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Introduction

In this work we will study a generalization of the concept of Lie algebras. In order
to give the reader an idea how this generalization arises we are going to motivate
our study by first recalling the concept of Lie algebras. A Lie algebra is by definition
a vector space L with a bilinear product [z, y], such that for all z,y,z € L

Ll) [y!I] = "Exv ?,I'],
L2) [z,[y,2]] = [[z,y], 2] + [v, [z, 2]] (Jacobi’s identity).

Clearly the Jacobi identity is equivalent to the condition that the left multiplication
adr : L — L defined by adz(y) = [z,y] is a derivation of L. Therefore we can

reformulate the definition of Lie algebras as follows: An algebra L is a Lie algebra
if

L1’) its product is alternating, and
L2%) every left multiplication is a derivation.

We also recall the concept of triple systems. A triple system is simply a vector
space T with a trilinear product p: T x T x T — T. In 1985 Faulkner [3] discussed
a new class of triple systems which he called alternating triple systems. He was led
to this type of triple systems by studying which trilinear identities are satisfied by
a nearly simple triple system over an algebraically closed field K of characteristic
0, i.e. by a triple system over K such that

1) its left multiplications are derivations,
2) its derivation algebra acts irreducibly on it.

To be more concrete, let 7' be an arbitrary triple system with product p. An
element u = ¥ a,0o in the group algebra K[S3], is viewed as a trilinear identity if
u(p)(z1,22,23) = ¥, 0o P(T01, Toz, 20, ) = 0. Clearly the trilinear identities satisfied
by p form a left ideal I, in K[S3]. It is proved in [3] that if T is a nontrivial, nearly
simple triple system, then I, contains at least one of the left ideals corresponding
to six types of triple systems which are called: left-skew, left-symmetric, Anti-Lie,
Lie, Jacobi and alternating triple system (see [3,Thm 9]). This reduces the study
of the infinite family of inequivalent identities to the six types above.

Furthermore Faulkner has proved that the alternating triple system on the space
of quaternions with triple product 2%z — 27z is the only nontrivial, alternating,
nearly simple triple system up to isomorphism.

Recall that an alternating triple system is by definition a triple sytem such that



AT1) its product p is alternating and
AT2) its left multiplications z — p(z,y, z) are derivations.

As we have seen above, Lie algebras and alternating triple systems are characte-
rized by the properties that their products are alternating and their left multiplica-
tions are derivations. We can formally require these two properties for an n-linear
product on a vector space. Then we have naturally generalized the concept of Lie
algebras and alternating triple systems. Now, a vector space V' with an n-linear
map p: X"V — V is called an n-Lie algebra if

NL1) pis alternating and
NL2) all left multiplications y — p(z1,---,2n_1,y) are derivations.

This definition of an n-Lie algebra was originally given by Filippov in [5]. In
that paper there are also determined the (n + 1)-dimensional n-Lie algebras and it
is shown that every (n + 1)-dimensional n-Lie algebras is isomorphic to one of the
following n-Lie algebras on K™*! given by the multiplication table:

{El'r"'}Ef—lje‘l_-f-l!'ll!eﬂ] = Oy €4, 1= 15"'1“"" 1: {*)

where {€1,---,€,41} is a base of K™ and o; € K,1=1,---,n+ 1. Note that if
K is algebraically closed, then all &; can be chosen as 1 or 0.

Let us recall the definitions of solvability and semisimplicity given in [5]. We
define recursively:

VO .=y, v = (v, VO] s e No.

Then an n-Lie algebra is called solvable if V() = {0} for some s. An ideal of
an n-Lie algebra is called solvable if it is solvable as an n-Lie algebra. As in case
of Lie algebras a finite dimensional n-Lie algebra has a unique maximal solvable
ideal called the radical of the given n-Lie algebra. If an n-Lie algebra possesses
no nonzero solvable ideals, then it is called semisimple. In case n = 2 the above
definitions agree with the usual definitions for Lie algebras. Therefore the concept
of solvability and the concept of semisimplicity of n-Lie algebras generalize those of
Lie algebras.

In this work we investigate the structure of finite dimensional n-Lie algebras
over an algebraically closed field of characteristic 0. We are mainly interested in
classifying n-Lie algebras. Now, at first we are concerned with the problem of
finding the simple representatives of n-Lie algebras and of determining whether a
semisimple n-Lie algebra is a direct sum of its simple ideals. These problems have
a well-known beautiful answer in the case of Lie algebras. Here we will give a
complete answer too. In fact, we shall prove that a finite dimensional n-Lie algebra



V over a field of characteristic 0 is semisimple if and only if it is a direct sum of
simple ideals (see Theorem 2.7). In order to prove this we will show that the Lie
algebra Der(V) of derivations of V is semisimple. Then an application of Weyl’s
theorem on complete reducibility yields the result.

In the third chapter we classify the finite dimensional simple n-Lie algebras over
an algebraically closed field K of characteristic 0 and over the real numbers. As
in the case of 3-Lie algebras studied in Faulkner [3] we shall show that for n > 2
all finite dimensional simple n-Lie algebras over K are isomorphic to each other
(see Theorem 3.9). In the proof of this result we will heavily use the representation
theory of finite dimensional semisimple Lie algebras. In particular, we need some
informations about the decomposition of the n-fold wedge product of an irreducible
module of a semisimple Lie algebra.

It turns out that every finite dimensional simple n-Lie algebra over K is of
dimension n + 1. So we get a realization by the multiplication table (*) mentioned
above, where all coefficients o; may be chosen to be 1. Another realization can be
given as follows. It generalizes the vector product on K2 to K™! (see Example
1.1.1). Let b be a nondegenerate symmetric bilinear form and f be a nonzero
determinant form on K™*'. For v;,---,v, € K"*! let [vy,---,v,] be the unique
element in K™*! such that for all z € K™*! the identity

b([ve,++,un],2) = flv1,++, Un,2)

holds. Then K"*! is an n-Lie algebra with product [vy, -+, v,].

Every real simple n-Lie algebra is isomorphic to an n-Lie algebra (R**', b, f) or
a realification of a complex simple n-Lie algebra.

In the fourth chapter we will prove an analog of Levi decompositions of finite
dimensional Lie algebras for finite dimensional n-Lie algebras. The result here
is that each finite dimensional n-Lie algebra over an algebraically closed field of
characteristic 0 has a semisimple subalgebra such that the given n-Lie algebra is
the direct sum of its radical and this subalgebra (see Theorem 5.1). Note that
one has proved the existence of a Levi decomposition for a Lie algebra by means
of cohomology. Unfortunately, we do not have a concept of cohomology for n-Lie
algebras. But our results for the structure of semisimple n-Lie algebras provide us
with an alternative way to construct a Levi decomposition.

We will begin our study in the first two chapters by introducing some basic
concepts for n-Lie algebras. Moreover, we discuss some examples and describe the
(n + 1)-dimensional simple n-Lie algebras. After reviewing the definitions of k-
solvability and k-semisimplicity of Kasymov [10] we study the structure of finite
dimensional semisimple respectively reductive n-Lie algebras. A reductive n-Lie
algebra is by definition an n-Lie algebra whose centre agrees with its radical. We
shall show that a finite dimensional n-Lie algebra over a field of characteristic 0 is



reductive if and only if it is a direct sum of its centre and the semisimple subalgebra
[Vy-e-, V]

I would like to thank Professor U. Hirzebruch for his suggestion and guidance
of this work. I am very grateful to Professor W. Hein and to Dr. G. Mockenhaupt
for their advice and for their help. I also want to thank Professor A.G. Elashvili
who called my attention to the papers of Filippov and Kasymov.



Chapter 1

n-Lie algebras

Throughout this chapter K will be a field of characteristic different from 2 except
where otherwise noted.

1.1 Definitions and Examples

In this section we shall introduce some basic concepts for n-Lie algebras and discuss
some examples.

Let us begin with the well-known Lie algebra R® with the vector product [z, y]
which can be realized by means of a scalarproduct b and a determinant form f
in the following way: b([z,4],2) = f(z,y,2), z,y,z € R®. This Lie algebra is
isomorphic to su(2) whose complexification is isomorphic to si(2,C) which plays an
important role in the theory of finite dimensional complex semisimple Lie algebras.
We generalize the vector product structure to K™, n > 3, in the following way.

Example 1.1.1: Let n € N, n > 2. Let f be a nonzero determinant form
and b a nondegenerate symmetric bilinear form on K"*!. Given any fixed v; €
K™+, i € n, there exists a unique element [vy,---,v,] € K™t depending only on
vq,---, vy such that for all z € K™+ f(vy,---,vn,2) = b([v1, -+, vn), ). Obviously
the map (vy,+++,vn) = [v1,+,vs] is n-linear and alternating. Moreover we find
the following property which one might think of as a generalization of the Jacobi
identity:

L

[u'h e 5“‘)1.—11[”1; e 'vvn]] = Z[Uls' "!vi—l'-[ul'l‘ v 1un—lrvi]9vi+11' te ,1.’,1], (11)
i=1

where u; € K™ ien—1and v; € K", jen.

In order to verify this identity let us define for fixed uv; € K™, i € n—1,
an endomorphism ad(uy,---,us—1) of K™ via ad(uy, -, un)v 1= (U1, +, Un, v),
v € K™, Then (1.1) can be written equivalently as

a.d('ul, e ‘H-n._l:l[i.fl, L Un] = Z[’U-l, LA a.d[ul, ey Un—1 ]‘b",‘, LR Un]. (1.2}

=1
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To prove (1.2) we need a simple fact: Let T be an endomorphism of K™*!, then for
all v; € K™l ien41:

n+l

Zf(vl- vy U1, TV Vigay t o Ungr) = (T - fo1, 0005 Ungar ) (1.3)

=1

By definition of [vy, - -+, v,], identity (1.3) is equivalent to

n
E {J([Uh R T”i:ﬂi+11 e 11’“]? vﬂ+1)

i=1
+b([v1, -+, vn), Tvngr) = tr(T) - b([v1,+  +, V), V1) (1.4)
If T € so(K™+1,b), that is, T is an endomorphism of A™*? such that b(Tu,v) +
b(u,Tv) = 0, then (1.4) becomes
b([ﬂlr Ty By, T‘Ui? Vit }Uﬂ]ﬁ vn+l) - b(T[‘Ul, Ay vn]: Un-i-l)
=1

because of tr(T") = 0. Since v,y is arbitrary in K™*! and b is nondegenerate, we
conclude that for all T' € so( K™*1,b) equation (1.4) is equivalent to

n
T[‘Ul,* ' ',1.!,1] — Z[Ul,* ",U;_l,TU{,U§+1,' s ',L‘n]- [:1.5}
i=1

Thanks to (1.5) it remains to show that ad(uy,---,u,) € so(K™*! b) in order to
get (1.2). Indeed, since b is symmetric and f is alternating, we have

blad(uz, -+ s tn—r)v,w) = b([ug, -+, up-1,v],0)
fluy, oy Unm1, v, w)
~f(u1,- -y tn-1,w,v)
=b([u1,- -+, Un_1,w],v)
= —blad(uy,: -+, up—y)w,v)
= —b(v,ad(uy,---,Up_1)W).

In this work we shall study the algebraic structure which arises in the above
example. We describe this kind of structure abstractly in a few axioms.

Definition of n-Lie algebra:

Let n € N, n > 2. A vector space V over K together with a map (vy,++,v,) —

[v1,+++,va] of x™V into V is called an n-Lie algebra if the following properties are
satisfied:
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1) the map is n-linear,
2) the map is alternating,

3) identity (1.1) holds for all u;, v; € V,i€n—1, jE€n.

We call identity (1.1) the generalized Jacobi identity (G.J.I.) and the endo-
morphisms ad(uy,- -+, us—1), defined by ad(uy, -+, up—1)v := Uy, , Un_1, V], left
multiplications. With the help of left multiplications the G.J.I. can also be rewritten
as

{&d(ﬂh YTy u’ﬂ-—l}! B.d[:'Uj, ks Uﬂ—l}]

n—1

= E a'd(v'l! Ty U:'—l'ra'd{u'l} iy Un_])'ﬂ{, LTS PR vﬂ—l)! {l'ﬁ}
i=1

that is, the Lie product of two left multiplications is the sum of some left multipli-
cations. One can prove that (1.1) is also equivalent to

a'd(ulﬁ - ”1“’1’1—2:[”11”':””])

= Z(_ljﬂhiad(ﬂl| bdedty 'rﬁs el 'Un:]adl:ﬂ‘l, trr,Un—2, 'Ui).- (1'7)
i=1

Therefore we get four equivalent identities (1.1), (1.2), (1.6) and (1.7).

We remark that in case n = 2 this definition agrees with that of a Lie algebra.
Therefore the concept of n-Lie algebras generalizes that of Lie algebras.

Example 1.1 shows that K™t carries the structure of an n-Lie algebra with
respect to the product defined by means of a nondegenerate symmetric bilinear
form b and a nonzero determinant form f on V. This n-Lie algebra will be denoted
by (K™+1,b, f).

Let us look at some more examples.

Example 1.1.2: Let A be an associative commutative algebra over K. Let D;,
i € m, be derivations of A satisfying D;D; = D,D;, for all i, j € n. We put for
a; € A) 1 E n,

[a1,++ . aa] := det(D;a;)(i j)eaxn-

Then the vector space A equipped with this product becomes an n-Lie algebra.
Proof: Suppose that D is a derivation of A of the form D = Y7, z;D;, then
[Dj, D] = D;D — DD; = YT (Djz;)D;. For this D we have the identity

D[ﬂl,' . '10-11.] el Z[ah” '1Dﬂ'j3 o .,an] = — (Eﬂixi) '[ﬂl,"' ,'ﬂn]- {18)
i=1

i=1



In fact, for all a; € A, 1 € n,

D{alm"'sﬂﬂ]_Z[alr"'

i=1
Dya; Diay
_ p| D2ar Daaz
DHGI Dnﬂg
Dyay  Diaq
_i Dgﬂ.l Dgﬂ.g
el B A
Dnﬂ'l Dnaz
Diay  Dyag
:i Dyay  Daay
Y| creeeerneseenenn
Dnal Dnﬂz
Diay  Dyag
_i ﬂ2¢11 Dgag
=1 D i
n Diay Dhaz
=-3 Daay  Daay
=1 Dnﬂ-l Du{lg
Dlﬂl Dlag
=_Zn: D‘ZE1 Dzag
o Dyay  Dra;
Dyay
n
D
= — (Z D;’i{) 201
== Dyay

Dja; Dsay,
Dzﬂ.g Dgﬂﬂ
Dnﬂg s Dnaﬂ

=1
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yDajy» -y an)
Dja,
Dgan
D,a,
Dy Da; Dya,
D2DGJ D?”ﬂn
DnDaj Dnaﬂ
DDIGJ Dlan
DDQGJ Dgan
DDa; D.a,
D-lD.‘.IJ D]&ﬂ
D, Da; Daay,
D, Da; D,a,
[Dh -D]aj D.’lan
(D2, D]“J Dja,
[DmD]aj v+ Dpay
i=1(D1zi)(Dia;) Dhay
i=1(D2z:)(Diay) Dsay,
E?=1(ani][Dt'ﬂ'j] Dn'ﬂ'n

Let us now consider the left multiplications. We claim that (1.8) is true for any left

multiplication D = ad(a;,---,a,—1) because we can write D = 3 7.

i=1 TiD;, where



1.1.

z; is given by

If 37, Diz; is 0, then G.J.I results from identity (1.8). Thus it suffices to show

that 37

Tl
E Dixi
=1

By moving the i-th row to the (j — 1)-th row in the determinant in the second sum
without changing the odering of the remaining rows, we get the following expression:

i=1 Dzi = 0. In fact,

DEFINITIONS AND EXAMPLES

Diay D Dyan_y
..........................
Dia;  Djaq « Dian—y

Z Z (_1]ﬂ+1'

i=1 j=1,j#i

1<i<j<n

# 5 =1

z (_1}n+i

1<i<jsn

(-1t

.D]ﬂ-l Dlaz D]an—l

D1ﬂ1 ..... Diaz ....... .. : D:;:-l s
DiDjay DiDjaz -+ D;Ditn_y
Duay  Duaz - Dy

........................

-Dnﬂ-? e Dnﬂ'n—-l

Dy Dyaz Dyan—y
.................................
D;ay D;a, D;an_;
D‘Djﬂ-l D;’DJHQ D;DJan_l
Dnal Dﬂag Dnﬂn_1
Dyay Dyay Dia,
D;ay D;a, Dia,,
.D,;Djﬂl DiDJ'{Ig e D;Dj-a,,_l
Dya,y Dsa; Dy
DgDJﬂ.l D:‘Djﬂz Dtﬂjaﬂ_l
DJ'(I], Djﬂz .Djﬂﬂ_l
Dnal Dﬂag Dﬂ_an_]
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Hence each summand in the first sum cancels with the corresponding one in the
second sum and therefore 3" | Dz; = 0. m]

As a concrete example take A to be the real algebra C*°(R") of C**-functions
on R™ and D; = 3%, i € n, where n > 2. Then we get an n-Lie algebra on C*®(R")

3
)
Example 1.1 and 1.2 can also be found in Filippov [5].

with the product [g1,-+, 9] :=

Example 1.1.3: Let V be an n-dimensional vector space over K, f a nonzero
determinant form on V and 0 # vg € V. Then V becomes an n-Lie algebra relative
to the product [vy,: -, vs] := f(v1,+ -, va) vo.

In fact, by using Cramer’s rule

n
f(ul'! "'.,'U'ﬂ)ll'o = Zf(vlv”'avi—lavﬂaﬂf+l}“ ',‘Un)'b‘,',
=1
we get

L

Z[vlﬁ e 'svi—h[ul:' Tty lUn—1, vi]?”i-i-l: b !vn}
i=1

L

T Zf{uh"'sun-—lsvi}[vh'"sviulrvmvi-ﬂs'”ivn}
=1
n

— Z f{ulv' ' .‘J'uﬂ—l‘.lvt.)f[vll" ",!ﬂtl—lrvﬂ:r 'UT:-I—I - r”‘n:]vﬂ

1=1

L1
= f(ury ey Unon, 3 F(01,0 0, Vint, Vo, Vign + + 5 Un) Vi) 00
1=]

= f(ﬁl|"',ﬂﬂ_1,f[v1,'"|‘L‘“}'Uﬁ]1.’ﬂ
e f(u].!---iuﬂ—l:![vl'.!"'7Uﬂ]}vﬂ
= [u]a' "ﬁun"—li[vlﬂ"'rvﬂ]}:

which gives the G.J.L..

Remark 1.1.1: Let V be an n-Lie algebra (n > 2) with product [vy,---,v,).
For any fixed vo € V' we may define an (n—1)-Lie algebra structure on the underlying
vector space V by [vy, -+, v4-1] 1= [v1,- -+, vn_1, v0). Although very easy to prove, it
demonstrates us how to construct an (n— 1)-Lie algebra from a given n-Lie algebra.

Definition: Let V}, Vo be n-Lie algebras over K. A linear map 7 : V; — V, is
called
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1) a homomorphism if for all v; e V,1 € n: fvy, -, va] = [F(w1), -, 7(wn)];
2) an isomorphism if T is bijective in addition;

3) an automorphism if Vi = V5 and 7 is an isomorphism.

For the sake of convenience we introduce the following notation. Let V be an

n-Lie algebra and U;, i € n, be subspaces of V. We shall denote by [U;,--+,U,] the
subspace of V which is spanned by the elements of the form [uy, -+, u,), u; € U;.

Definition: Let V' be an n-Lie algebra.
1) A subspace U of V is called an n-Lie subalgebra if [U,--- , U] C U.
2) A subspace I of V is called an ideal of V if [I,V,---, V] C I.

3) V is called simple if [V,---,V] # {0} and has no ideals except itself and {0}.

Let V' be an n-Lie algebra. Then
G(V) = {’H eV | [vln"'rvn-l:u] =0, VT.?,' c V-, i € E"_l:},

the centre of V, is an ideal of V. In the following we give more examples of ideals
and subalgebras.

Example 1.1.4: The n-Lie algebra V in Example 1.1.3 has Kvg as an ideal. It
is clear that the nonzero ideals of V' are exactly the subspaces of ¥V which include

K‘Uu.

Example 1.1.5: The subspace R[z;,- -, z,] of polynomial functions in the n-
Lie algebra C*°(R") is closed with respect to the n-Lie product, therefore an n-Lie
subalgebra of C°°(R™). Moreover one can verify that for each ¢ the set of all poly-
nomial functions of the form z;f, f € R[zq,---,z,] is a subalgebra of R[z;,- -, z,].

In the following proposition we list some simple properties of ideals. We shall
give no proofs.

Proposition 1.1.1: Let V' be an n-Lie algebra over K and I, J be two ideals
of V. Then the following are valid.

1) I+ J is an ideal of V.
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2) The vector space V/I is an n-Lie algebra relative to the product
[vy,- -, Tog) i= W[y, ++,vn),
where m: V' — V/I denotes the canonical map.
3) Let ¥: V — V' be an n-Lie algebra homﬂmor;;hism.

(a) If I' is an ideal of V', then ¢~1I is an ideal of V, in particular, Ker is
an ideal of V. Moreover  induces an isomorphism g V/Kery — Imi.
If I is any ideal of V included in Keriy, then there exists a unique
homomorphism ¢ : V/I — V' such that v = ¢ .

(b) If ¢ is in addition surjective, then the image of any ideal of V under v
is an ideal of V.

4) IfJ C I, then I/J is an ideal of V/J and (V/J)/(I/J) is naturally isomorphic
to V/I.

5 I+ I 1/Ind).

Definition: Let V be an n-Lie algebra over K. We call an endomorphism D of
V' a derivation if for all v; € V, i € n:

D[”l\' A :rvﬁ.] — Z[Uls' ",U{_‘[,Dﬂi,ﬂg.*_], ek "-.-Un]- (1‘9)
i=1

In consequence of identity (1.2) each left multiplication is a derivation. We refer
to an endomorphism D of V' as an inner derivation if it may be written as a sum of
some left multiplications. We denote by Der(V') (Inder(V)) the set of all (inner)
derivations of V. One can verify '

Proposition 1.1.2: Relative to the Lie bracket Der(V) is a Lie algebra and
Inder(V) is an ideal of Der(V).

Let V' be an arbitrary n-Lie algebra and let U;, i € n — 1, be subspaces of
V. We denote by ad(Uy,-++,Un—;) the subspace of Inder(V) spanned by the left
multiplications ad(uq,---,un-1), u; € U;. If U;, i € n—1, are ideals of V, then
ad(Uy,---,Us—y) is an ideal of Inder(V).

Let V be an arbitrary n-Lie algebra. Then the Lie algebras Der(V) and
Inder(V') operate in a natural way on V, so we have a representation of them
on V, or equivalently, V' is a Der(V)- and an Inder(V)-module. If I is an ideal of
V, that is, [I,V,---,V] C I, then I is an Inder(V)-submodule of V. Conversely if
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I CVisa Der(V)- or an Inder(V)-submodule, then ad(uy,--,un-1)f C I for all
Uy, + -y Un_1 € V, therefore I is an ideal of V.
We close this section with the following theorem.

Theorem 1.1.3: Let V a simple n-Lie algebra over K, then Der(V) and
Inder(V') act irreducibly on V. If K is of characteristic 0 and V is finite dimensional
in addition, then

1) all derivations of V' are inner,

2) Der(V') is semisimple.

For its proof we need

Lemma 1.1.4: Let V be an n-Lie algebra over K, charK = 0, with C(V) =
{0} or [V,---,V] = V. If D is a derivation of V which commutes with all inner
derivations of V, then D = (.

Proof. Let vy,---,v, € V. For each i € n we have by the assumption,

D[ﬂl,-“,'t-'rn] = (ml)n_ipa'd{vh'“:rﬁ;':"'vﬂﬂ]vi
= (_l)n_‘la"d(lulj”"Jlﬁ;-.!""lﬂﬂ)ﬂvll

= [t’ls' try Uiy, DU,‘,‘!J,'+1,' : '11"1'1]1
that is, D[vy, -+, va] = [v1,+++, 9ic1, Dv;, i1, -+, vg). From (1.9) we get
Dlvy,++,vn) = nDlvy, -, vy).

Since n > 2, D[vy,-+-,vy]) =0forall v; e V,ien If[V,---,V] =V, then Dv=10
for all v € V or D = 0. Since [Dvy,--,v,] = D[vy,v2,-++,v5) = 0, D(V) C C(V).
Therefore D = 0 if C(V) = {0}. m|

Proof of Theorem 1.1.3:

Set L’ := Der(V), L := Inder(V). The first assertion is obvious, since an ['-
or L-submodule of V is also an ideal of the n-Lie algebra V. Now let K be of
characteristic 0. Since L' operates faithfully and irreducibly on V, it is a reductive
Lie algebra (see Theorem A2) , that is, L can be represented as the direct sum of its
centre Z and the semisimple Lie algebra [L’, L']. But each element in Z commutes
with those of L and C(V) = {0}, hence Z = {0} by Lemma 1.1.4. Thus L' is
semisimple.

Let L; be the ideal of L' such that L' = L @ Ly. Since [Ly, L] = {0}, it follows
once again from Lemma 1.1.4 that L; = {0}. Thus L' = L. a
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1.2 Simple n-Lie Algebras of Dimension n + 1

We are concerned here with (n + 1)-dimensional simple n-Lie algebras. It turns out
that each (n + 1)-dimensional simple n-Lie algebra can be realized as (K™+!,b, f)
for some nondegenerate symmetric bilinear form b and some nonzero determinant
form f.

Let V be a simple n-Lie algebra over K of dimension n 4+ 1 with product
[vi,+++,v,]. Since [V,..+,V] = V, the n-Lie product gives an isomorphism 7 :
AV — V with 7(vy A -+ A v,) = [v1, ++,v,). Let f be an arbitrary nonzero
determinant form on V. We define an isomorphism o : A"V — V* by o(v; A
o+ A ) (Vag1) = f(vr,---,n4a), for v; € V, i € n41. For u,v € V, let
b(u,v) := (o7~ (u))(v). The bilinear form b has the following properties:

1) b is nondegenerate,
E/J for H'H U{ E VJ' I E n +_]' : b([l’l: T rﬂﬂ.]rﬂﬂ‘i‘lj = f(vlr' 7 -1'Uﬂ+1)s
3) b is symmetric.

Proof: 1) If b(u,v) = 0 for all v € V, then or~!(u) = 0 which implies u = 0,
since o and 7 are isomorphisms. Hence b is nondegenerate.
2)Forallv; e V,ien+1:

b([v1, -y Un)y Ung1) = (‘TT_I([T’Ia"°“n]))(Un+1}
= o(vi A Avg)(Vng)
= f(v1y 3 Vn41)-

3) Let u;, v; € V, ¢ € n. By (1.3), the G.J.I and 2) we get
b(E“l»"' r“‘n]s [vl: e 'svn]}

= f[:ulv"':un-:[ﬂls"'rt’n]}

= ti‘(a.d(l."]_., R 1 | )} f[uh tr oty Un, 'Un)

n
_Z:f{uls“'!ui—l![ulp'"iyn-huilvﬂ'f-{wl:'”1”1’”1}"&}

i=1

= tr(a'd(vlv IS !vﬂ—].]) f{uh Ty U, 'Uﬂ.)
n
- Z b([uli Ty Uio, [Ulr T Un—-1, ui]sui+1: bR t'l"ﬂ]'r ﬂn)
=1

= tr(ad(vy, -+, vn-1)) fu1, -, Un, vp)
_b[{vh Tty Un-1, [uh Ty un]iv Uﬂ)
= tr(ad(vl,-' " Un—l)) f(ulr" 'iuﬂvvﬂ) -
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(o1, ==y pa1, [Ua, 70+ Un)y O0)

= tr(ad(vy,- -, vn-1)) f(®1s - Un, Vn)
+f(v1,0 0+ Ony (11,00, tn])

= tr(ad(vy, -+, vn-1)) fu1,- -, tUn, Up)
+b([v1, -y vn), (U1, 0y unl)-

Therefore

b{:[ulv TR un]! [Ulr' Ty Uﬂ]} e b{[vlt TS ‘U,.,], [uh iy uﬂ})
= tr(ad(vy, -+, Va-1))f (1, **y Uny Vn). (1.10)

Suppose that v,_; # 0. Let v, := v,_; and let {uy, -, un,vs} be a base of V.
Then we get from (1.10) that tr(ad(vy, -+, va-1)) f(u1, ", Un, v5) = 0, which leads
to tr(ad(vy, -+, vn=1)) = 0. Now (1.10) becomes

b[[ulﬂ oy ﬂn],{ﬂl, TR Uﬂ,]] = b‘([l’l, EE svn]s [ulﬂ iy vﬂ])'
Since V is simple, [V,:++,V] =V, the symmetry of b follows. a

Proposition 1.2.1: Let V be an (n + 1)-dimensional n-Lie algebra. If V is
simple, then V = (K"*1,b, f) for some nondegenerate symmetric bilinear form b
and a nonzero determinant form f.

The converse is also true.

Proposition 1.2.2: The n-Lie algebra (K™t1,b, f) is simple.

Proof Set V := (K™ b,f). Let I be a nonzero proper ideal of V. Set
I := {veV|bv,u)=0,Yu € I}. Then I+ # {0}. Let v, € I and vp4; € I'* be
nonzero elements. If v, and v,,, are not proportional to each other, then we can
choose vy, ++,v,_1 € V so, that {vy, -+, v,41} is a base of V. Since [vy,- -, v,] € 1,
we have f(vy,- +,vn41) = b([v1, -+, vn],vns1) = 0, which is a contradiction to
f #0. Thus I = I+ and is one dimensional. It follows that dim(K™*?) = dim(I) +
dim(/*) = 2 and n = 1. Hence V possesses no nonzero proper ideal, i.e. V is
simple. O

In the following we study when two n-Lie algebras of the form (K™*1,b, f)
are isomorphic. Since the n-Lie algebra (K™*! b, a f) is the same as the n-Lie
algebra (K™*', a7 1b,f) for all @ € K, a # 0, we can fix f and assume that
flex, - ens1) = 1, where {€1,--,€n41} is the canonical base of K™*1,

Let V; := (K™, b;, f), i = 1,2, be two n-Lie algebras defined as in Example
1.1.1. The n-Lie product [vy,---,v,); of V; satisfies the identity:

b‘:’([ﬂl,’ [ :ynlh 'Uﬂ_l,l} = f(vlj i 11‘,!1-}*1)'
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Let 7 be a vector space automorphism of K™*1, Then 7 is an isomorphism from V;
onto V; if and only if

ba(r[v1, -+, val1, TUn41) = ba([rv1, -+, TVR]2, TVR41) (1.11)

for all v; € V4,1 € n 4 1. For the right side of the identity we have

il

f[th R rTvn-}-l)
detr - f(vh‘ 3 '&t’ﬂ+lj
detr - by([v1,- -, Vn)1, Vng1)-

52([Tvls Tt TU‘I‘;]?! T'Uﬂ+]_)

Thus (1.11) can be written as

b;(r{vl, ey vn]l: Tl‘n_|_1} = dett - bl([ﬂls = 'Un]], Uﬂ-+l)'

Since V1 is simple by Proposition 1.1.2, [V, ++,V4]; = V5. Thus 7 is an isomorphism
from Vj onto V; if and only if 7 satisfies the identity

bao(Tu, Tv) = detr + by(u,v) (1.12)

for all u,v € K™t!, Since for each bilinear form b there exists a base of K™t!
relative to which the associated matrix of b has diagonal form and each diagonal
matrix multiplied by a scalar remains diagonal, any (n+1)-dimensional simple n-Lie
algebra is isomorphic to one of the n-Lie algebras (K™*!,b, f), where b runs through
the set of the bilinear forms whose associated matrix relative to the canonical base
is diag(oq, @2, +,0n41), where o; € K, i€ n+1and oy ---apyq # 0.

If K is algebraically closed, there exists a vector space automorphism o of K™+!

such that bg(ou,ov) = bi(u,v). Set 7 := (deta}"ﬁ . Then 7 is clearly also
an automorphism of K™*! and fulfills identity (1.12). Indeed, because of detr =

(deto)™ 31 deto = (deto)™ =T we have
ba(ru,7v) = (deto’)_ﬂzTi - by(ou, ov)
— (deta‘)_ﬂ%l by (u,v)
= detr - by(u,v).
Hence Vj is isomorphic to V3 and we have shown

Proposition 1.2.3: (K" by, f) is isomorphic to (K™, by, f) if and only if
there exists an isomorphism T of K™*! with property (1.12). If K is algebraically
closed, then all n-Lie algebras of the form (K™*1,b, f) are isomorphic to each other.
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Remark 1.2.1: If K is algebraically closed, then we mean by the vector product
on K™t! (n > 2) the n-Lie algebra (K™*!,b, f), where the determinant form f is
normalized by f(e1,---,es) =1 ({e1,--,€ens1} is the canonical base of K"*!) and
b is the bilinear form whose associated matrix relative to {e;,- -+, €541} of K™t is

given by
1 00
(? g)m 0o I |,
0O I 0

according as n is odd or even, for some appropriate unit matrix /.

In the following we want to determine the group Aut(V') of automorphisms of
the vector product V = (K™*! b, f). By Proposition 1.2.3 an automorphism r of
the vector space K™*! is an automorphism of the vector product if and only if

b(rv,rw) = detr - b(v, w), (1.13)

As a result of this we have that if T is an automorphism of V| then (det7)*~! =1
by choosing a base of V. Let Q:= {a € K |a"! = 1}.

Let 7 € Aut(V) and set ¢ = /v det 7. Clearly b(ov,ow) = b(v,w), that is,
o € O(K™,b), while detc = detr/(v/detr)""' = +1, according as deto is a
square in {1 or not. Therefore

Aut(V) € {ao|aef, o€ SOK™,b)}u
{£V/Ba|BeR\N2, oe 0K b), detr = —1}. (1.14)

Since the multiplication by an element in §2 belongs to Aut(V') and SO(K™*?,b) C
Aut(V) by (1.13), the first set on the right side of (1.14) is included in Aut(V). If
n is even, every element in () is a square, then

Aut(V)={ac|a €, o € SO(K™,b)}. (1.15)

Now let n be odd. For any non-square 3 €  and any ¢ € O(K™*1,b) with
deto = —1, the endomorphism /B¢ is an automorphism of V. Indeed, because of

det(\/Ba) = \mﬂ+1deta = (=F)(-1) =  we have
b(v/Bou, \/Bov) = fb(ou,av) = fb(u,v) = det(y/Bo) b(u, v).
According to (1.13), /B0 is an element in Aut(V'). Therefore we have proved

Aut(V) = {ac|aef, o€ SO(K",b)}uU
{£/Bo |8 ¢ Q% o€ O(K™,b), detr = —1}.  (1.16)
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Remark 1.2.2: If K = C, then we obtain from (1.15) and (1.16) that Der(V) =
so( K™*1,b), the set of endomorphisms D of K™ with b( Du,v) + b(u, Dv) = 0. In
fact, for any field K of characteristic 0 the Lie algebra of derivations of (K™1, b, f)
is so( K™*1,b). This will be proved in the following.

Let K be an arbitrary field of characteristic 0. Let V = (K™*1,b, f). Let us
describe Der(V') and Inder(V'). By Proposition 1.2.2 and Theorem 1.1.3, Der(V) =
Inder(V'). Hence we need to determine the inner derivations only.

We have seen in Example 1.1.1 that the elements of so( A™*1,b) are derivations
of V (see (1.5)). Now let D be a derivation of V. For vy,-+,vp41 € V we get
according to (1.4) and (1.9) forallie n

i
b(D[vli it '1Un]:vn+1]' = Z b([vl}*"sDEh" 'ivﬂliﬂﬂ+1]

= tr(D}b([UI: ke ?Jn], vﬂ-+1] = b([vl}' "ty Uﬂ]s D 'Un—i-l)-

Since V' is simple, [V,---,V] = V, we get b(Du,v) + b(u,Dv) = tr(D)b(u,v).
Since tr(D) = 0 (see the proof of 3) at the beginn of this section), it follows that
b(Du,v)+b(u, Dv) = 0, that is, D is an element in so( K™*!,b). Hence Inder(V) =
so( K™+1.b).

For later use we summarize the main results in this section.

Theorem 1.2.4: Let K be an algebraically closed field. Then there is only one
simple n-Lie algebra of dimension n + 1 up to isomorphism. A realization of this
n-Lie algebra is the vector product (K™*1,b, f). If charK = 0, then the Lie algebra
of its derivations is so{ K™*',b) and all derivations are inner.



Chapter 2

Solvability of n-Lie algebras

In this chapter we are going to study the structure of n-Lie algebras. We shall
introduce the concepts of k-solvability and k-semisimplicity for n-Lie algebras. Then
we give a characterization of n-semisimple n Lie algebras. The reductive n-Lie
algebras will also be studied. Throughout K will be a field of characteristic different
from 2.

Let us recall the definition of Kasymov [10] for solvability.

Let V' be an n-Lie algebra over K. For a given ideal I of V and a given k € n
we define inductively a sequence of ideals I(#¥), s € Ny, of V:

Ok .= let1k) . [:{'Za"’ﬂ,., B L TS A, 4

k

Clearly we have J(s+1:k) C flsik)

Definition of k-solvability:

1) Anideal I of V is called a k-solvable ideal of V' if for some s € N: I(*¥) = {0}.

2) V is called a k-solvable n-Lie algebra if V is k-solvable as an ideal of itself.

Let V be an n-Lie algebra and I an ideal of V. According to the definition, if
I is a k-solvable ideal of V, then I is a k-solvable subalgebra of V. We shall see
in Example 2.1 below that the converse is not true except in case k = n. In the
following we consider some extrem cases. If k = n, the definition agrees with that
of Filippov [5]; if n = 2, then the 2-solvability is the same as the solvability for
Lie algebras. To understand the 1-solvability we define the so-called upper central
series. Let Co(V) := {0}, Csy1 = {v € V|[V,---,V,v] C C;} for s > 0. Clearly
C4(V) has the following properties:

1) Cy(V)is the centre C(V) of V.
2) For each s € Ny, C,(V) is a 1-solvable ideal of V.

3) For each s € Ny, C4,(V) C Cya(V).

15
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4) If I is a 1-solvable ideal of V' with I'*Y) = {0} with s minimal, then I("V) C
Cyoi(V) forall0 <i < s.

To answer the question which connections there exist among the k-solvabilities
of ideals we prove the inclusion I(*¥) C I(s%) for k < k. The case s = 0 is clear,
since 1(®%) = J(O*) = I, Suppose now that the inclusion is true for s, we proceed
to s + 1. By definition,

I("H_l'k,] — [\-I(.qu')'_._‘f{s,kf)‘ V: e rV]

S

E 3
(_: [;I[a1k]1"':!{3‘kla Vs"'}V]

"

k!

TR (CUR AR

3
Jls+1.k)

N

If I is a k-solvable ideal, then I'**) = {0} for some s € N, therefore I(**) = {0},
that is, I is a k’-solvable ideal by definition. Analogously we can show that a
k-solvable subalgebra of V' is also a k'-solvable subalgebra of V.

Proposition 2.1: Let V be an n-Lie algebra and 1 < k < k' < n. A k-solvable
ideal (subalgebra) of V' is also a k’-solvable ideal (subalgebra) of V.. In particular,
the k-solvability implies n-solvability for all k.

Example 2.1: One can show that an (n + 1)-dimensional space V with base
{€1,:+*,ens1} and multiplication defined by the formulas [e;,- -+, &, -, Ent1) =
o€, a; € K,1 € n+1, is an n-Lie algebra for any choice of the constants o;
(cf. Filippov [5]). Now suppose ay---ar # 0, @41 = *++ = @np1 = 0,2 < k <
n. Then the ideal I := V(1) = [V,... V] has base {e;,---,e;} and V(2% =
[f,--+,1,V,---,V] = {0}, hence V is a k-solvable n-Lie algebra and I a k-solvable

k
ideal of V. Since [I,---,I] = {0}, I is [-solvable subalgebra of V for all 1 <! < n.
Further we can check that V(2*~1) = [J ... T.V,... V] = I, hence V is not (k—1)-

k-1
solvable and I is not a (k — 1)-solvable ideal of V (I is also not I-solvable ideal of
V for all | < k — 1 by Proposition 2.1).

Indeed, V' has no nonzero (k — 1)-solvable ideal if k£ > 3. To show this we prove
that each nonzero ideal of V contains I. Let J be an arbitrary nonzero ideal of V
and 0 £veld,v= E;‘:ll B;ej, B; € K. Then thereisa 8;, #0. Let i < k, 1 # Jp
(such an i exists because k > 3), then

J 3 [e;,---,e;,---,650_1,U,€j¢,+1,--'.fn+1]
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= {I,‘ﬁjo e; + (—I)Ju_l_lctjﬂﬁ.; €
Let ig < k such that ig # i, ig # jo. Then
[€1, 1 €igy ) €11, i € + (=127 "L B €05 €id15 "+ » Ent1] = Wig@ifig iy -

Therefore e;, € J. This forces e; € J for all : < k. Hence I C J.

Since I is not (k —1)-solvable ideal of V', V possesses no nonzero (k — 1)-solvable
ideal of V if & > 3.

In the following proposition we give some properties of k-solvable ideals.

Proposition 2.2: Let V be an n-Lie algebra and k € n.

1) IfV is k-solvable , then all subalgebras of V' are k-solvable and all ideals of V
are k-solvable ideals of V.

2) Let ¢ : V — V; be a surjective n-Lie algebra homomorphism and I a k-
solvable ideal of V, then 11 is a k-solvable ideal of V1.

3) Let I, J be ideals of V, J C I. If J is a k-solvable ideal of V and I/J a
k-solvable ideal of V/.J, then I is a k-solvable ideal of V. In particular, if J
is a k-solvable ideal of V' such that V/J is a k-solvable n-Lie algebra, then V
itself is k-solvable.

4) If I and J are k-solvable ideals of V, so is I + J.

Proof. 1) If U is a subalgebra of V, then Ulsk) ¢ vk This implies the first
assertion. If I is an ideal of V, then I*¥) C V(s%) From it the second assertion
follows.

2) It can be shown inductively that (I)**) = (I(5%)), This implies the
assertion.

3) Denote the canonical homomorphism V. — V/J by =. Since [/J is a k-
solvable ideal of V/J, we have w(I(*F)) = x(I)(¥ = (1/J)**) = {0} for some s,
hence I(#*) C J. But J('*) = {0} for some s' € N, so [(s+s"k) = (J(s:k))(s"F) ¢
J("%) = {0}, Therefore I is a k-solvable ideal of V.

4) We consider the canonical homomorphism = : ¥V — V/J. Since [ is a k-
solvable ideal of V, so I/J = =n(I) is a k-solvable ideal of V/J in view of 2). But
m~WI/J)=1I+J,s0 I+ Jis a k-solvable ideal of V in view of 3). O

From now on we assume that V is finite dimensional over K. Let I be a ma-
ximal k-solvable ideal of V and J an arbitrary k-solvable ideal of V. According
to Proposition 2.2 4) I + J is also a k-solvable ideal of V' which in turn implies



18 CHAPTER 2. SOLVABILITY

I+J =1TorJC I due to the maximality of /. Hence we have proved the existence
of a unique maximal k-solvable ideal of V.

Definition: Let V be an n-Lie algebra, k € n.

1) The maximal k-solvable ideal of V is called the k-radical of V and will be
denoted by Radi(V).

2) If Radi(V') = {0}, then we call V is k-semisimple.

Remark 2.1: It is proved by Kasymov [10] that Radi(V) is invariant under
all derivations of V, that is, D(v) € Radi(V) for any D € Der(V) and any v €
Rad (V).

Recall that V' is assumed to be finite dimensional. Thus the upper central series
of ¥V will be stationary, i.e. there exists an s € N such that Cy(V) = Cyp1(V).
Assume that s is minimal. Since C,(V) is 1-solvable, C5(V) C Rad;(V). On the
other hand, Rad, (V) is included in some Cy (V') for s’ < 5. Thus Rad, (V) C Cs(V).
Together with the foregoing inclusion we get Rad;(V') = C,(V), in other words, the
Rady (V) is the greatest element in the upper central series. If V is 1-semisimple,
then C4(V') = {0} forces C(V') = {0}; conversely, if C(V) = {0}, then C,(V) = {0}
and V is 1-semisimple. Therefore an n-Lie algebra V is 1-semisimple if and only if

c(v) = {0}.

Since a k-solvable ideal of an n-Lie algebra is also a k’-solvable ideal of the given
n-Lie algebra for k < k', we have

Proposition 2.3: Let k, k' € N, 1 < k < k' < n. If an n-Lie algebra V is
k'-semisimple, then V is also k-semisimple. In particular, if V is n-semisimple, then
V is k-semisimple for all 1 < k < n.

Example 2.2: For k > 3 the n-Lie algebra in Example 2.1 is (k — 1)-semisimple
but k-solvable. A simple n-Lie algebra is k-semisimple for all k € n.

Theorem 2.4: Let V' be an n-Lie algebra, then V/Radi(V') is k-semisimple.

Proof. Denote by # : V — V/Radi(V) the canonical homomorphism. If I
is the k-radical of V/Radi(V'), then we derive from #=1(J) 2 Radi(V) and 3) in
Proposition 2.2 that #=1(I) is a k-solvable ideal of V, therefore 7=1(I) C Radi(V),
this implies I = {0}. o

In what follows we shall mean n-solvability by solvability and correspondingly
n-semisimple by semisimple. Instead of Rad, (V') we shall write Rad(V). In the fol-
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lowing we introduce direct sums of n-Lie algebras before we give a characterization
of semisimple n-Lie algebras over a field of characteristic 0.

Let V; be n-Lie algebras, i = 1,2. It can easily be proved that the vector space
direct sum V = Vj + V5 is an n-Lie algebra with regard to the product

[ﬂ1+U1,"',ﬂﬂ+Un] = [ula"'}un]+[1”1!"'1vﬂ] U = VI: L4 € V?ﬁ tEI."';-"

Evidently V;, i = 1,2, are ideals of V. We call the n-Lie algebra V' the direct sum
of the n-Lie algebras V) and V; and write V = V; & V5. This definition can be
generalized to direct sum of m n-Lie algebras: V = @, V;. In this situation we
have

Theorem 2.5: If V = @, V; is a direct sum of n-Lie algebras V;, i € m, then
1) Inder(V) = @™ Inder(V;),

2) For all k € n: Radi(V) = &7, Radi(V;).

For the following proposition we delete the assumption that the n-Lie algebra
V is finite dimensional over the field K. For the sake of convenience we write L' for
Der(V) and L for Inder(V). If M is a subspace of L’ (or L) and I is a subspace of
V, we denote by M?*(I) the subspace of V which is spanned by all elements of the
form DyDs:--Dy(v), D; € M, v € I.

Proposition 2.6: Let V be an arbitrary n-Lie algebra. If M is an ideal of L’

(or L) and I an ideal of V, then M(I) is an ideal of V and (M(I))>™ C M*+1(I)
fors > 1.

Proof. 1) [M(I),V,---,V] = L(M(I)) C [L, M}(I) + M(L(I)) € M([). Thus
M(I) is an ideal of V.

2) We prove the inclusion inductively. Since M(I) and M?(I) are ideals of V'
by 1), it follows that

(M(I)*™) = [M(D),---, M(I)]
C M([I,M(I),--, M(D])+ [I, MM(I), M(I),---, M(I)]
€ M),

that is, () (M(I))*™) C M?(I). Suppose the inclusion is true for s. Replacing
I in (*) by M*(I) we obtain: (M**t1(I))"™) C M**2(I). By induction hypothesis,
(M(D))e+1m) C ((M(I)em)tm) ¢ M=+2(T). 2

Now we are ready to give a characterization of finite dimensional semisimple
n-Lie algebras over K of characteristic 0. We remark that a simple ideal of an n-Lie
algebra is an ideal of the given n-Lie algebra which is simple as an n-Lie algebra.
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Theorem 2.7: Let K be of characteristic 0. An n-Lie algebra V' is semisimple
if and only if V is a direct sum of simple ideals: V = @iz, Vi, m € N. Moreover,

Der(V) is semisimple and each derivation of V is inner.

Proof. If V' is a direct sum of simple ideals, then V' is semisimple by Theorem
2.5.

Let now V be semisimple. We prove that V is a direct sum of simple ideals. Let
R be the radical of L’ (recall L' = Der(V) and L = Inder(V)) and M := [R, L'].
According to Theorem 12.38 in [13] M is included in the radical of the associative
subalgebra of End(V) generated by L’, hence M**! = {0} for some s € N. By
Proposition 2.6, (M(V))(*™) € M*+(V) = {0}. This says that M (V) is a solvable
ideal of V', hence by the assumption, M (V) = {0} which implies M = {0}, that is,
R coincides with the centre of L'. Therefore L’ is reductive.

Let Z be the centre of L'. Since V is semisimple, C(V) = {0}. Applying Lemma
1.1.4 to elements of Z we obtain Z = {0}. This means that L’ is a semisimple Lie
algebra. Let L, be the ideal of L' with L' = L @& L,. Once again by Lemma 1.1.4,
Ly = {0} because of [L;, L] = {0}. Therefore I’ = L.

Now the L-module V' is completely reducible. Suppose that V = @7, V;, where
V; are irreducible L-modules. This is at the same time a direct sum of ideals of
V. If V; is one dimensional, then V; C C(V). But C(V) = {0} by the assumption.
Therefore V; is nontrivial. Since V; is an irreducible I-module, V; contains no ideal
of V. But each ideal of V; is also an ideal of V', hence V; is simple as a subalgebra
of V. This completes the proof of Theorem 2.7. O

Corollary 2.8: Let K be of characteristic 0. If V is a semisimple n-Lie algebra,
then every simple ideal of V coincides with one of the V; in Theorem 2.7 and any
ideal is a direct sum of certain simple ideals.

Proof. Let V = @V; be the decomposition of V into simple ideals. If I is a
simple ideal of V', then [I,V,-..,V] is an ideal of V, nonzero because the centre
of V is zero. This forces [I,V,---,V] = I, since I is simple. On the other hand,
[(I,V,---,V] = @[, Vi,---,Vi], so all but one summand must be 0. Say I =
[[,V;;---,Vi]. Then I C V;, and I = V; because V; is simple. Therefore V; are all
simple ideals of V, i € m.

Next we prove that each ideal of V is the sum of some Vs. Let I be an arbitrary
ideal of V. Then [ is an invariant subspace of the L-module V. But L is semisimple,
I is a direct sum of some irreducible L-submodule of V, in other words, I is a direct
sum of simple ideals of V. o

In the following we are concerned with the connection between the radical of
the Lie algebra of derivations of V and the radical of V. For this purpose we make
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the following consideration.

Let V;, 1 = 1,2, be two n-Lie algebras over an arbitrary field K. Let L; denote
the Lie algebra of deivations of V;, { = 1,2. Suppose that v : V; — V; is a surjective
homomorphism of n-Lie algebras such that the kernel of # is invariant under L,.

Define
v: Ly = Ly y(D)(x(v)):=w(D(v)), DelL,veV. (2.1)

Evidently (D) is an endomorphism of V5. It is even an element of L, because we
have for all v; € V;, 1 € n:

(D) (v1), -+ -, w(va)]
= (D) (x[vy," -+, vn])
= n(Dfvy, -+, vn])

™

= W(Z[‘Uh SR E | D(”.‘]y LES P vn])

=1

=3 [x(v1), -+, w(vica), 7(D(:)), 7 (ig1), -+, 7 (vn)]

=1
=Y [r(v1)s o m(05m1), (D) (v:)), 7 (i), -+ - 7 ()],
i=1

Let Dy, Dy € Ly and v € V. Then

7([D1, Da))(w(v)) = n([D1, Ds]v)
= w(D1D2{(v) — Dy Dy(v))
Y(D1)(7(D2(v))) = 7(D2)(w(D1(v)))
= Y(Di)y(D2)(x(v)) = ¥(D2)y(D1)(w(v)))
[¥(D1),7(D2))(x(v)).

Hence + is a Lie algebra homomorphism from L; to L;. Moreover, we have for any
ad!(uls Tty un—l) € LI:

Y(ad (s, e )EW) = ([ ne, 0]
= [n’{ul}, Sl ,‘.’T(Hn_i), #(U}]
= adg(m(u), +, T(wn-1))(7(v)),

that is, y(ady(u1, -, un-1)) = ada(7(u1),- -+, 7(#n-1)). Therefore
v(Inder(Vy)) = Inder(V>). (2.2)

Now let V' be an n-Lie algebra over a field /. Since the canonical homorphism
T : V — V/Rad(V) is surjective and its kernel Rad(V') is invariant under all
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derivations of V' (see Remark 2.1), we can define (as (2.1)) a homomorphism 7 :
Der(V) — Der(V/Rad(V)) with

Kery ={D € Der(V)| D(V) C Rad(V)}. (2.3)

By Theorem 2.4, V/Rad(V') is semisimple. If charK = 0, then Der(V/Rad(V))
agrees with I'nder(V/Rad(V)) and is semisimple by Theorem 2.7. But by (2.2),
y(Inder(V)) = Inder(V/Rad(V)), it follows that v is a surjective Lie algebra ho-
momorphism and Rad (Der(V)) C Kery. So we have proved

Theorem 2.9: Let K be of characteristic 0. Let V be an n-Lie algebra over
K. Let # : V — V/Rad(V) be the canonical homomorphism. Define a map + :
Der(V) — Inder(V/Rad(V)) by v(D)(m(v)) := x(D(v)). Then v is a surjective Lie
algebra homomorphism with the kernel given in (2.3). Moreover Rad(Der(V)) C
Kery and Rad(Der(V))(V) C Rad(V).

We now generalize the concept of reductive Lie algebras.
Definition: An n-Lie algebra V is called reductive if Rad(V) = C(V').

Example 2.3: Let n > 3 and V = (K™, b, f) be the n-Lie algebra with the
vector product. For given z € V we consider the (n — 1)-Lie algebra V(z) on K™*!
with the product [vy,--+,vn_1]z = [v1,+, Vp-1, 2] (see Remark 1.1.1). Obviously
Kz is an ideal of V(z) included in the centre of V(z). Set Vg := {v e V | b(v,z) =
0}. Now

o([V(z),--+ V(2)]s, @)
=b([V,---,V,z],2)
= LY e Yok w s { 0]

Thus [V(z),-+-,V(z)]: C Vo, which implies that V; is an ideal of V(z).
Case 1: d(z,z) = 0.

By the assumption z € V5. Let W be a subspace of V5 such that the sum
Vo = Kz + W is direct. Then Vél‘n_” = [Vo, ++, Volz = [W, -+, W], and has
dimension 1 (notice dimW = n — 1). Therefore Vj is solvable. As a consequence
V(z) is solvable because [V(z),---,V(z)]; C V.

Case 2: b(z,z) # 0.

Since V = Kz + Vg (direct sum of vector spaces), the (n — 1)-Lie algebra V(z)
is the direct sum of its ideals Kz and V. We show that Vj is a simple (n — 1)-Lie
algebra.
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Let by be the restriction of b to Vp and fy be the nonzero determinant form
on Vg defined by fo(vy,+++,vp) := —f(vy1,-++,¥n,z). Then by is a nondegenerate
symmetric bilinear form on V; and for all v; € Vp, 1 € n we have

bﬂ({ﬂlr "t vn—l];t.'s vn] = bﬂ([vla e 1”:’\-1)3]1 U'ﬂ.)
= f(l’]."',‘un_l.ﬂ:,vn)
'_f{vl1"'1vn—]1 UHFI}
= fﬂ(vlv""pvn——liuﬂ}+
This means that the (n—1)-Lie algebra V; can be realized as (K™, bg, fo). Therefore

V, is simple by Proposition 1.2.2. It follows that Kz is the centre of V(z) and V(z)
is reductive.

Now let K be algebraically closed. Let y € V, y # z, be such that b(y,y) #
0. We may ask whether the reductive (n — 1)-Lie algebras V(z) and V(y) are
isomorphic. Let V(y) = Ky ® V;. Since Vp and V; are simple (n — 1)-Lie algebras,
there exists an (n — 1)-Lie algebra isomorphism T from V; onto V) (see Theorem
1.2.4). Extend T to V(z) linearly via:

T.y(v+az):=T@w)+ay, veW, a€c kK.

One can easily check that T, , is an (n — 1)-Lie algebra isomorphism.
We can also construct an isomorphism from V(z) onto V(y) as follows. Since
b(z,z) # 0 and b(y,y) # 0, there exists a scalar a € K, @ # 0 and an element

T € O(K™1,b) such that y = ar(z). Let 7' := (a det(r})“ﬁ}-—?‘r. From
b((r'v1, -, TVnalyyvn) = (exdet(r))TATb([Tvr,  , TOR-1]ys V)
= (Ctdet('l'])r%f;-f(fﬂl,'"1TUn—11y$vﬂ)
= (adet(r))" 77 f(v1, ) Vnm1, 2,7 10n)
= (adet(r))"72b([vy, -, tac1ler T 05)
= (adet{r)}_ﬁ?b(f[m,"*,‘Uu—ﬂmvn}
= b(r'[v1, - Vn=1]zyVn)

it follows that r'[vy, -+, vn1)z = [f'v1, -+, 7vn—1] forall v; € V, i € n — 1, that is,
7' is an isomorphism from V(z) onto V(y).

In the following theorem we give two criteria for reductivity.

Theorem 2.10: Let K be of characteristic 0 and V' be an n-Lie algebra V' over
K. The following are equivalent.

1) Inder(V') is semisimple.
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2) V =C(V)& Vy, where C(V) is the centre of V and Vy is a semisimple n-Lie
subalgebra of V.

3) V is reductive.

Proof. 1) = 2) If L (= Inder(V)) is semisimple, then the L-module V is
completely reducible. We decompose V into a direct sum of irreducible submodules:
V = @V;. This is at the same time a direct sum of ideals of V. If V; is one
dimensional, that is, L(V;) = {0}, then V; C C(V). If V; is not trivial, then V; is
simple as a subalgebra of V' (see the proof of Theorem 2.7). Hence V = C(V) & Vy,
where Vj is the sum of the V; with dim(V;) > 1 and thus semisimple.

2) = 3) It is clear by Theorem 2.5.

3) = 1) Suppose that V is reductive, that is, Rad(V) is the centre C(V) of V.
Let R denote the radical of L. Since R is included in the radical of Der(V') (note
R is included in the intersectionof Inder(V') with the radical of Der(V), cf. [18] p.
204), we have R(V) C C(V') by Theorem 2.9. Now

{Ra ad(V,-- 1V]] - a'd(C(V)'va' b :V} - {0}

implies R C Z, the centre of L, thus L is reductive. Let Ly be the semisimple
subalgebra with L = Z & L.

It remains to show that Z = {0}. Let us regard V' as an Lg-module. Since
Lg is semisimple, there exists an Lg-invariant subspace Vy of V such that V =
C(V) @ V. Since Z(C(V)) = {0}, it suffices to prove that Z(V5) = {0}. Let
7 denote the canonical homomorphism from V onto V/Rad(V) and let ¥ be as
in Theorem 2.9. Then v(Lo) = 4(L) = Inder(V/Rad(V)) and n(Vp) = «(V) =
V/Rad(V). It follows that =(Lo(Vp)) = ¥(Lo)(r(Vs)) = V/Rad(V). Comparing
dimension shows that Lo(Vp) = Vp. From [Z, Lo] = {0} and Z(V) C C(V') we get:
Z(Vo) = Z(Lo(Vo)) = Lo(Z(Vp)) € Lo(C(V)) = {0}. o

One might ask whether every n-Lie algebra V possesses an ideal Vj such that V'
is the direct sum of V; and its radical. The answer is no. In the following example
we construct an n-Lie algebra V' = I 4+ Vj, where I is an abelian ideal and V" a
subalgebra (not an ideal) of V and I NV} = {0}. If V; is semisimple, then I is the
radical of V.. We shall see in chapter 5 that each n-Lie algebra over an algebraically
closed field of characteristic 0 is a vector space direct sum of its radical and a
semisimple subalgebra.

Example 2.4: Let V) be an n-Lie algebra with product [vy,---,v,];. Let I be
an Inder(V;)-module such that

adl(uh Ty Un—2, [Uh Tty 'Uri]'l]-w
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]
=Y (~1)"ady(v1, -+, By oo vn)ady (g, ooy Unegy )0 (24)
i=1

(see (1.7)). Set V := I+ V; (direct sum). For v; from I or V' (i € n) let

[v1, -, a1 ifv; € V] for all ¢
[1,+++,vn] :=  (=1)**ady(vy, -+, Ty v, vn). ifonlywv; €7
0 if at least two of v; € [

Extending it linearly to V, then we get an alternating n-ary operation [vy, -, Up]
on V with respect to which V' becomes an n-Lie algebra.
In fact, for the 2n — 1 elements u; (i € n — 1) and v; (i € n) in Vj or [ let

a :=[ul':"':un—'l:[vls"'ivn]]

n
b = Z[vlﬁ sy Uie, [uln Tty Un—1, vil! Vig1,- " ,'UnI-
i=1

If all u; and all »; are in Vi, then a = b, since V; is an n-Lie algebra; if only one of
the u; is in I and all v; are in V; (since the product is alternating, we may assume
that u,—y € I), then by (2.4)

a = _[H‘l! e )Hn—'lr[vly” '1vn]run—1]

= —B..d']_{ﬂ']_," '1“11—'21[”11' ”:vﬂll}'uﬂ—l

n
= - E(—l}"_’&dﬂ‘vh ey By ey U)o ady (U, 00y Uz, ) Un—

1=1
n

= Z{_l)n_;[vls YTy 5}7 Ty U, [uh B | un—hv:"j]
=1

s b
if all u; are from V' and only one of the v; is from I, say v,, then

a = a.dl{'h'-l,“',Hn_l)-a.d'[('l'],"'11?“_1).?-’71
= [a‘dl{ul! o :un—lj'ra'dl(vli iy vn—]:)]‘”n
+adi(v, -, vp1)ads (U1, - -+, Une1).0n

n—1
= E ady (V1,00 Vict, [Uyttry Une1y Vi1, Vi1 7y Une1)-Un
22X

+ad(vy, -y Vn-1).ad(uy, -, Un-1).0n
= i
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if at least two of the 2n — 1 vectors are from I, we have always a = b = 0. In any
case, a = b. Therefore V is an n-Lie algebra. Moreover, it is clear according to the
definition that I is an ideal and V; a subalgebra of V. O

Ramark 2.2: A natural question is whether there exists an Inder(V; )-module
I with the property (2.4). The answer to this question is ’yes’. Indeed, let T be
a space with dim(J) = dim(V;) = m. Let {e;};em be a basis of V] and {f;}iem of
I. For v; € V3, i € n—1, let p(ad(vy, -+, vn-1)) be the endomorphism of I, for
which the matrix relative to the basis { f;}iem equals the matrix for ad(vy, -+, vp_1)
relative to the basis {e;}icy,. Obviously p(ad(vy,: -+, vn-1)) is well defined and it
gives rise to a representation of Inder(V1) in I. Moreover we have

plad(uy,-- -, tn—g,[v1, -, vn]))

= 2 (=1)"p(ad(vy, s By -, va))p(ad(ur, -+, Unz, vi)).



Chapter 3

Classification of simple n-Lie algebras

Let K be an algebraically closed field of characteristic 0. Theorem 2.7 shows that the
finite dimensional semisimple n-Lie algebras over K can be decomposed into a direct
sum of simple n-Lie algebras. Therefore in order to determine the finite dimensional
semisimple n-Lie algebras we have to study the finite dimensional simple n-Lie
algebras over K. By Theorem 1.1.3 the derivation algebra of such an n-Lie algebra
is semisimple and acts irreducibly on the n-Lie algebra itself. This suggests the
theory of representations of semisimple Lie algebras for our purpose. In this chapter
we shall show that there is for every n > 3 only one finite dimensional simple n-Lie
algebra over K up to isomorphism and this is just the n-Lie algebra with the vector
product. With the help of this result we shall give all finite dimensional real simple
n-Lie algebras up to isomorphism.

First let K" be an arbitrary field. Let V' be an n-Lie algebra over K. Notice that
ad : x® 1V — Inder(V) is a map such that for all D € Inder(V),

n—1

[D, ad(vs, -, vn-1)] = 3, ad(vy, -, vic1, DViy Vit Bty

=1

and the the associated map (vy,---,v,) — ad(vy,- -, vp_1)v, from x*V to V is
alternating. If we regard V' as an I'nder(V )-module, then ad induces an I'nder(V)-
module morphism from A™™1V to Inder(V) (which we denote also by ad) such that
the map (vy,---,v,) — ad(vy A- - Avy_1)vy, is alternating. Conversely, if (L, V,ad)
is a triple with L a Lie algebra, V' an L-module and ad an L-module morphism
from A™~1V to L such that the map (vy, -+, v,) — ad(vy A+ -+ Avy_q)v, from x*V
to V is alternating, then V becomes an n-Lie algebra by

[v'l: g 'Un] = ad(v‘i FACE Uﬂ_.]_).?)'n.

Therefore we get a correspondence between the set of n-Lie algebras and the set of
the triples (L, V,ad).

Let 7 : ¥; — V5 be an n-Lie algebra isomorphism. Let L; := Inder(V;) and
let ad; be the map from A" 'V; — L;, i = 1,2. Then v : Ly — Lo, defined by
7(D)(rv) = 7(Dwv), is a Lie algebra isomorphism (see (2.1)) and

Y(adi(vi A - Avpy)) =ada(Tor Ao ATU) (3.1)

27
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for all v; € V3, ¢ € n— 1. Conversely, if (L;, V;,ad;), i = 1,2, are two triples and
if y: Ly — Ly is a Lie algebra isomorphism and 7 : V; — V; is a vector space
isomorphism such that identity (3.1) holds, then T is an isomorphism of the asso-
ciated n-Lie algebras. Therefore we shall view two triples with the above property
as equivalent. It remains to determine the triples (L, V,ad) up to isomorphism of
L and the equivalence of V.

From now on let K be an algebraically closed field of characteristic 0. We will
assume that all vector spaces appearing in the following are finite dimensional over
K.

If V is a simple n-Lie algebra over K, then Theorem 1.1.3 shows that the Lie
algebra I'nder(V') (= Der(V)) is semisimple and that V as an I'nder(V)-module is
faithful and irreducible. Moreover the I'nder(V)-module morphism ad: AP~V —
Inder(V') is surjective. If (L, V,ad) is a triple such that

G1) L is a nonzero semisimple Lie algebra over K,
G2) V is a faithful irreducible L-module over K,

G3) ad is a surjective L-module morphism from A"V onto the adjoint module
I such that the map x"V — V, (v, ,vp) — ad(vy A - A va_q).vy, is
alternating,

then the corresponding n-Lie algebra is simple, since an ideal of it is also an
L-submodule of V. Moreover the derivation algebra is isomorphic to L. In fact, if p
is the representation of L in V, then p is an isomorphism from L to the derivation
algebra. A triple with G1), G2) and G3) will be called a good triple. The problem of
determining the simple n-Lie algebras over K can be translated into that of finding
the good triples (L, V,ad).

For the following notations one compares Humphreys 7] or the appendix in this
work. Let L be a semisimple Lie algebra, let H be a maximal toral subalgeb: 1 of
L, ® the root system of L relative to H and L = H & @.eo Lo, the root space
decomposition of L. Further let A be a base of &, < the half ordering on H*
relative to A and ®+ (®~) the subset of ® of positive (negative) roots. Let (-, )
be the nondegenerate symmetric bilinear form on H* which comes from the Killing
form of L and (u,v) := 3((:—:%1, where u,v € H* and (v,v) # 0. For an a € &+
choose 2o € Loy Yo € Log, hy € H such that [z4,%.] = has [RasTe] = 2%a,
[has ¥a) = —2ys- Recall that for this choice we have p(h,) = (u, o) for all u € H*.

Let V' be a faithful irreducible L-module with maximal weight A € A*. Denote
by II(A) the set of all its weights. Then V' = @,cn) Vi

Lemma 3.1: Let L and V be as above. Let 7 be an L-module morphism from
A™V (m > 1) into L. If v,, € V), is a vector of weight u; for all i € m, then
T(Vuy Avor Ay, ) € L, where = 370, ;.
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Proof: Since 7 is an L-module morphism, it follows that for all h € H:
[Ay 7(vpy A - A, )]

m
= ZT(W‘I Ace Uy AR Avg, Ao Avy,)
=1

= (D wa)(h) (v A Avy).

=1

Thus 7(vy, A+ Avy,,) € L, as asserted. a

Let (L,V,ad) be a good triple and the notations for L and V' be as above. Let o¢
denote the element in the Weyl group W of L such that cgA = —A (see Proposition
A5). Then oo is the minimal weight of V. Further let v* (resp. v~) be a maximal
(resp. minimal) weight vector of V. We determine (L, V,ad) in three steps: We
show

C1) that H contains a nonzero element of the form ad(vt Av™ Avy A -+ A vp_3),

v, €EV,i€n=3 i n>3 and adlvt Av™) if n =3 (see Corollary 3.4),

C2) that for each simple component of L there ezists a simple root o of this com-
ponent such that A — ggA — a € ® (see Lemma 3.5), and

C3) that the number of the irreducible representations with the property in C2) is
finite. Then all good triples (L,V, ad) can be found among them.

We show the following lemma in advance.
Lemma 3.2: If (L,V,ad) is a good triple, then A — ogA ¢ ®.

Proof: Suppose that A — ag) is a root of L. We will first show that this implies
L has to be simple. Suppose on the contrary that L = Ly & Lo, L; # {0}, =1,2.
Let H; = H N L;. Then H; is a maximal toral subalgebra of L; (see Theorem
A6). Let ®; C @ be the root system of L; relative to H;. Let A; := AN ®,.
Then A; is a base of ®; (see Remark Al). Since ® = ®; U ®;, A — oo is an
element in ®; or in $;. Assume that A — gpA € @, (the other case can be treated
analogously). Then A — oA vanishes on Hj. Let A2) be the restriction of A to Ho
and gg = 01 + 02, where o; is the element in the Weyl group of L; with a;A; = —A;.
Then A — apX = (AW — gy A1) 4+ (A2 — 53A(3). So (A = gpA)(Ha) = {0} can be
translated into A(2) — g, A(2) = {0}. Since A(?) and 03A(?) are dominant weights of
Ly, we get A2 = 0, which implies that L does not operate faithfully on V' (see
Corollary A12). This contradicts our assumption that (L,V,ad) is a good triple and
therefore L is simple.
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Now, since the root A — ggA of the simple Lie algebra L is a sum of two nonzero
dominant weights and since the roots in Table 2 are the only roots which are domi-
nant, it follows by checking Table 2 that L = A; respectively C; and correspondingly
A — 0gA = Ay + A; respectively 2A;. In the first case we get A = A; respectively
Ar. In the second case we get A = A;. Therefore V is either the natural L-module
V(A1) or its contragredient. Since the adjoint L-module is V(A; + A;) or V(2X)
respectively (see Table 2), it follows from Table 3 that there is no nonzero L-module
morphism from A™V to L, m € d, where d denotes the dimension of V' (notice that
(A™V)* = A™V*). Therefore there is no good triple constructed from the pairs L
and V. We obtain a contradiction to the assumption. =]

We proceed to prove C1.

Since v* A v~ is a generator of the L-module V A V' (see Lemma A10), it
follows that vt A v~ AV A---AV generates A" V. Since ad # 0 we can have
n=3
ad(vF Av™)#0if n =3 and ad(vr Av™ Avy A+ A vp_3) # 0 for some v; € V,
ten—3,ifn> 3. Define

HD ]

n=3

Hnad(vt Av"-AVA---AV) n>3
Hn {ad(vt A v7)} n=23J.

Lemma 3.3: Let n > 3. Let z = ad(vF Av™ Av, A---Aw, _,) # 0, where
Uy, € Vi, pi €I(A),i €n—3. Let 7= A+0or+ Yoy pi. Thenz € L. Ify =0,
then z € Hy; if v # 0, then {0} # [z, L_-) C H,.

Proof: 1t is clear by Lemma 3.1 that z € L,. If ¥ = 0, then 2z € Hp because of
Lo =H. Solet vy € &t. For v € &~ we can proceed analogously. By multiplying
v+ by some scalar we can assume that z = z.,. Then by the choice of z., ¥, A4
and the minimality of v~,

—hy = [y, 24]
ad(ygy vt Av™ Ay, A---Aw,, L)
n—=3
+ Zad(v+ AT ATy A Ay A At Kovs AT, ).

If y,.vt = 0, then h, is already an element of Hy and we are done with the proof.
Suppose now that y,.v* # 0 from which we shall deduce a contradiction. By
Proposition A9, (\,y) # 0, and this yields z,.yy.v7 = [z, 3]0t = hyot =
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A(hy vt = (A, 7)v* £ 0. On the other hand, as ad is alternating, we have

0# z,.9,.07 = ad(vtAvT Av,, AorAv,, )0t
= ad(gy vt AV AU, A A, ).

In particular, ad(y,.v* AvF Avy, A---Av,, ) # 0. By Lemma 3.1 the weight of
this element is 2X + 377 y; — 7, which is equal to A — gpA by the definition of 7.
Therefore A —ogA € ®U{0}. By Lemma 3.2, A — 5o\ ¢ @, hence A —opA = 0. Since

—0ogA is also a dominant weight, A = 0, which is a contradiction to the assumption
that V' is faithful. O

Corollary 3.4: Hy # {0}

Proof: If n > 3, the assertion follows from Lemma 3.3. Let n = 3. Since the
nonzero element ad(v* A v~) lies in Ly44,) by Lemma 3.1, A+ ogA € U {0}. But
oA+ 00A) = 0gA+ 02X = A+ 00, hence A+ 0pA = 0 because op maps the positive
roots into the negative ones. This means that ad(v* A v™) € Ho. O

We continue to show C2.

Let L = 3 7, L;, where L;, i € m are the simple ideals of L. Further H; :=

HnNL;, ®; C ® the root system of L; relative to H; and A; := AN ®;. A;is a base
of ®; (see Theorem A6 and Remark A1)

Lemma 3.5: Let (L,V,ad) be a good triple. Then for each i € m there exists
o€ A; withd—ogh—a e d.

Proof: Set ,&0.,‘ = {a € A; | CE(HQ:]' o {U}} Then for each i: .ﬁﬂ’{ 2o I
Agi = ¢ for some 1 € m, say 1 = 1, then Hy C @2, H;. Set M := T2, L;. We show
that ad(V A ---A V) C M, which contradicts the surjectivity of ad. Since v+ A v~
generates ¥V AV, it suffices to show that

ad(vF AV AV A---AV)C M. (3.2)

Let z = ad(vt Av  Avy, A---Av, ) #0. If z€ Hy, then 2 € M;if z ¢ Ho, then
z € L., for some root v. By Lemma 3.3, {0} # [z,L_,] C Ho, this in turn gives
z € M. Hence (3.2) is true and Ag; # ¢.

We claim that for each i there exists an @ € Ap; such that z,.v~ # 0 or
Ya-vt #0. .

If n = 3, then ad(v™ A v™) is the only nonzero element in Hp up to scalar. By
the definition of Ag; we have for all its elements a:

ild(‘li'+ A IQ'U-) = [Io,ad('b"" At }]
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= —alad(vt Av™))z,
0,

H

which implies that z,.v~ # 0.

Now let n > 3. We proceed indirectly and suppose that for all a € Ag;:
To.v” = ya.vt = 0. If Ag; = A, then by the assumption y,.vt = 0 for all
a € A;. Combining it with z,.0* = 0, we get hy.vt = 0, which implies that
Mha) = (A, @) = 0. So the restriction A*) of X on H; is zero, and we obtain a
contradiction to the assumption that V is faithful L-module (see Corollary A12).
Therefore Ag; is a nonempty proper subset of A;. Let @ € Ag; and h = ad(vt A
v~ Avp A -Avn_3) € Hg such that a(h) # 0. Then since ad is a module morphism,
we have

n=3
a(h)Ya = [Yash] = D ad(vP AvT AU A A gati A A vag),

i=1

which in turn implies that y, € ad(v* Av= AV A--- A V). Analogously we can
show that z, is an element in ad(v* Av" AV A---A V), s0is hy = [Ta,Ya]- Then
ha € Ho. Now for any § € A;\ Ag; and any a € Aot (B,a) = B(hy) = 0, that
is, Ap,i LA; \ Aoy, which contradicts that L; is a simple ideal of L. Therefore the
assumption for Ap; is false.

Now we can prove Lemma 3.5 as follows.

Let @ € Ag; such that z,.v™ # 0 or y,.vt # 0. Since we can proceed
analogously if y,.v* # 0, we assume that z,.v™ # 0. Further let h € Hp,
h = ad(v* Av™ Awy, A---Aw,,_,) with a(h) # 0. By pluging the expression
for h in [z, h] we obtain:

—a(z)z,

=ad(vt Aza " Ay A AT, L)
n—-3 '

- - Z ad(vF AV T Avy, AceiA Yooy NBalp; AV Ao Aoy, L)
i=1

If the element ad(v*t Av™ Avy, A---AZa.v, A+ +Avy,_,) is nonzero for some j, it is a
weight vector of weight & and we might assume that it agrees with =, by choosing v+
appropriately. Then we get z,.v™ = ad(vFAv™Avy A - -Azgvu A A, )™ =0
which contradicts the assumption that z,.v~ # 0. Therefore all terms but the first
one on the right side are 0, consequently z, = ad(vt A zo.v" Av, A---Av, )
(where z is choosen such that a(z) = —1). From

0# zav” = ad(vtAzaw™ Avy AcerAuy,, )™
= ad(zav” AvT A Uy Ner Ay, J"”—I—
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we conclude that ad(zo.v™ Av™ Awy A---Aw,, _,) is different from 0 and has
200\ +a+ 17 p; as its weight. But A+0pA+ 3772 4; = 0, hence =X + oA+ €
® U {0}, or equivalently A — coA —a € ® U {0}.

If A—opA—a =0, then A — ogpA is a root of L which is impossible by Lemma
3.2. Therefore A — g\ — o € . O

Finally we proceed to C3).

To find all good triples we look for the pairs L and V where L is a finite
dimensional semisimple Lie algebra and V is a faithful irreducible L-module with
the property in Lemma 3.5. For this purpose we discuss two different cases, namely
L is simple or not.

At first we assume that L is not simple, say L = @®i_, L;, where L; are the simple
ideals of L and s > 2. Further let H; := H N L;, ; C ® the root system of L;
relative to H; and A; = AN ®; (see Theorem A6 and Remark Al). First, we can
assume that a € Ay. Then a(H;) = {0} forall2<i<s. Let f=A—opgA —a. If
B € ¥4, then S(H;) = {0} for all 2 < i < s. Therefore (A — goA)(H;) = {0}. Denote
by o; the element in the Weyl group of L; with the property: o;A; = —A;, and
let A() be the restriction of A to H;. Then A — ¢;At) = 0, which in turn implies
A() = 0 for all 7 > 2. But this is impossible because V is faithful (see Corollary
A12). Hence 3 € ®; for some i > 2, say i = 2. The same argument gives s = 2,
that is, L = Ly @ Lg. It follows that a = A(Y) — ¢; A1) that is, the simple root a is
a sum of two nonzero dominant weights. This is only possible if the rank of L, is
1. Thus L; = so(3, K) and AY) is the only fundamental dominant weight of L.

Assume now that a € Aj. Repeating the above consideration, we can also
conclude that Ly = so(3, K) and A2 is the only fundamental dominant weight L.
Summarizing the foregoing results we obtain L = so(4, K) and V = K1,

Can we construct from so(4, K) and K* a good triple? Since we have to deal
with a 4-dimensional so(4, K )-module, this question is the same as to ask whether
there exists an so(4, K')-module morphism of the form ad: A2K* — so(4, K') with
G3), or equivalently whether there exists a simple 3-Lie algebra structrue on K*
such that the Lie algebra of its derivations is isomorphic to so(4, K'). Theorem
1.2.4 shows that such a 3-Lie algebra exists and it is unique up to isomorphism.
Therefore we have proved

Theorem 3.6: IfV is a finite dimensional simple n-Lie algebra over an algebrai-
cally closed field K of characteristic 0 for which the Lie algebra of the derivations
is not simple, then n = 3. Moreover V is isomorphic to the 3-Lie algebra (K*,b, f)
with the vector product.

Let us now treat the case that L is simple. Denote by ap the maximal root of
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L. We show
Lemma 3.7: If L is a simple Lie algebra and (L,V, ad) is a good triple, then
A-gpA=ag +a (3.3)
for some simple root a of L.
Proof: To show the assertion we need the following representation for z,,:
Tog = ad(vy, A--Avy,_, Avt) (3.4)

for some v,; € V,;, u; € I(A), i € n— 2. In fact, there exist v, € V., u; € II(A),
t € n— 1, such that
Tag = ad(vyy A Awy, ), (3.5)

since ad is surjective and L,, is one dimensional. If p,_y # A, then there exist
wy,; € V,,, vj € II(A), and B; € ®F, j € s such that v, , = 375, yp,-w,, (cf.
Theorem A8). Inserting this expression for v, _, in (3.5), we get

3

Tag = Z[yﬁjv ad(vyy Avee A vy, , Awy,)]
j=1
5 n—2
- ZZ ad(vy, A AV AYEVu AV A AT, Awy,).
1=1 =1

The first sum on the right side is zero because ad(v,, A+« Av,,_, Aw,;) € Logyp, =
{0}. Hence z,, is represented in the form as in (3.5), but the weight of the last
component is greater. Repeating this process (we can do it only finitely many
times) until the last position is occupied by a maximal vector, we have reached the
expression (3.4).

We can show (3.3) by using (3.4) as follows. Since (oo, a0) = — (A, @) # 0
(otherwise (A,a) = 0 for all @ € A, which implies that A = 0 and V is one
dimensional), we have z,,.v~ # 0 by Proposition A9. On the other hand, we have
by (3.4),

ad(vy, Aros Ay, , AvT)oT = —ad(v, Aoc A, , AvT)at. (3.6)

Therefore ad(v,, A« - -Av,,_,Av™).vF # 0, in particular, ad(v,, A+ --Av,,_,Av™) # 0.
If its weight is —3, then B € ®* U {0} due to the maximality of v*. By (3.6),
g+ ogA=A—for

;\—UDJE :{,‘tg—|-ﬁ (3?)

If B = 0, then A — opA is the maximal root of I which is not true by Lemma 3.2.
Therefore 3 € ®+. From Lemma 3.4 and (3.7) we get ag+8—a € ® for some simple



root a of L. Since ag is maximal, it follows that @ — 8 = ap — (ap + 3 — @) = 0.
But « is simple, hence § = a. Finally we get A — 0pA = ag + . O

In Proposition A13 all pairs (L, V') with (3.3) are determined. We list them here
again for convenience.

L A A3 Bi,l22 By Dilz4 Dy G
A 2);1 )U; )‘1 }tg A]_ }«3,}&4 }n_

We shall go through the list and discuss the cases respectively.
Case 1: LE2B;, l>20r D), 1 >4, A=A

In this case the L-module V is the natural module K9 (= V(A,)) of the ortho-
gonal Lie algebra so(d, K'), where d > 5, d # 6. By Table 2 the adjoint module of
so(d, K') has the maximal weight A, if d > 6 respectively 2\, if d = 5. By Table 3,
if ad: A"K? — so{d, K) is a nonzero so(d, K )-module morphism for some n, then
n=2orn=d- 2. In the following we exclude the case n = 2.

There is up to scalar only one nonzero so(d, K }-module morphism 7 from A2K*?
to so(d, k') (see Table 3) and it can be constructed as follows. Let b be the nonde-
generate symmetric bilinear form on K¢ which defines so(d, K'). Let u,v € V(A3)
be fixed. For the linear form I — K : r — b{z.u,v) there exists a unique
T(u,v) € so(d, K) such that Kill(z, 7(u,v)) = b(z.u,v). Obviously T # 0 and for all
z € so(d, k') we have

Kill(z,7(v,u)) = b(xr.v,u)
= —blv,z.u)
= —b{r.u,v)
= —Kill{z, m(u,v)).

which implies 7(v,u) = —7(u, v). Therefore T induces a linear map from A2K? to
so(d, K) and we write 7(u A v) instead of 7(u,v). Moreover for all z,y € so(d, k'),

Kill(z, [y, r(u A v)])

= b([z,y],7(u A v))

= b([z,y).u,v)

= b(z.y.u,v)— b(y.z.u,v)

= Kill(z,7(y.u A v)) + b(z.u,y.v)

= Kill(z, 7(y.u A v)) 4+ Kill(z, 7(u A y.v)).
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Thus [y, T(vAv)] = r(y.uAv)+ 7(uAy.v), ie, 7 is an so(d, K)-module morphism
from A2K? to so(d, K'). Since so(d, K) (d > 5) is irreducible as a module of itself,
T is surjective. :

If r(u,v).u = 0 for all u,v € K9, then Kill(r(uAv), m(uAv)) = b(r(uAv).u,v) =
0. This means that the Killing form of L is skew-symmetric. Therefore the map
(u,v,w) — 7(u A v).w is not alternating and (so(d, K), K¢, ) is not a good triple.

It remains to check whether (so(d, K), K¢,ad) is a good triple where ad is the
(up to scalar) unique so(d, K )-module morphism from A®~2 K¢ to so(d, K). But we
need not to do this because Theorem 1.2.4 shows that the vector product (K%, 5, f)
is a simple (d — 1)-Lie algebra with so(d, k') as its derivation algebra and it is the
only simple (d — 1)-Lie algebra of dimension d up to isomorphism.

Case 2: L 2 Ay, A = 2),.

Since the s/(2, K')-module V with the maximal weight 2); is 3-dimensional (no-
tice that V' is just the adjoint module of sl(2, K')), L and V" give us no good triple.

Case 3: L2 Az, A = A;.

The 6-dimensional si(4, K')-module V(A;) is self-contragredient, that is, there
is an s/(4, K )-invariant nondegenerate bilinear form b on V(A2) (b is unique up to
scalar), since ogA = —A; (see proof of Theorem A13). Then the representation of
sl(4,K) in V(A;) gives a Lie algebra isomorphism p : sl(4, K) — L,, where L,
is the set of the endomorphisms 7 of V(A2) with b(ru,v) + b(u,7v) = 0 for all
u,v € V(A3), since dim sl(4, K) = dim L; = 15 and p is faithful. We know that b
is either symmetric or skew-symmetric (cf. [14]). If the second case is true, then
sl(4, K) is isomorphic to sp(6, K') which is impossible because dimsp(6, i) = 21.
Therefore b is symmetric. It follows that sl(4, K) = so(6, K') and the si(4, K)-
module V' (A;) can be regarded as the natural so(6, K )-module. By equivalence of
the good triples it suffices to consider the good triples based on so(6, K') and K®.
As in Case 1 we can conclude that there is only one n-Lie algebra structure on A®
up to isomorphism and its derivation algebra is isomorphic to se(6, K).

Case t{." L= B3, A= );3.

V' is the 8-dimensional spin representation of so(7, K'). By the computer pro-
gram ” Lie ” by Arjeh M. Cohen, Bert Lisser, Bart de Smit and Ron Sommeling we
have the following decompositions (all decompositions which appear later are also
based on this programm) where A™V (V™V') denotes the alternating (symmetric)
part of the tensor product.

AV (X)) 2 V(M) @ V() (3.8)
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A3V (A3) = V(A + A3) @ V(X3) (3.9)
AV (A3) 2 V(M) 8 VI(2M) ® V(2)3) & V(0) (3.10)
AV (A3) X V(A + A3) ® V(A3) (3.11)
AV (X3) = V(M) @ V(M) (3.12)
ATV(A3) = V(A3) (3.13)
V3V (A3) = V(2X3) ® V(0) (3.14)

Notice that V() is the adjoint module of so(7, K'). According to these decompo-
sitions we could have at most two good triples from so(7, K') and V(A3). (see (3.8)
and (3.12)).

At first we check wether (so(7, K),V(A3),7), where 7 is an so(7, K')-module
morphism from A*V(A3) onto so(7, K) (7 is unique up to scalar), is a good triple.
Since there is an L-invariant nondegenerate symmetric bilinear form on V(A3) (see
(3.14)), we can show that there is no 3-Lie algebra on V(A3) such that the Lie
algebra of its derivations is isomorphic to so(7, K') as in Case 1.

We now study whether there exists an 7-Lie algebra on V(A3) with its derivation
algebra isomorphic to so(7, K'). Theorem 1.2.4 shows each T-Lie algebra on V(A3) is
isomorphic to the vector product (A®,b, f). But the derivation algebra of the vector
product is so(8, K'). Hence there is no good triple of the form (so(7, K),V(A3), 7).

Case 5: L =2 Dy, A= A3 or M.

V(Az) and V(A4) are the two 8-dimensional spin modules of so(8, K'). Since
there is an automorphism 7 of so(8, K) such that the natural module K® becomes
V(Az) or V(A3) via z.v := (tz)(v) or z.v:= (r2z)(v) for z € so(8, K) and v € K5,
In view of the equivalence of good triples we are led to Case 1.

Case 6: L = Gq, A = Ay.

V(A1) is the natural 7-dimensional G-module. V() is the adjoint module.

AV (AL 2 V(A1) @ V(As) (3.15)
AV(A) 2 V(20) 8 V(M) 8 V(0) (3.16)
MV (M) ZV(2X) 8 V(M) 8 V(0) (3.17)
AV (A Z V(M) @ V(A2) (3.18)
ASV (M) 2 V(A) (3.19)
VAV (A1) 2 V(2M) @ V(0) (3.20)

Since V(A1) is a self-contragredient (G3-module and there is up to scalar only one
nonzero (;-module morphism from A2V();) onto G (see (3.15) and (3.20)), we
can show as in Case 1 that there is no 3-Lie algebra on V(A;) with its derivation
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algebra isomorphic to G. Therefore such an n-Lie algebra is necessarily a 6-Lie
algebra (see (3.18)). But the derivation algebra of a simple 6-Lie algebra on a 7-
dimensional vector space is isomorphic to so(7, K) and therefore is 21-dimensional.
Now dim(Gz) = 14 < 21 = dim(so(7,K’)). Therefore we obtain no good triple in
this case.

Summarizing the results from Case 1 to Case 6 we get

Theorem 3.8: If V is a simple finite dimensional n-Lie algebra over an alge-
braically closed field of characteristic 0 such that the Lie algebra of its derivations
is simple, then n > 4. Moreover V is isomorphic to the vector product (K™+1,b, f).

Combining Theorem 3.6 and 3.8, we obtain the following

Theorem 3.9: For every n > 3 all finite dimensional simple n-Lie algebras
over an algebraically closed field K of characteristic 0 are isomorphic to the vector
product on K™+,

As an application of Theorem 3.9 we will classify the finite dimensional real
simple n-Lie algebras. The idea is analogous as in the case of Lie algebras, i.e. we
investigte the complexified n-Lie algebras.

Let V be an arbitrary real n-Lie algebra. We form the tensor product V :=
C ®g V and regard it as a vector space over C: z(2' ® v) := 22’ ® v. Obviously 1%
is an n-Lie algebra with

[z]®v]r"'azﬂ®vn] = Z1"'Zn®[U1,"',Un}.

This com@iex n-Lie algebra is called the complexification of V. We can formally
think of V' as

i’:{u+£v|u,ve‘l/a.ndz'2=—1}.

Note that V C V by identifying V with V 4 i{0}. Let C be the map from V into
itself with C(u + iv) = u — iv. Then V is just the set of fixed points of C.
Conversely, given a complex n-Lie algebra 17, then by restricting the ground
field to the real numbers we obtain a real n-Lie algebra Vg, which will be called
the realification of V.
A real n-Lie algebra V is called a real form of V if its complexification is iso-
morphic to V.

Proposition 3.10: Let V be an arbitrary complex simple n-Lie algebra. Then
the realification 17']3 of V is simple.
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Proof. IT'R is iemisimple, since if I is a solvable ideal of f;’R, then I +ilis a
solvable ideal of V. Let I be an arbitrary ideal of V. We show that [ is also an
ideal of V. Now for all v; € I, j € n, we have by definition of scalar multiplication
in V that

ifvg, -+, vp) = [ivg,v9, -+, 0,] € [i",vg,‘“,vﬂ] C. T,

Thus il C I, since [I,--,[] = I. This means that I is closed relative to the scalar

multiplication by complex numbers. Thus / is an ideal of V. But V is simple, hence
I=V = Vg or {0}. m

Proposition 3.11: The complexification V of a real semisimple n-Lie algebra
V' is semisimple.

Proof: By Theorem 1.1.3 the Lie algebra L := Inder(V') of the derivations of V'
is semisimple. Thus the complexification I of L is semisimple in view of Proposition
A3 . Tt turns out that I'nder(V) agrees with L, thus V is reductive by Theorem
2.10.

Let u + iv be an element of the centre of V. From [u+ v, V, -, V] = {0} we
get [u,V,---,V]={0} and [v,V,---,V] = {0}, that is, » and v are in the centre of
V', hence u = v = 0 because V is semisimple. This means that the centre of V is
zero. 0

Theorem 3.12: A real simple n-Lie algebra V' is isomorphic to the realification
of a simple complex n-Lie algebra or to a real form of a simple complex n-Lie algebra.

Proof: We consider the complexification V oof V. By Proposition 3.10, Vis
semisimple. If V is simple, then V is a real form for some simple complex n-
Lie algebra. Assume that V is not simple. Let C' denote the map on V with
C(u+iv) = u — iv. We show that an ideal I of V with C(I) = [ is either {0} or
V. The fixed points of C' in I form an ideal of V: Iy := {z + C(z) | = € I}, thus
Iy = V or {0} because V' is simple. In the second case we have that I C iV which
is impossible since [ is an ideal of V. Thus V = IyCIand I=V.

If I is a simple ideal of V, so is C(I). Therefore I N C(I) is either {0} or I.
If INC(I) = I, that is C(I) = I, then I = V as shown above, contradiction. If
INC(I) = {0}, then the sum J := I @ C([) is direct and an ideal of V satisfying
C(J) = J, it follows again from above that V = I + C(I).

As aresult ofit,V = {24+ C(z) | z € I'}. Then the correspondence z — z+C(z)
gives a real isomorphism from I onto V, so V is R-isomorphic to the realification
of the simple ideal I of V. L

According to Theorem 3.12, in order to find all real simple n-Lie algebras (n > 3)
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we have to calculate the real forms and the realification of all complex simple n-
Lie algebras. As Theorem 3.8 shows, there is up to isomorphism only one finite
dimensional complex simple n-Lie algebra V and this can be realized by means of
a nondegenerate symmetric form b and a determinant form f (# 0) on a complex
vector space V' of dimension n + 1 as in Example 1.1.1. Therefore as one simple
real n-Lie algebra we have the realification of the vector product on C**! and it is
of dimension 2(n + 1) over R. N

Now we consider the real forms of V. Since V is (n + 1)-dimensional, each real
form of V has also dimension n+ 1. By Lemma 1.2.1 any (n+1)-dimensional simple
real n-Lie algebra V' can be given as (K™*!, b, f) as in Example 1.1.1. By Proposi-
tion 1.2.3 two such n-Lie algebras (R"*1, by, f) and (R"*', by, f) are isomorphic if
and only if there exists an automorphism T of the space R**! with property (1.12).
But each nondegenerate symmetric bilinear form b on R®*! is congruent to one of
the bilinear forms b,, 0 < s < n + 1, whose associated matrix relative to the cano-
nical base is diag(1,--+,1,~1,--- — 1), that is, there is an automorphism o of R**!

S p—

such that b(ou,ov) = by(u,v). If dete < 0, we choose an element o' € O(R™*1,b)
with dete’ = —1. Then det(c’s) > 0 and b(o’'ou,c'ov) = b(ou,ov) = by(u,v). So
we may assume that dete > 0. Set 7 = (deta]"%-la. Then one can show that  sa-
tisfies the identity (1.12) and is an isomorphism from (R"*!, b, f) onto (R™*1, b,, f)
(see Proposition 1.2.3). This means that every (n+1)-dimensional real simple n-Lie
algebra is isomorphic to one of the n-Lie algebras (R"*?,b,, f),0 € s < n+1, where
f is a fixed nonzero determinant form on R**! and b, as above.

We claim that (R"*1,b,, f) is isomorphic to (R™*?,b,i1-s, f). In fact, let 7 be
element in O(R"*!,b,) with detr; = —1. Further let 75 be an isomorphism of R*!
such that ‘-b_,[Tz'u-,ngT)} = bp41-s(u,v). As above we may assume that detr; > 0.

Set 7 := (detry)” "-Tryry. Then we have detr = —(dEtTg}_"_?:f and

by(ru,Tv) = (detrs)” "otby(rimpu, Tyryw)
= (detry)” "Tb,(ryu, Tov)
= —(detry) " "Tbypy_s(u, v)
= detr byy1_,(u,v).
By Proposition 1.2.3, 7 is an isomorphism from the n-Lie algebra (R™*!,b,, f) onto

(R™!, bpy1-s, f). Therefore we have proved that each real simple n + 1-dimensional
n-Lie algebra is isomorphic to one of the n-Lie algebras (R"*!,b,, f), 0 < s < [2L].



Chapter 4

Levi decomposition

Throughout this chapter K will be an algebraically closed field of characteristic 0
and all vector spaces over K will be finite dimensional.

We know that any Lie algebra L over K admits a Levi decomposition, that is,
there exists a (Levi) subalgebra Lg of L such that L = Rad(L) + Lo and Lo N
Rad(L) = {0} (cf. [18] p. 225). In this chapter we shall show using this results for
Lie algebras that n-Lie algebras (n > 3) over K have an analogous decomposition.
Given an n-Lie algebra V', we call a subalgebra V a Levi subalgebra of V if V =
Rad(V') + Vy and Rad(V) N Vy = {0}. The corresponding decomposition of V' is
called a Levi decomposition. We remark that a Levi subalgebra is semisimple if it
exists.

Theorem 4.1: (Levi decomposition)
Let V' be an n-Lie algebra over K and n > 3. Then V' admits a Levi subalgebra.

Let us describe the idea of the proof of Theorem 4.1. By induction on the di-
mension of the radical of V' we will reduce the proof to the case that Rad(V) is a
minimal ideal of V. Then we consider the Lie algebra Der(V'). First, we make the
Levi decomposition: Der(V) = Rad(Der(V)) + Lo, where Lg is a Levi subalgebra
of Der(V). With the help of the Lie algebra homomorphism ~ defined in Theorem
2.9 we decompose Lg into a sum of two ideals Ly and Ly: Ly = Ly + Ly, where L
is a Levi subalgebra of Kery. Then we decompose Rad(Der(V)) into the sum of
N and A where N is the ideal of Der(V') consisting of all nilpotent endomorphisms
in Rad(Der(V)) and A is an abelian subalgebra consisting of semisimple endomor-
phisms of V' and [4, L] = {0}. Since V is a completely reducible (A + Lo)-module
and I is a submodule of V, there exists a submodule V such that V = I + 1
(vector space direct sum). In case A + L, # {0}, we show that Vj is the subspace
of elements in V killed by all elements in A+ L; which shows that V; a Levi subal-
gebra. In case A + L; = {0}, we discuss the possibilities of the appearence of I in
the isotypic components of [Vg,---,Vy]. By using the decomposition of the n-fold
wedge product of the natural so(n, K)-module K™, we can show that either Vj
is a Levi subalgebra or there exists a nonzero n-Lie algebra homomorphism from
V/Rad(V') to V whose image gives a Levi subalgebra.

41
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Proof of Theorem 4.1:

We will set I := Rad(V) in the following. If I = {0}, then V is semisimple
and we are done. So let I # {0} and suppose that the assertion is true in case |
is a minimal ideal of V. Under this hypothesis we prove the existence of a Levi
subalgebra for any n-Lie algebra by induction on the dimension of I. Assume that
the assertion is true for all n-Lie algebras whose radical has dimension less than
dim/. If I is a minimal ideal of V, then we are done. Now assume that I is
not minimal. Let J # {0} be an ideal of V' which is properly included in [ and
m: V — V/J be the canonical map. Then w«(J) is a solvable ideal of V//J by
Proposition 2.2, 2). Since #~!(Rad(V/J)) is a solvable ideal of V by Proposition
2.2 3), it is included in I. Hence Rad(V/J) C n(I) and n([) coincides with the
radical of V/J. Since dimw(J) < dim[, there exists a Levi subalgebra V' of V/J
with V/J = n(I) 4+ V' and #(I) n V' = {0} by the induction hypothesis. Set
Vi := #7}(V’). Then V; is a subalgebra of V with V = I 4+ V}. Moreover, we
have InV; = J. In fact, from n(f N V;) C x(J)Nx(V}) = ()N V' = {0},
we obtain that I N V; C J. The other inclusion is evident. We show that J is
the radical of V;. Since J is a solvable ideal of -V, it is a solvable ideal of Vi,
and thus J C Rad(V;). On the other hand, it follows from =(Rad(V;)) = {0}
that Rad(Vy) C J, hence J = Rad(V;). Since dimJ < dimI, we can find a Levi
subalgebra V; of Vi by the induction hypothesis. Then Vj is also a Levi subalgebra
of V because V=14 (J+Vy) =1+ Vpand I NV, = {0}.

It remains to show Theorem 4.1 in case I is a minimal ideal of V.

We set V := V/I and let 7 : V — V be the canonical homomorphism. Let
L (resp. L) be the derivation algebra of V' (resp. V). If V = {0}, then V is
solvable and we are done. Assume that V # {0}. Since V is a semisimple n-
Lie algebra, it is the direct sum of its simple ideals, say V = {-B,le for some
m € N (see Theorem 2.7). Moreover L & &%, L;, L; = Inder(V;) = so(n + 1, K)
(see Theorem 1.2.4, Theorem 2.5 and Theorem 3.9). Let v : L — L be the Lie
algebra homomorphism defined as in Theorem 2.9. Recall that + is surjective with
Kery = {D € L|D(V) C I} and R C Kery, where R denotes the radical of L.
Because for any Lie algebra L and any ideal M of L we have Rad(M) = Rad(L)NM
(cf. [18] p. 204), R is the radical of Kery. Let L, be a Levi subalgebra of Kery.
Since L, is semisimple, there exists a Levi subalgebra Ly of L such that Ly C Lo
(cf. [18] p. 226 and 228). In fact, L, is an ideal of L. To see this we first show
that LoN Kery=L;. Let z € LoNn Keryand z = y+ 2, y € R, z € L,. Because of
yz — z and ¥ — 2 € Lo we must have y € Lo, hence y € RN Lo = {0} which implies
that z € L,, that is LoNn Kery C Ly. The other inclusion is trivial. Now, since Lg is
a subalgebra and Kery is an ideal of L, it follows that [Lg, L1] € Lo N Kery = L4,
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which implies that L, is an ideal of Ly. Let Ly be the ideal of Lo with Lo = L1 & La.
Let N be the set of nilpotent endomorphisms of V' belonging to R. Then NV is an
ideal of L (cf. (7} p. 45 or [13] p. 257). Since L is an algebraic Lie algebra (recall
that an algebraic Lie algebra is the Lie algebra of an algebraic group, cf. {2] and
[8]), R can be represented as the direct sum of N and an abelian algebra A whose
elements are semisimple endomorphisms and commute with elements of Lo (cf. [2]).
In one word, we have the following decompositions:

L=R+Ly, R=N+A, Lo=1Li1+ L,

with [A, Lo] = {0}. Set L' := A+ Lo. Then V is a completely reducible L'-module.
Since I is invariant under all derivations (see Remark 2.1), it is an L’-submodule
of V. Let Vy be a complement of [ in V: V = I & V. Set L” := A+ L;. Then
I"C L'and L" C Kery.

In the following we discuss two cases.

Case 1: L" # {0}

Let V; denote the null space of L”. Then Vi = {v € V|D(v) = 0,VD € L"}.
We see easily that V; is a subalgebra of V. If V; agrees with Vj, then it is a Levi
subalgebra of V because the sum V = I + V} is direct.

We are going to show that V7 = Vy:

The inclusion Vy € V; results from the fact that L"(Vp) C L'(Vo) € Vo and
L"(Vy) € Kery(Vp) C I,i.e. L"(Vy) € Von I = {0}. To get the equality of V} and
Vo we put I := I NV). Then V; is the vector space direct sum of I and Vp. In
fact,let zx € Vandz =y+z,y€l,z2€ Vp. Sincey=z—-2€ V), weget y € I.
It remains to show Iy = {0}. For this purpose we prove that Iy is invariant under
all derivations. This is equivalent to the following two inclusions: La(lp) € Io
and N(lo) € Ip because L'(Iy) = {0} C I. We first show L3(lp) € Io : Since
[L", L] = {0}, we get Ly(V;) € Vi, hence Ly(fp) € L2(V1) C Vi. We also have that
Ly(Ip) C I because [ is invariant under L, in particular, under L;. Therefore we get
Ly(Ip) € Iy. We now show N(Ip) € Ip: Since N(I) is an ideal of I (see Proposition
2.6), N(I) = I or {0}. Since the elements of N are nilpotent endomorphisms of V,
N(I) is properly included in I by Engel’s Theorem. By assumption, I is minimal,
N(I) = {0} follows. In particular, N(Iy) = {0}. Consequently Iy is invariant under
all elements of L which implies that Iy is an ideal of V. Since J is a minimal ideal
of V, Ip = {0} or I If Iy = I, we get together with the first inclusion that Vi = Vo
which implies that L”(V) = {0}, which is a contradiction to the assumption that
L" # {0}. Therefore Iy = {0} and V; = V}, follows.

Case 2: L" = {0}
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Now we have L = R+ Lo, R = Kery = N and Lo = L' = L,. Clearly 7 induces
a Lie algebra isomorphism from L; onto L. Its inverse map will be denoted by o.
Then we can regard V' as an L-module as follows: X.v = o(X)(v).

1) N(I) = {0}. This has been shown above.

2) [I,1,V,---,V] = {0}. Since ad({,V,---,V) C Kery, it follows from the
assumption that ad(/,V,---,V)C N. By 1), [[,I,V,---,V] = {0}.

3) I is an irreducible L-module. If J is a proper L'-submodule of I, then because
of N(J) C N(I) = {0}, J must be an ideal of V contradicting the minimality of I.
Therefore I is an irreducible L’-module which implies the assertion.

4) The complementary L-submodule Vy is equivalent to the L-module V. In fact,
let w, denotes the restriction of r on V. Then we have for all X € L and all v € V:

m(X.0) = 7(o(X)(v)) = 1(o(X))(x(v)) = X(x(v)).
That is, m; : Vg — V is an L-module isomorphism. Let g be the inverse of ;.

5) Set V; := w(Vy), i € m. Then V; is an L-submodule of Vy that is equivalent
to Vi and Vo = @,V;. Moreover, Li(V;) = {0} for i # j and V; is the natural
L;-module (or the natural so(n + 1, K')-module V(A;)).

6) The L-module [V, -, Vo] contains a submodule that is equivalent to Vi, hence
it contains an L-submodule equivalent to V;. This is evident because we have

W[VU'.! L ?%] = [W(Vg], st }‘JT(V;]}] = [‘i‘?: e 'rv} = -171
7) We have the following decomposition:

[Vﬂu Ty VO] = Z Wﬂ;,'“.ﬂm}’

U'Sﬂl,"',nmﬂﬂ
N+t nm=n

where
V[ﬂ}."‘,ﬂm} 1 {‘V-l’ ER Vl’ e 'Ym‘ W ij_

e i
1 nm

Clearly, each Vi, ...n,,) 15 an L-submodule of V and is equivalent to a submodule
of V(mr=nm) .= AMY, @ AV, @ -+« @ A™V,,. Furthermore, any two distinct L-
modules V(™ mm) gnd V{nirmm) contain no nonzero equivalent submodules. We

show the last assertion by showing that if U resp. U’ is a nonzero submdule of
V(r1rnm) resp. V(nirni) with 7 & [, then (R1, 3 mm) = (0,--+,nl,). Let

Ul @  @Uuand U'2U;® - @ U},
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where U; and U! are L;-modules. Then U; is equivalent to U}, in other words, A™V;
and A™V; contain equivalent submodules for all i € m. By Table 3, this is only
possible when n; = n! or n; + n! = n+ 1 for all i. If n; = n] for all i € m, we
are done. Assume that n; + n! = n + 1 for some i, say i = 1. Then we have

Mmani+nl)=Y",n+ Y0, 0l =2n — (ny + n}) = n — 1, which forces m > 2
and n; + n! <n—1<n+1forall i > 2. Notethat for all ¢ € m, one of the two
possibilities n; = n!, n; + n! = n + 1 must hold. Therefore we get n; = n] for all
i € m, i > 2 which in turn implies that n; = n} because Y-, n; = > 12, ni = n.
The assertion follows.

8) [Vi,--,Vi] 2 V; as L-modules for all i € m. The L-module Vig_..n....0) is
equivalent to a submodule of V(%m0 by 7) while VOemen0) = AnY: ¢ Y
because V; is (n + 1)-dimensional. Therefore Vig,...p,...q) is either {0} or equiva-
lent to V; because V; is irreducible. Once again by 7), the L-module y{renm)
(ny,++,nm) # (0,---,n,+--,0), contains no submodule equivalent to Y (0mye0)
so does its submodule Vi, ... 5,.). Therefore the relation Vig......0) = {0} will im-

ply that [V, --,Vp] contains no submodule equivalent to V; which contradicts 6).
Therefore Vig,... n,...0) = [Vi, -, Vi]| 2 Vi

9) Viny,-mnm) i nonzero for at most one tuple (n1, -+, np) with 0 < ny, -+, Ny <
n and ny + -+ np = n, say (nY,---,n%,). Since I is an irreducible Z-module by
3), V.=1T+ 3, V; being a direct sum of m + 1 irreducible submodules. As a
submodule of V, [V, -+, Vp] will be a sum of at most m + 1 irreducible submodules.
By 8), [V;,---,Vi] = V; for all i € m, then the decomposition of [Vp,---, Vo] in 7)
implies the assertion.

Now we can write

Vo, -+, Vol = 3 Vi, Vil + Ving oyt

i=1

In the following we discuss three cases.
Case 2.1: I is equivalent to no submodule of [Vy, -+, Vol.

Because the decomposition of a module into its isotypic components is unique,
I and V;, ¢ € m are the only irreducible submodules of V' (which are pairwise
inequivalent). As a submodule of V, [Vg,---,V;] must be a sum of some V/s.
Therefore Vj is a (Levi) subalgebra of V.

Case 2.2: I is equivalent to a submodule of V(nirmm),

Once again I and V}, i € m are the only irreducible submodules of V' and they
are pairwise inequivalent. By 8), [V;,---,Vi] = V;, that is, V; is a subalgebra of V'
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for all 1 € m. If m = 1, then we done because ¥ = V;. Now let m > 2. We will
show that Viqo . 0y = {0} which implies that V; is a subalgebra of V' and therefore
a Levi subalgebra.

By renumbering we can assume that 0 < n{ < n — 1. Then because of 9) we
have for all 2 < i < m,

W, -+, Vi, V] = {0}, (4.1)

=1

since (n{,---,n3) # (n — 1,0,---,1,---,0). Since m(V3) = V1, Vi is (n + 1)-
dimensional simple n-Lie algebra. Let {e;,---,e,41} be a basis of V; with

[611"':&;""»@:1-{-1]:31': teEn+1 (42]

(see [5]). Let v;; € V;,2 <di<m,jé€n) Let v, j € nd be arbitrary distinct
elements in {ey,- -+, en41}. By an appropriate numbering we can assume that v =
ej, 7 € n9. Then we have by (4.1), (4.2) and the G.J.L.,

[Els"'ﬁen?rv'z.l:-'"svi,ng1'"3vm,ls"'!vm,ngn]
=[61!"'\'811'{—15[61*"'16:;};’1:'"!en+l]$U2.lv"'1vm.n?n]
n+1
= Z [ﬂlr"'sé;‘}u"'1!311"'sen?_1$eaav2.li"'11"1-71,:'1?“]1'”1&?1-[-1]
5=n?+1
n+1
= Z [Elr"'aen?_lu[Elf"':'E;:Ul':'"!En-]-l]aﬁ?,lv"'!vm,n?n]
s=ﬂ?+1
n+1
s E [eh...,enlivv?.l:'":vm,ﬂ‘,’ﬂ]
s=nl+1

(n+1—n9)e,- Tt €ngy V21,0 '7Um,n2n]'

Because n{ < n, we get [e;, - 2 €00, V215 “*yUmumm) = 0, which implies the relation
Vltnll"'pﬂm) = {[]}'

Case 2.3: I is equivalent to some V;, say V;.

By the assumption, I is equivalent to V;. Notice that V; is the only L-
submodule of V that is equivalent to I by the assumption. Therefore all nonzero
I-module morphisms from V to I are proportional to each other by Schur’s Lemma.
The same is true for L-module morphisms from A"V to I in view of the following
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isomorphism:

AV E AV, @ @A™V,
Uﬂﬂh"':nm Sﬂ-
np+--4+n,=mn

because the L-module A"V is the only summand on the right side which is equiva-
lent to V; by 7) (note that V; = V; as L-modules for every i ). We consider the map
(v, oy vn) i= (o), -+, p(vn)] = plvr, -+, vn]. Since mr(vy, -+, v,)) = 0 for all
v; € V, i € n, 7 is n-linear map from x™V to I. It is clear that T is an alternating
map. Moreover, since g is an L-module morphism, we have for all X € I and all

neV,ienm
X'ET(Ulr"'sﬂh))
= X.([u(v1), -+ pl(va)]) = Xo(p([v1,- -+, va]))

= Z[)"‘{Ul}: Rl 1F‘{U{—l)r#{.—X-Ut'}v.lu'(ﬂi+1)r e -:Ju'(uﬂ)]
=1
== E.u'[vh 1A 'sviuhx-vhvﬂ-la R 11"11]
i1=1

mn
= E T[T‘Tlﬁ"'11"5-—17X‘vl'$vf:+1:"'rvﬂ)‘

=1
Therefore 7 induces an L-module morphism 7 : A"V — I.

Now let v : V — I be a nonzero L-module morphism. Consider the map
vy : Xx™V — I defined by

l""1[:?‘:"1! it rvﬂ) = l"[?-’ls' : 'svnl
- Z[ﬁ(w), ooy (i), v(0:), p(viga)y ooy p(0n))
=1

One can prove that i is alternating and

1

X.(U](U-l, g 'Uﬂ)) = Z L-"l('!.'] g Ly UI‘_I,X.‘U{, 'L'H_]_,, gt Un)-

i=1
Therefore v, induces an L-module morphism 7 : A"V — I. We assume that v; # 0

(in case v; = 0 we take B pu instead of u where 8"~! # 1). Let & € K such that
F=aqi,ie forallv; e V,i€n,

['11(1.?1), e !l-u‘(vﬂ]] - H‘[vlﬁ =k }vn]

= D:U[Ul, e 'Un] —a Z[#(Ul): Tty P;('U:'—] }s V(vi}ﬁ #(11,‘4.1), 80 ﬁ{ﬂn]]'
=1
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By 2) this identity can be reformulated as

(e + av)[vy, -, o] = [(p+av)o, -, (u+ av)uv],

this means that g + av is an n-Lie algebra homomorphism from V to V. Since
7o (u+ av) = idy, the image of u + av gives a Levi subalgebra of V. o

Theorem 4.2: Let V be an n-Lie algebra over K. If Vy is a Levi subalge-
bra of V, then V; is also a Levi subalgebra of V(™) (= [V,... V]) and V(") =
[V,-+,V,Rad(V)] + V, is a Levi decomposition of V{1:»),

Proof. Since V = Rad(V') + Vp and [V, - -, Vo] = Vo, we have

viin) = [Rad(V)+ Vg,---, Rad(V) + Vo)
= [V,---,V,Rad(V)] + [Vo," -, Vo
= [V,---,V,Rad(V)] + Vo

From [V,---,V,Rad(V)] N Vo C Rad(V) NV, = {0}, we obtain Rad V(1™ =
[V,-++,V, Rad(V)] and the assertion. 0



Appendix A

Lie algebras and their representations

We shall make some reviews and preparations in the theory of Lie algebras and
their representations. We assume that all vector spaces, which will be considered,
are finite dimensional over a field K of characteristic 0, unless otherwise is noted.
For our notations and terminologies see Humphreys [7].

Recall that a Lie algebra is a vector space together with a bilinear operation
(z,y) — [z, y] with the following properties:

1) [I:y] = "[yvx]'n
2) [=,[y, 2]+ [w, [z, 2]] + [2, [z, 9]l = O

for all z,y,z € L. The identity in 2) is the so-called Jacobi identity. A subspace
I of L is called an ideal if [[,L] C L. If [L,L] # {0} and if L and {0} are the
only ideals of L, then we say L is simple. L is called solvable if L*) = {0} for
some s € N, where L(*) is defined recursively via: L := [, L(s+1) .= [L(), L(3)],
The radical Rad(L) is the unique maximal solvable ideal of L. By definition L is
semisimple if Rad(L) = {0}; reductive if Rad(L) = C(L), where C(L) denotes the
centre of L: C(L) := {z € L | [z, L] = {0}}. It is obvious that a simple Lie algebra
is semisimple, and therefore reductive.

Let V' be a vector space. The set gI(V') of all endomorphisms of V forms a Lie
algebra relative to the Lie bracket [f,¢] := fg — ¢f. A homomorphism p of a Lie
algebra L into gl(V') is said to be a representation of L in V. Define z.v:= p(z)v,
then we get a bilinear map L xV — V with [z,y]v = z.yv—y.2zvforallz,y € L
and all v € V. V together with such a map is called an L-module. Conversely if V'
is an L-module, then V defines a representation p of L by p(z)(v) := z.v. Hence we
obtain two equivalent formulations. In this work we shall use both terminologies.

Given an [-module. V is called a faithful L-module if for all z € L .V = {0}
implies z = 0. A submodule of V' is a subspace U satisfying L.U C U. V is
irreducible if V' # {0}, and {0} and V" are the only submodules of V and completely
reducible if each submodule possesses a complementary submodule, Further a linear
map 7 of V into an another L-module W is called an L-module morphism if r(z.v) =
z.7(v)forallz € Land ve V.

In representation theory we have the well-known

49
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Schur’s Lemma: If K is algebraically closed and if V and W are irreducible
L-modules for an arbitrary Lie algebra L, then the vector space of all L-module
morphism from V to W is one dimensional if V and W are equivalent; and is {0}
if V .an W are inequivalent.

Let V' be an arbitrary L-module. The dual space V* of V becomes an L-module
by (z.f)v := —f(zw) (x € L, f € V*, v € V), to which we refer as the dual
module V* of V. If V is equivalent to its adjoint module V*, then we say that
V' is self-contragredient. We can define an L-invariant bilinear form b on a self-
contragredient L-module V' as follows: b(u,v) := (ru)(v), where 7 is an L-module
isomorphism from V onto V*. If V is irreducible and self-contragredient, then there
exists up to a scalar only one such form on V (cf. [14]). Moreover it is symmetric
or skew-symmetric.

Given another Lie algebra L' and an L-module W. Let L; = L @ L'. Then
the tensor product V @ W over K of the underlying vector spaces is an L;-module
with respect to (z + y)(v@ w) ;== z2.v @ w+ v ® y.w. This module is called the
tensor product of L-modules V' and and L'-module W. If L' = L, then we obtain
an L-module by defining z.(v ® w) := 2.0 ® w + v @ z.w. This L-module is said to
be the tensor product of L-modules V' and W.

Let V be an L-module and n € N. Then the symmetric group 5, acts on @™V
via: o.(v @ - - ® v,) = Vo-1(1) ® **+ @ Ug-1(n) for 0 € S5, v; €V, i € n. The
elements w of @™V satisfying o.w = w ( resp. o.w = sign(o) w) for all ¢ € §,, form
a subspace V'V (A"V) of @"V. One can prove that they are L-invariant subspaces
of @™ V.

Given a representation p of L in V, we call the symmetric bilinear form & : L x
L — K, defined by &(z,y) := tr(p(z)p(y)), the associated form of the representation
(or the module) of L. If p is the adjoint representation, then the associated form is
called the Killing form of L and denoted by Kill(+,-). In the following we give two
theorems and some criteria for semisimplicity and reductivity.

Theorem A1: (cf. [1] p. 50, p. 52 and p.53) Let L be a Lie algebra. Then the
following conditions are equivalent:

1) L is semisimple.
2) L is a direct sum of its simple ideals.
3) Each L-module is completely reducible.

4) The Killing form of L is nondegenerate.

Theorem A2: (cf. [1] p. 56) The following are equivalent for a Lie algebra L:
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1) L is reductive.

2) L=C@a]|[L, L], where C is the centre of L and [L, L} is semisimple.

3) There exists a faithful completely reducible L-module.

4) There exists a representation p of L whose associated form is nondegenerate.
5) L is completely reducible as an L-module.

Let P be an algebraic closure of K. Then P ®k L, regarded as a vector space
over P, is a Lie algebra relative to the product

[e@z,8@y] =l ® [z, y]

If K = Rand P = C, then we refer to the Lie algebra C@g L as the complexification
of L.

Theorem A3: ([13] p. 261) L is semisimple over K if and only if P @ L is
semisimple over P.

If L is a subalgebra of gl(V), where V is a vector space over i, then P ®x L
can be regarded as a subalgebra of gl(P @x V).

Thereom Ad4: ([13] p. 251) L is completely reducible in V' over K if and only
if P@pg V is completely reducible in P ®x V over P.

With the help of the last two theorems many problems can be reduced to the
case that the ground field K is algebraically closed. In the following we assume that
K is such a field.

A very powerful means to describe semisimple Lie algebras is the theory of root
systems. Let E be a Fuclidean space with scalarproduct (-,-): E x E — R. For
an a € E, a # 0 we define a linear map o, : £ — E via

2(8,0)

(a, @)

aa(ﬁ) = f -

Yo e E.

For brevity we set (3,a) := %’?—i‘}l The map o, clearly satisfies the following
properties: o.(a) = —a, 04(8) = B forall 3 € P, :={y € E| (7,a) = 0} and
(6a(B),04(7)) = (8,7) for all 8,5 € E. We call o, the reflection with respect to
the hyperplane P,. A root system in E is a set ® with the following properties:

1) |®| < 00, ® spans E and 0 ¢ &.
2) Ifa € E, then ka € ® implies k = £1.
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3) Ifa € @, then o,(®) = ®.
4) (a,0) € Z for all a,3 € ®.

The elements of ¢ are called roots. A base of ® is a linearly independent
subset A of & such that each 3 can be written as § = 3, ko, where k, are
all nonnegative or nonpositive. In the first case 3 is called a positive root (a > 0)
and in the second case a negative root (@ < 0) with respect to the base A. Let
$+ (&) denote the set of positive (resp. negative) roots, then & = &+ U &~ For
given A\, u € E, we write A < pu if g — A is a linear combination of elements in ®*
with nonnegative coefficients. This gives a half ordering on E.

The subgroup W of Aut(E) generated by the reflections o,, @ € ® is the so-
called Weyl group of ®. W acts simply transitively on the bases of ®. If A is a
base of @, then so is —A and therefore there is a unique element oo € W satisfying
oA = —A and ¢ = 1. For later use we write this fact as

Proposition A5: For each base A of ® there exists a 09 € W with o? = 1,
Juﬁl = —A.

Define A := {A € E | (A\,a) € Z, Va € A}. A X € A s called a weight of ®.
It is dominant if (A,a) > 0 for all @ € A, We denote by A% the set of dominant
weights. The elements A; € A* (i € [) with ()\;, a;) = bij fora; € A = {ay,--+, a4},
are called the fundamental dominant weights. Obviously {Ay,---,A;} is a base of
E, and every element g € E possesses the representation p = Ef-:l(p,m}.l,-.

Assume that L is a semisimple Lie algebra and H a maximal toral subalgebra
of L. A toral subalgebra is by definition a subalgebra consisting of semisimple
elements. Relative to H we can decompose L into root spaces: L = H @ Gacola,
where L, := {z € L | [h,z] = a(h)z, Yh € H} and & is the set of « € H* for
which L, # {0}. Since all maximal toral subalgebras are conjugate to each other,
the above decomposition (Cartan decomposition) is unique up to isomorphim (cf.
[7] p. 82).

View H™ as a vector space over @ and let Eq be the collection of all g € H*
which are a linear combination of elements in ® wi% rational coefficients. Extending
the field Q to R, we obtain a real vector space E. Since the restriction of the
Killing form to H is nondegerate, the identity (A, p) := Kill(¢),t,) gives rise to a
nondegenerate symmetric bilinear form on H*, where t) is the unique element in H
satisfying Kill(x,h) = A(R) for all A € H*. The bilinear form (-,-) on H* induces
in turn a positive definite symmetric bilinear form on E. Therewith E becomes a
Euclidean space and @ a root system in E. @ is called the root system of L relative
to H. We know that there is only one semisimple Lie algebra to a given root system
up to isomorphism.
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Theorem A6: Let L be a semisimple Lie algebra and L = &;_,L;, where L;
are ideals of L, 1 € s.

1) If H is a maximal toral subalgebra of L, then H; := HNL; is a ma._xfmaf toral
subalgebra of L;. If ® is the root system of L relative to H and ®() is the set
of the elements a € ® with o H;) # {0}, then

Qii)]h’.‘ = {a|H.' l o c étl)}
is the root system of L; relative to H;. Moreover ® = U3_,®\") and H = & H,.

2) If H; is a maximal toral subalgebra of L; and ®; the root system of L; relative
to H;, then H := @H; is a maximal toral subalgebra of L and @ := uU3_, &)
is the root system of L relative to H, where

@[‘} = {Ct e H" | ﬂlHi € @isalﬂj =0, Vj # t}'

Remark Al: In view of Theorem A6 1) we shall identify the root system @,
of L; relative to H; with the subset &) of & for a given maximal toral subalgebra
H of L. Further we shall take the set A; := (9 N A as a base of &;.

Theorem AT: A root system ® of a simple Lie algebra is irreducible, that is,
if ® = &, U ®, with (94, P2) = {0}, then &1 = ® or ¢, = ®.

At most two lengths of roots occur in a root system of a simple Lie algebra.
Among the roots of the same length there is a highest element relative to ”<". In
Table 1 we give the simple Lie algebras by their Dynkin diagram; in Table 2 the
highest long and short roots (the numbering of the simple roots is as in Humphreys
[7]). They are the only roots which are dominant. The highest long root will also
be called the maximal root of L.

In the following let L be a semisimple Lie algebra over ', H a maximal toral
subalgebra of L, ® the root system of L relative to H, A a base of ®, W the
Weyl group of ®. For later use we choose for each & € ® three elements z, € L,,
Yo € L_o and h, € H such that

[mua yal = has [ha:-xtx] = 23701 [hﬂra yﬂ:] = “2:":"(::-

For this choice we have h, = -sz(—“:m Therefore A(hy) = (A, @) for any A € A.
Now suppose V is a (not necessarily finite dimensional) L-module. Fora pu € H"
let V, :== {v eV |hv=pu(h), YVh e H}. f V, # {0}, then V, is called a weight
space of V and p a weight of V. A maximal vector in V with respect to H is a
nonzero vector vT € V), (of weight ) killed by all z, (a € ®*). f V = U(L).v*
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(U(L) denotes the universal enveloping algebra of L), then we say briefly that V is
standard cyclic and call A the maximal weight of V.

Theorem A8: Let V be a standard cyclic L-module with maximal vector vt €
Vi. Let &% = {,,---,Bm}. Then:

1) V is spanned by the vectors ysfl ---yg’:lv’f (i; € Z%); in particular, V is the
direct sum of its weight spaces.

2) The weights of V' are of the form u = A=Y \_, kia; (k; € Z%), i.e., all weights
of V satisfy p < A.

3) For each weight p of V, dim(V,) < o0, and dim(V)) = 1.

4) If V is an irreducible L-module, then v* is the unique maximal vector in V
up to nonzero scalar multiples.

For each A € H* there exists one and (up to isomorphism) only one irreducible
standard cyclic L-module V(A) of maximal weight A. V(A) is finite dimensional if
and only if A € A*. Let A € A* in the following. We write II(\) for the set of
weights of V(). It holds that

MM ={oploeW,pe A", p<A}={peA|op=<AVYoeW},

and dimV,, = dimV), for all o € W and all g € II(A). Let g € II(A) and @ € &. If
r,q € Ng are maximal such that g — ra € II(A) respectvely u + go € II(\), then

r—q=(p,a). (A.1)

Let og € W be as in Proposition 5. For any u € II(A), oop € II(A). From
A = ogp = 0 it follows that 0 > og(A — ogu) = oo — . Hence p — oA > 0 and we
call ooA the minimal weight of V(A). A weight vector v~ € WV, which is not 0 is
said to be minimal. A minimal vector v~ is characterized by the relation: y,.v= = 0
for all @ > 0. Because of dimV,,3 = 1 any two minimal vectors are proportional.

By definition it is clear that the weights of the dual module V= := V()" (it is
also irreducible) are —p, where u € II(A). In view of the above discussion —agA
must be the maximal weight of V*. Therefore V* = V(—0ggA). So V() is self-
contragredient if and only if gg) = = A.

Proposition A9: Let L be a semisimple Lie algebra and o a positive root of
L. Further let V(A) be an irreducible L-module with a maximal (minimal) vector
v* (v™). Then y,.vt # 0 if and only if (A, @) # 0. Similarly z,.v~ # 0 if and only
if (ogA,a) # 0.
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Proof: We show the first assertion only because the second one can be shown
analogously.

If yo.vt = 0, then h,.vt = [z4,¥a].vT = 0. But hy.vt = A(ha)vt = (A a)vt,
hence (A, a) = 0. If yov* # 0. Then A—a € TI(A). On the other hand, A+« ¢ II(A)
due to the maximality of A, hence (A,a) > 1 > 0 by (A.1). o

Theorem A10: Let V and W be two irreducible I-modules. Let vt be a
maximal vector of V and w~ a minimal of W. Then vt ® w™ (vt A v~ resp.
vt V v~ ) generates the L-module VR W (V AV resp. VV V).

Proof: Let U/ be the L-submodule of V @ W generated by v+ @ w~. Apply yg,
to v+ @ w™ repeatedly (notice that y,.w™ = 0), we get

y;;l] yH:. .(v+ Q)= y.ii ' ”y‘g:-'vqk Qw.

From Theorem A8 one concludes V@w™ C U because V is spanned by the elements
Yg, " YgpvT

Let Wy be the collection of the elements w € W such that V @ w C U. Wy
is a subspace of W and w= € Wy. Forany z € L and any w € Wy, V@ z.w C
z.(V@®w)+z.V ®wC U. This means Wy is an invariant subspace of W. But W
is irreducible, hence Wy = W. ]

Theorem A1ll: (cf. [14] p. 109) Let L be a semisimple Lie algebra and V' an
irreducible L-module with maximal weight \. If L = Ly @ L, is the direct sum of
semisimple Lie algebras L;, then V can be identified with the tensor product V; @ V3
of L;-modules V; with maximal weight A¥) = )|y, where H; := H n L;.

From Theorem All we can conclude

Corollary A12: The hypothesis is as in Theorem All. If V is faithful in
addition, then so are V; (i = 1,2); in particular, A1) # 0.

Proof. Let z € Ly and z.V; = {0}. Then z.V = z.( @ V) = z.V; ® V2 = {0}.
Because V is a faithful L-module, z = 0. (]

For the element og for each type of simple Lie algebras one is referred to [14] p.
147-151. Recall that o € W and ¢ A = —A.

Proposition A13: Let L be a simple Lie algebra with the maximal root aq. If
V(A) is a faithful irreducible L-module with the property

agta= ;\—D‘D}i {4‘51.2}
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for some simple root a of L, then the pair (L, ) is one of following:

L A

Ay 20
Aa Az
BE:I 2 2 ‘:\1

B Aa
Dhl 2 4 ’\1
D, Az, Ay
Ga A

where | denotes the rank of L.
Proof: From (A.2) we get
Jg(ﬂ‘o e Q]I -+ I:Cl’o + CI.') = JD()A o J(}.;’t) + ()t — O’u;\) = (.

But ggag = —ap, hence the simple root a satisfies

goax+a=0 (A.3)
If | =1, then L possesses only one positive root ag. Since each L-module is self-
contragredient, that is, opA = —A for all A € A*, we get from 2\ = 2ap that
A = ag, in other words, V is the adjoint A;-module. If [ = 2, then L is of type
Az, Cy or G. Let A = {aj,a2}. If L 2 A,, then ogoy = —ag, gz = —ay.

Thus there is no simple root of A, satisfying (A.3). If L 2 G5, then ag = A; and
o9 = —1. Now (A.2) becomes 2\ = A3 + a. The simple roots of Gy are 2A; — A;
and —3A; + 2A2. Thus 2A = 2A; or —3A; + 3A;. Since A is dominant, A = A;. The
maximal root of C3 is 2A; and ¢y = —1. If & = ay, then ap + a is not dominant
since {ag + a,a2) = (2A; + aj,a3) = —1 < 0. This contradicts to the condiction
that ag+a is dominant. If @ = @9, 2A = 2A 4+ a2 = 2A;1 + (=221 +2A;) = 2A,, thus
A = M. It is well-known that the Cy-module V(\;) is isomorphic to the Bz-module
V(A1). Now let [ > 3. If @’ is a neighbour of & in the Dynkindiagram, then

(ao,@') = (A= 0 — a,a’) > 0. (A.4)

Hence if the simple root o possesses two neighbours in the Dynkindiagram, then
there are at least two positive coefficients in the expression of ey relative to the
fundamental weights. By Table 2, L is of type A;. Since oga; = —ayyy—; for all
i1 €l,1 > 3 must be odd by (A.3) and a = as. If I > 3, then ap + a1 is not
dominant, hence [ = 3 and @ = a;. This gives rise to L & Az and A = )ig.z

Now assume that o is an end point and «; is the unique neighbour of & in
the Dynkindiagram (notice that a; is no end point). Then {ag,a;) > 0, i.e. the
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coefficient of A; in the representation of aq relative to the fundamental weights is
greater than 0. By Table 1 and Table 2 the simple root a is one of the following:
Bi, 123,01 =2\ —Ay; By, a5 = =X+ 2A3; D, | > 4, ay = 20 — Ay; Dy,
az = —Ag 4+ 2A3 or ay = —Ag + 2X4. From this we obtain the following possibilities:

Bi,l>3 M\
By A3

Dl>4 A
Dy Az, A
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Table 2

Algebra the highest long root the highest short root

il A Ai
Bi,l>3 Az A
i B 2M Az
Dl >4 Az
Eq Ag
E; A
Eg Az
F, A Mg
Gy Az X
Table 3

ALl>1 APVADE V(L) 1<m<

B,l>3 A"V(A)=V(Ap),l<m<i-1
AV(A) = V(2\)

CLi>2 A"V ZV(AL)DA™V(M),2<m <!

DLi>4 A"V 2 V(m),l<m<l-2
ATV (M) V(M1 & X))
AV(A) 2 V(2021) 8 V(2X)

Remark: In all tables above [ denotes the rank of the Lie algebra. Table 1 and Table
3 can be found in [7] and [17] respectively. The highest long root and the highest short
root in Table 2 are given in [7] by the simple roots. In [7] one can also find the type Bs.
But it turns out that By is the same thing as C;.



