemma 8.1:
Let R be a ring and M be a left R-module. For any n > 0, the Krull
dimension K(M) < n if and only if every strictly descending chain of

submodules
M= My>M; > My> ...

satisfies K(M,;/M;11) <mn —1 for all but finitely many j.

If M is Artinian and non-zero, then there are no strictly decreasing chains
of submodules, so implies (M) = 0 trivially. We can now give
a simple result bounding Krull dimension by canonical dimension (recall the
definition for general Auslander-Gorenstein rings from [Lev92, Definition 4.5]).

Lemma 8.2:
Let R be an Auslander-Gorenstein ring and M be a finitely-generated left
R-module. Then (M) < Cdim(M).

Proof:
First note that Theorem 2.2 of [Lev92] implies Cdim(M) = —oo if and only
if M = 0. It follows from Proposition 4.5 of [Lev92] that if Cdim(M) = 0,
then M is Artinian, meaning C(M) = 0. Thus we have proved the result
in the case Cdim(M) = 0.
We now proceed by induction. Let Cdim(M) = n and let

M= My>M; > ...

be a strictly descending chain of submodules. For all but finitely many 7,
Cdim(M;/M;41) <n —1, hence K(M;/M;11) <n —1, by Proposition 4.5
of [Lev92] and induction. Then K(M) < n by |Lemma 8.1} as required. [J
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We will not use the full strength of [Lemma 8.2, but include it since we believe
it is of independent interest. In particular, implies that the Krull
dimension of kG is at most dim G — see also Theorem A of [Ard04].

Although we could not find in existing literature, we expect it is
well known to experts. The next result improves the bound, at the cost of being
more difficult to compute.

Proposition 8.3:
Let R be an Auslander-Gorenstein ring and M be a Noetherian left R-
module. Then

K(M) < |{Cdim(N) | N is a non-zero subquotient of M}| — 1.

Proof:
First let us define notation; for any Noetherian left R-module X, write

S(X) ={Cdim(N) | N is a non-zero subquotient of X},

and s(X) = |S(X)]. Now, if Cdim(M) = 0, we must have S(M) = {0},
and by [Lemma 8.2

(M) < Cdim(M) = 0 = s(M) — 1,

as required.
We now proceed by induction on the canonical dimension. Let Cdim(M) =
n. By Proposition 4.5 of [Lev92], every strictly decreasing sequence of
submodules

M=My>M; > ...

has Cdim(M;/M;;+1) < n—1 for all but finitely many j. Since all subquo-
tients of M are Noetherian, by induction

M; M;
(M r,,) <5 (Mar ) -1
for all such j. Moreover, n & S(M,;/M,+1), but
M

s( ‘VM]-H) U {n} C S(M),

meaning that
M; M;
K( j/MjH) = s( J/MJ‘H) —1ss(M) =2

for all but finitely many 7. Thus implies
K(M) <s(M) -1,

giving the result. [
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For R a ring, recall that mod(R) denotes the non-zero finitely-generated left
R-modules.

Corollary 8.4:
Let R be a Noetherian Auslander-Gorenstein ring. Then

K(R) < [{Cdim(M) | M € mod(R)}| — 1.

Proof:
Let M be a finitely-generated (non-zero) R-module with generators my, ..., m,.
Let N = Rm,. Then by Proposition 4.5 of [Lev92], either Cdim(M) =
Cdim(N) or Cdim(M) = Cdim(M/N). By induction on the number of
generators, it follows that M has the same canonical dimension as a cyclic
R-module. Hence

{Cdim(M) | M € mod(R)} = {Cdim(M) | M is a non-zero subquotient of R}.

Then [Proposition 8.3 implies the result. [

Theorem 1.1] gives a restriction on the canonical dimension of modules for an
Iwasawa algebra, hence [Corollary 8.4] can be applied. We now deduce

[y 1.2

Corollary 1.2:
Let g be a finite-dimensional F-Lie algebra which is semisimple and split

over I'. Let G be a compact p-adic Lie group with associated Lie algebra
L(G)=g. If [F:Q,) > 1, the Krull dimension of kG is at most dim G — 1.

Proof:
If M is a non-zero finitely-generated left kG-module, then Cdim(M) is an
integer between 0 and dim G. By [Theorem 1.1, Cdim(M) # 1, therefore
by |Corollary 8.4, K(kG) < dimG — 1. O

We can combine this with Theorems A and B of [Ard04] to obtain the following.

Corollary 8.5:
Let g be a finite-dimensional F-Lie algebra which is simple and split over F'.
Let G be a compact p-adic Lie group with associated Lie algebra L(G) = g.
If g = sl5(Q,), then L(kG) = 3. Otherwise,

AMg) < K(kG) < dimg — 1,

where A(g) is the maximum length of a chain of Q,-Lie subalgebras of g.
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In fact the lower bound of |Corollary 8.5/ holds for any compact p-adic Lie group
G, and Ardakov and Brown have conjectured that K(kG) = A(g). |Corollary 8.5|
means we can verify this in some cases. For example if G = SL3(Z,), then
g = sl3(Q,), so dimg,(g) = 8 and A(g) = 7. It follows from [Corollary 8.5/ that
K(kG) =17, see Corollary B of [Ard04].

Our new result allows us to compute the Krull dimension of the Iwasawa algebra
of a 6-dimensional group.

Corollary 8.6:
Let F' be a quadratic extension of Q, and G = SLy(Op). Then K(kG) = 5.

Proof:

We have that g = L(G) = sly(F'), and dimg, g = 6, A(g) = 5. By
and [Ard04, Theorem Al, it follows that K(kG) = 5. O

Finally, we can also deduce a bound on the Krull dimension of the Iwasawa
algebras of the compact general linear groups.

Proposition 8.7:
Let n > 2 and I be any finite field extension of Q,. The Krull dimension

K(kGL,(Op)) = K(kSL,(OF)) + [F : Q).

Proof:
Let G = GL,(Op). Let I be the identity matrix, and

Z={cl |c—1€p™0Or} <G,

where e = 0 if p is odd, but e = 1 if p = 2. Then Z is a closed central
subgroup of GG, and is uniform pro-p. We have

L(G) = gl (F), L(Z)={cl |ce F},
and there is a direct sum decomposition into Lie ideals,
gl,(F) =sl,(F)®{cl |ce F}.

Therefore
L(G/Z) = L(G)/L(Z) = sl,(F).

Since L(SL,(OF)) = sl,(F), by |Corollary 3.2/ it follows that
K(k(G/Z)) = K(kSLn(OF)).

Recall the augmentation ideals
e(N) = kGen(N) = en(N)kG
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for closed normal subgroups N < G, by Lemma 2.36 of [Tim23]. Now, Z
is a closed subgroup of the open uniform pro-p normal subgroup

H={XecG|X-1¢cp™Mat,(Or)} <G.

In fact, the augmentation ideal eg(H) lies in the Jacobson radical of kG.
To see this, if a maximal left ideal M C kG does not contain eg(H ), then

M+ eq(H) =M+ eyg(H)EG = kG.

Since kG is a finitely-generated kH-module and the Jacobson radical of
kH is eg(H), Nakayama’s lemma implies M = kG, a contradiction. Thus
eq(Z) C eg(H) is contained in the Jacobson radical of kG. Now, kZ is
isomorphic to a commutative power series ring on [F' : Q,] elements, central
in kG. Therefore the augmentation ideal e;(Z) = kGez(Z) is generated
by [F': Q] regular normal elements lying in the Jacobson radical of kG.
By Corollary 1.9 of [Wal72], the Krull dimension of kG is given by

K(kG) = K(kG/ea(2)) + [F: Q)] = K(K(G/2)) + [F : Q).
The result then follows since K(k(G/Z)) = K(kSL,(OF)). O
Theorem 8.8:
When [F': Q,] > 1 or n > 2, the Krull dimension of kGL,,(OF) satisfies
K(kGL,(OF)) < n*[F : Q,] — 1.
Also, K(kGLs(Zy)) = 4, K(kGL3(Z,)) = 8, and K(kGL2(OF)) = 7 when

F' is a quadratic extension of Q,,.

Proof:
By [Corollary 8.5 and [Proposition 8.7, if n > 2 or F' # Q,),

< dim(sl,(F)) — 1 + [F : Q).

But the Q,-vector space dimension dim(sl,(F)) = (n* — 1)[F : Q,], so the
claimed inequality follows.

The equalities in specific cases follow by combining [Proposition 8.7| with
Corollary A of [Ard04], Corollary B of [Ard04], and |Corollary 8.6| respec-
tively. [
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9 Holonomic representations

We now turn our attention to the mod p representation theory of p-adic Lie
groups. The theory of canonical dimension appears naturally when studying
admissible representations. From now on, G will denote an arbitrary p-adic
Lie group unless otherwise stated. All our representations are over k, a field of
characteristic p.

Recall that a smooth admissible representation V' of G is one which satisfies

V=] V¥

K<,G

where K ranges over all open subgroups of GG, and every subspace of invariants
VE={veV|z-v=vVze K},

is finite-dimensional. Frequently we drop the adjective “smooth”. For every
admissible representation V', the k-linear dual

VY = Homy(V, k)

is naturally a module for the augmented Iwasawa algebra kG, which was stud-
ied in [Koh17] and [Tim23]. Moreover, V" is a finitely-generated module for
the Iwasawa algebra kH of any compact open subgroup H < (. This prop-
erty characterises the duals of admissible representations; by Corollary 1.8 and

Proposition 1.9 of [Koh17], (see also [Emel(), 2.2.12]), the dual map V — V"
induces an anti-equivalence of abelian categories

Repy (k) «+— Mg,

where Rep/ (k) is the category of smooth admissible representations of G over
k, and Mg is as follows.

Definition 9.1:
The category Mg is the full subcategory of kG-Mod whose objects are
modules M such that M is finitely-generated as a kH-module for any,
equivalently all, compact open subgroups H < G.

For any compact open subgroup H < (G, any module M in Mg is a finitely-
generated kH-module, hence has a canonical dimension. The arguments of
IProposition 2.7 and [Corollary 3.2| show that the canonical dimension is in-
variant with respect to the choice of H, thus we unambiguously denote it by

Cdim(M).

We are now in a position to give the third characterisation of canonical dimen-
sion appearing in this article, which was originally proved in Proposition 2.18
of [EP20].

26



Theorem 9.2:
Let G be a p-adic Lie group and V' be a smooth admissible representation
of G over k. Let K be an open uniform pro-p subgroup of G. There exists
an integer N > 0 and real numbers a,b > 0 such that for all n > N,

a(p”)d < dim;, Vi < b(p”)d,

where K, = {h?" | h € K} are the p-power subgroups of K, and the canon-
ical dimension Cdim(V") = d.

Thus, we see that the canonical dimension Cdim(V") associated to an admis-
sible representation V' measures the growth rate of its invariant subspaces. In
particular, V' is finite-dimensional if and only if Cdim (V") = 0.

When appropriate, we refer to Cdim(V") as the GK-dimension of V. We stress
that this name is given only by analogy; [I'heorem 9.2 bears somewhat su-
perficial similarity to the definitions of the usual Gelfand-Kirillov dimension.
Iwasawa algebras are not Cohen-Macaulay with respect to the Gelfand-Kirillov
dimension, and in all interesting cases the true Gelfand-Kirillov dimension of
a kH-module will be infinite, as discussed in subsection 5.6 of [ABO6]. It is
however the case that Cdim(V") is equal to the Gelfand-Kirillov dimension of
the graded module gr V", see Proposition 5.4 of loc. cit.

Theorem 9.2/ shows that the GK-dimension may be computed without reference
to Iwasawa algebras, at least in principle. Of course, the results of this article
would not have been obtained without this perspective, for example we have
the following.

Theorem 9.3:
Let G be a split-semisimple affine group scheme defined over F', and G =

G(F'). Suppose [F' : Q,] > 1. There are no admissible representations of
G over k of GK-dimension 1.

Proof:
A compact open subgroup of G is H = G(Op). Then, L(H) is isomorphic
to a finite-dimensional F-Lie algebra which is semisimple and split over
F. By [Theorem 1.1, kH has no finitely-generated modules of canonical
dimension 1. In particular, Mg has no objects of canonical dimension
1. Thus for every admissible representation V' of GG, the GK-dimension

Cdim(VV) # 1. O

An immediate corollary to [Theorem 9.3|is that any infinite-dimensional admis-
sible representation of G = G(F) has GK-dimension at least two, when F is
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a non-trivial extension of Q,. We expect that this lower bound will vary as G
varies, and in general will be higher than two.

We now turn our attention to representations that satisfy such a lower bound.
Whenever a module for the Weyl algebra (or more generally, a D-module)
satisfies the lower bound of Bernstein’s inequality, it is called holonomic, and
holonomic modules are always of finite length - see [EhI87, Theorem 1.12, Def-
inition 1.13, 1.16.1]. We now prove the analogous result for representations of
p-adic Lie groups.

Definition 9.4:
Let M be a module in M. We say M has minimal-positive dimension if
Cdim(M) > 0 and any other module N in Mg has Cdim(N) > Cdim (M)
or Cdim(N) = 0.

Definition 9.5:
Let V' be an admissible representation of G. V is holonomic if and only if
V" has minimal-positive dimension.

Notice that any admissible representation V with GK-dimension Cdim (V") = 1
is automatically holonomic. We now prove the main result of this section.

Theorem 1.3:
Let G be a p-adic Lie group. Suppose G acts trivially on all of its finite-
dimensional smooth representations over k. Every holonomic smooth ad-
missible representation of G over k is of finite length.

Proof:
Given a holonomic representation V, its dual M = V" has minimal-positive
dimension. It is enough to show that M has finite length, since the anti-
equivalence of categories Repg (k) <» M preserves simple objects.
Suppose M is not of finite length. Now M is Noetherian, because M
is a finitely-generated module over a Noetherian ring, hence M must be

non-Artinian. Let
M= My> M; > My> ...

be a strictly decreasing sequence of kG-submodules. By Proposition 4.5 of
[Lev92], there exists N > 0 such that Cdim(M,, /M, 1) < Cdim(M) for all
n > N. Since M has minimal-positive dimension, Cdim(M,, /M, 1) = 0,
thus M,, /M, is finite-dimensional for all n > N. Hence My /M,, is finite-
dimensional for all n > N.

Then My = WV for some admissible representation W of G, with a strictly
increasing sequence of finite-dimensional subrepresentations

O0=Wny<Wni1 <Wn2< ...,
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By assumption on G, W,, < W¢ for all n > N. But W is admissible so
WY itself is finite-dimensional, a contradiction. Thus M is of finite length.
]

I thank the reviewer for the greatly shortened proof above. Some assumption on
the group G is necessary for [I'heorem 1.3/ to hold, as illustrated by the example
of the free module of rank one over the Iwasawa algebra kZ, = k[[T]]. In the
next section we will show that Chevalley groups over F', for example SL, (F),
satisty the hypothesis of [['Theorem 1.3] see |[Proposition 10.2]

10 Finite length admissible representations

We can deduce interesting corollaries about certain admissible representations
from [T'heorem 1.3, First, we determine a large class of p-adic Lie groups whose
finite-dimensional smooth representations are trivial — we expect this is well-
known to the experts.

Proposition 10.1:
Let F' be a finite field extension of Q, and k be a field of characteristic p.
All finite-dimensional smooth representations of the additive group F' are
trivial.

Proof:
Consider an n-dimensional smooth representation of F, ¢ : FF — GL,(k),
and let a be a non-negative integer such that n < p®. Since ¢ is a smooth
representation, Ker ¢ is an open subgroup of F.
Let x € F. We will show that ¢(x) equals the identity element I. Let
y = p % € F. Since Ker¢ is an open subgroup, p’*y € Ker ¢ for some
N > 0, and hence

(D(y) — 1" = o(y)”" —1=0,

since k is of characteristic p. Therefore ¢(y) — I is a nilpotent matrix in
G L, (k). By the Cayley-Hamilton theorem, it follows that (¢(y) —I)" =0,
and hence as n < p“,

o(a) — I = (o(y) = )" = (¢(y) — I)"(¢(y) — )" " =0,

so ¢(x) = I as required. [

I thank the reviewer for suggesting the improved proof of [Proposition 10.1]
above.
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Proposition 10.2:
Let X be a root system, G = X (F') be the Chevalley group over F. All
finite-dimensional smooth representations of GG are trivial.

Proof:
By definition of the Chevalley group X (F), G is generated by subgroups

(Ua =A{zalt) |t € F'})pex s

and clearly U, = F for all roots o € X. If V is a smooth finite-dimensional
representation of G' over k, then V' is a smooth finite-dimensional repre-
sentation of each U, under restriction. By [Proposition 10.1] V' is a trivial
representation for every U,. Since the U, generate G, it follows that V is
a trivial representation of G. [J

The following application of [Theorem 1.3|is immediate.

Corollary 10.3:
Let X be a root system and G = X (F') be the Chevalley group over F.
Let V be a smooth admissible representation of G' with Cdim(V") = 1
Then V is of finite length.

Proof:
Since Cdim(V"Y) = 1, it is automatic that V is holonomic. By
and [Theorem 1.3 V' is of finite length. [J

If X is indecomposable, notice that [Theorem 1.1} and [Ard04, Theorem 3.12,
Proposition 3.15] tell us that no representations of GK-dimension one exist if
[F': Q) > 1or X # Ay — that is, if G # SLs(Q,). See [Theorem 10.7] for a
result on representations of GK-dimension two.

Frequently in the context of the (mod p) Langlands programme we are most
interested in admissible representations of G L, (F'). However, we do not possess
any useful results limiting the canonical dimension of modules for kGL,,(Op).
In particular, every non-negative integer up to [F' : Q] is realised as the canon-
ical dimension of a kG L, (Or)-module, by inflation along the homomorphism
kGL,(Op) — kOj given by the determinant — see [Example 3.3l Moreover,
GL,(F) has non-trivial finite-dimensional smooth representations, so does not
satisfy the hypothesis of [I'heorem 1.3

Fortunately, many interesting representations of GL,(F') have a central char-
acter, and this allows us to apply Theorems [1.4] and [I.5] by reducing to the case
of special linear groups.
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Definition 10.4:
Let V be a representation of a p-adic Lie group over the field k. V has a
central character if and only if every element of the centre Z(G) acts on V'
by a scalar in k.

Lemma 10.5:
Let V' be a smooth admissible representation of GL,(F) with a central
character. Then V' is a smooth admissible representation of SL, (F") under
restriction. Moreover Cdimegy, (0, (V") = Cdimgyz, (0,)(V").

Proof:

Let Z be the centre of GL,(F'). Consider the representation V' restricted
to Z, giving a smooth representation x : Z — GL(V), which has open
kernel because Z acts by scalars. Let K < Z be an open subgroup with
K < Kery.

Let H be an open subgroup of SL,(F'). Since K is open in Z, HK is
open in SL,(F)Z, and hence in GL,(F). Because V is admissible, V*
is finite-dimensional. But, K acts trivially on V' by definition, so we have

Thus the fixed vectors of V under any open subgroup of SL,,(F") are finite-
dimensional, so V' is an admissible representation of SL, (F).

Moreover, we can use the above equality of vector spaces to compare the
canonical dimensions. Suppose that H is uniform pro-p. Because SL,(F)N
Z is finite, we may without loss of generality choose K to be both uniform
pro-p and have trivial intersection with H. Then, HK < GL,(F) is an
open uniform pro-p subgroup, and recalling the notation of [['heorem 9.2,

(HK),, = {W" | h€ HK} = H,,K,,
for all m > 0. By the above, it follows that

dimy, VHE)m — dim,, 1 Hm

for all m > 0. [Theorem 9.2 shows that the canonical dimension of V'
is determined by these integer-valued sequences of dimensions of invariant
subspaces, hence the result follows. [

Theorem 10.6:
Let V' be a smooth admissible representation of GL2(Q,), with central
character, such that Cdim(V") = 1. Then V is of finite length.
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Proof:
Since V has a central character, [Lemma 10.5/implies V' is a smooth admis-
sible representation of SLy(Q,) under restriction, and

CdimSLz(Qp)(Vv) = CdimGLz(Qp)(V\/) = 1.

By [Corollary 10.3| V' is a finite length representation of SLs(Q,), hence is
of finite length as a representation of GLs(Q,). U

The irreducible smooth admissible representations of GL9(Q),) were classified
by Breuil in [Bre03], and all have a central character by [Berl2]. The work of
Morra in [Mor13], which builds on that of Pagkunas in [Pas10], shows that these
representations correspond to modules of canonical dimension either one or zero.
From this we can characterise the finite-length representations of G Ls(Q,) with
central character.

Corollary 1.4:
The finite length smooth admissible representations V' of GLy(Q,) with
central character are precisely those with Cdim(V") < 1.

Proof:
By the results of Morra and Breuil, all irreducible admissible representa-
tions of GL2(Q,) have GK-dimension at most 1, since finite-dimensional
representations have canonical dimension zero. Given any short exact se-
quence of admissible representations,

0—=Vi—=>V, = V3 =0,

the equality Cdim(V,") = max(Cdim(V}"), Cdim(V3")) holds by Proposi-
tion 4.5 of [Lev92]. Therefore all finite length admissible representations
of GLy(Q,) have GK-dimension at most 1.

Conversely, if V' is a smooth admissible representation of GLy(Q,) of GK-
dimension at most 1, then either V' is finite-dimensional, hence finite length,

or Cdim(V") =1, so V is of finite length by [Theorem 10.6, [J

In [HW24] many smooth admissible representations of (the units of) quaternion
algebras over Q, are exhibited, which have canonical dimension equal to one.
As commented by the authors, these representations are not of finite length,
which can occur since the quaternion algebras do not satisfy the condition of

'Theorem 1.3l

We now use our new results on canonical dimension to find representations of
finite length over groups of higher dimension.
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Theorem 10.7:
Let X be an indecomposable root system, and V' be a smooth admissible
representation of X (F) where [F: Q] > 1 or X # A;. If Cdim(V") = 2,
then V is of finite length.

Proof:

If [F: Q] > 1, then by [Theorem 9.3, there are no admissible representa-
tions of X(F) with GK-dimension 1. Hence if Cdim(V") = 2, then V is
holonomic.

If F=Q,and X # Aj, then by Theorem 3.12 and Proposition 3.15 of
[Ard04], combined with |Corollary 3.2, the Iwasawa algebra kX (Z,) has
no modules of canonical dimension one. Since X(Z,) is a compact open
subgroup of X (Q,), it follows that any admissible representation of X (Q,)
of GK-dimension 2 is holonomic.

In either case, [Proposition 10.2] and [Theorem 1.3|then imply V' is of finite
length. [

In particular we may specialise [Theorem 10.7] to the case of SL,(F') — we now
apply this result.

Corollary 1.5:
Let V' be a smooth admissible representation of GL,,(F') with central char-
acter. If [FF: Q] > 1 or n > 2, and Cdim(V") = 2, then V is of finite
length.

Proof:
By [Lemma 10.5 V' is an admissible representation of SL,(F') under re-
striction and Cdimgy, (7 (V") = Cdimgy, (7 (V") = 2. By [Theorem 10.7]
V is a finite length representation of SL,(F"), hence also of GL,(F). [

Let us specialise to the case of the general linear group GLo(F). In [BHHT],
the following category of smooth admissible representations is considered.

Definition 10.8:
Let G = GLy(F) where F is a finite unramified extension of Q,. Con-
sider the pro-p Iwahori subgroup Iy < GLy(F') and its centre Z;. Let
J < grk(l1/Z;) be the graded ideal given by equation (118) on page 114 of
[BHH™|. We define the category C to be the full subcategory of Repg*(k)
whose objects V have a central character, such that gr V" is annihilated
by some power of J.

Because Z; is pro-p, its only one-dimensional smooth representations are trivial,
hence V" is a k([1/Z;)-module, so the above is well-defined. Note that the
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category C considered above is not quite the same as the category with that
name in [BHH']. However, C is a full subcategory of that category, and the
representations of most interest, namely those appearing in [BHH" 23, Theorem
1.1], lie in C.

Corollary 10.9:
Let F' be an unramified quadratic extension of Q,, and G = GLy(F'). Let
V' be a smooth admissible representation in the category C. Then V is of
finite length.

Proof:
The quotient ring grk([l1/Z1)/J is a commutative algebra generated by
2[F : Q,] elements, with Krull dimension equal to [F' : Q,]. Thus, when
H < I,/Z; is an open uniform pro-p subgroup, gr kH/(gr kH N J) is also a
commutative algebra of Krull dimension [F': Q,]. Since V' is in C, we have

(erkHNJ)" C J" C Ann(gr V")

for some n > 1. By [I'heorem 2.6,

Cdim(V") < ]C(gr kH/gr kH N J) =1 Q.

Since [F : Q] = 2, [Theorem 9.3 and [Lemma 10.5] imply that the GK-
dimension Cdim (V") is either 0 or 2. By |Corollary 1.5, and since represen-

tations of GK-dimension 0 are finite-dimensional, it follows V' is of finite
length. [

It follows from |Corollary 10.9|that the representations 7 considered in [BHH 23,
Theorem 1.1] are of finite length when F' is a quadratic unramified extension
of Q.

This improves on some of the results of [BHH'|; when 7 is as in subsection
3.3.2 of op. cit, |Corollary 10.9 implies that 7 is of finite length, removing the
condition 7%t = Dy(p) needed to prove this (in the case p reducible split) in
subsection 3.3.5. That is, Theorem 1.3.8 of op. cit. holds outside of the so-called
“minimal case”, if F'is a quadratic unramified extension of Q,.

Theorem 1.1 of [HW22] states that certain representations m(p) of GLy(F') (here
p is non-semisimple) have GK-dimension Cdim(7(p)¥) = [F : Q,] when F is
an unramified extension of Q,. Again by |Corollary 1.5 if [’ is a quadratic
extension, then 7(p) is of finite length. Indeed, a stronger statement than this
is shown in Theorem 1.7 of op. cit. by different methods.
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