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Recall the setting : ( M ,
w ) connected symplectic manifold

G connected lie group ,
G Q M a hamiltonian group action with

( equivariant ) moment map µ : M → g
't

and co - moment map pit : g → CEM)

Theorem ( Marsden - Weisteiu ' 74 )
-

Under these conditions and if OEG
*
is a regular value of µ and the

G action Mo is free and proper ,
Tn : - MTG is a smooth manifold with

symplectic form at satisfying it
* To = Ew for A

- ko) Is M

t.lu

For M symplectic ( more generally Poisson ) CTM ) is a

*

Poisson algebra .
he deed

, if f e GCM )
,

then Ef =w# Gdf ) and Ef , g ]
: = Efg .

⇐ egfw = - df

Symplectic reduction can be understood as a gadget which starts from a

Poisson algebra CM ) and produces a Poisson algebra CENT )
.
This

gadget has a homological description first discovered in perturbative

Yang-Mills theory ( playing a crucial role in the proof of newer male's ability )
and goes by the name of B RST cohomology ( Beatie ,

Roo et , Stora a Tyutiu ) .

If O is a regular value of µ ,
then Mo : = µ -401 is a submanifold of M

and ( Mo ) E CTM )/I
, where I = C- CM ) -949 ) is the ideal of

( M ) consisting of functions vanishing at Mo
, equivalently the ideal

generated by the image of the cosmonaut map . Equi variance of the

co - moment map says that I is a coisolvopic ideal : [ I , I ] CI
.

Everything I say extends more or less straightforwardly to coisotronic Poisson

reduction
,

but this is a working seminar on moment maps and this

version is perhaps the simplest to describe
.

Ego Marianne also implies that G A Mo and hence on ( Mo )
.

Since IT -_ MTG

we have that CNT) E GCM DG = ( (MOHI ) G and if G is connected

then CNT ) = @ ( M )/I)9 . This is an isomorphism of associative
,

commutative algebras ,
but CM ) and C- CNT ) are Poisson

.

A different description of (NT) makes this manifest .



Proposition (Snyatichi - Weinstein
'
83 )

-

CENT ) E NCIYI where NCI ) = { ft CM) / Ff , I ] CI }
(
Poisson alg .

( More generally , for ICP a coisotropic ideal of a Poisson algebra , the

Poisson reduction of I by I is the Poisson algebra NCIYI
. )

h Sue 's lecture (but for the category ) she discussed the case of M - 1-
* N

with the hamiltonian G action induced from a G action on N
.

he that

case Ty E # ( NIG )
.

Sue 's talk was about the quantization of hamiltonian

reduction
. The basic ingredients are T*Nm > Diff ( N ) acting on GCN )

,

and the co moment map quaeetises to µ* : Ng → Doff ( N ) and Sue wrote

the auaeetisateon of MN = MAG as DMCNY
is the augmentation ideal of Ug .

( DiffCN) - µ*( Io ))
"

where Io

in this seminar I wish to describe another algebraic description of
hamiltonian ( more generally ,

Poisson ) reduction suggesting a different C? ) way
to

quaetise .

There are two steps to coisotropic reduction
,
neither of which is

"

Poisson
"

① C- CM ) → c- ( Mo ) ⇐ CMYI
} although

the initial and final
② C- ( Ty ) I C- ( Mo )9 points are Poisson algebras .

① admits a homological description : the Kosal resolution

C- CM ) & GCM ) ④ g -8 c- CM ) ④ Ng et . - .

where g f = O and S X = 10x for f- E CM )
,

XE 9
.

tenure For OEG
*

a regular value of µ ,
Hsb = {

( Mo ) s
b = O

J O ,
b > o

( M ) - module

① The passage from ( Mo ) to C- CNT) is passing to invariants

1-1%9 ; MoD I C- CM of

where Ho ( 9 ; ( Mo)) is the Oth Chevalby - Eilenberg cohomology :

( Mo) →d ( Mo )④g*d→ C- ( Mo ) ④ A2g*d→ . . .

where (d f) (X ) = [ 4× ,
f ] and @ a) ( x , YI = - x ( Ex , -0 )

for f E ( Mo ) and a C- G*
.



The BRST complex pots these two together ,
first into a double complex and

then into the total complex .

Notice that CM ) is also a g- module and of course so is A 9
,

and

that the Kosal complex is actually a complex of g- modules with S

equivariant :

E

n.
C- (Mo ) ← c- CM) E CTM ) ④ g es GCM ) ⑦ 15g I . - -

¥ d / d

'

÷¥ct④g*
.at#g*EoemIogxog*-ooaustxoaagxog*E

. . .

c d ! d d d !
O

M E
'2

cqaeojxoigts-C.cl/usxoa2g*c-ocmYxogxoiig*eEocmsxoa2g ④ Nafta . . -

I
df df dd d 4

.

' :
n ,

I

! .
- c

where Sa = o for a Egf and @4) (X) = EX , 'D for YET

So we have a double complex : Cbt : = C- ( M ) ④ Abg ④ Ng
't

g : Cbt → Cb - ' ' c

and d : Cbt → C " "

.

Define the total degree of Cb " to be c - b ( " ghost number
"

)

and define kn : =

n

Cbc D= D
'

+ D
"

,
D
'
=D & D

"
- C- if 8

c- b

.

.

. D : K
"

→ K
" "

,
15=0

Theory
Huck . ) ± Hn ( 9 ; CMO))

The proof follows from the acycliaty of the Kossol complex by
'
tic-tac-toe

'

.

eg : Let WE K
"

,
Dw = 0

.

co,
o

← con ← C' 4-
W

O

pw.ygq.mwj-wo-w.tw
" - - - + w " "

D't

k . .D "wo=0 and the isomorphism in the

D
'
no =-D "w , Theorem sends [ w ] c- H' CK . )

Cato
c- E ' c- [ ' '

t

wz
D
'
wa ?

- D
"
W '

to Two ] E Hn ( g ; C - CMO))
.

t t t "
-

K ' KoP'wth = 0
Theorem Hn ( K . ) E H' (G) ⑦ CENT )

-

he particular ,
Hock . ) I (TT)

- not yet as Poisson algebras !



To show that HOCK . ) I ( TT ) as Poisson algebras ,
we make the following

observation ( this is the crucial aspect of BRST I )
.

C- ( M ) is a Poisson algebra

15 ( g tog
't ) is a Poisson soneralgebra with [ a , X ] = a CX) = EX

,
a ]

for a E g
't

, XEG[ actually a graded Poisson syoralgebra
[
by ghost number

-

'

- C -

( M ) ④ A CG ④ g* ) is a graded Poisson aperalgebra .

Proposition
- F Q E K

't
such that [ Q ,

- ] =D

Therefore H
-

CK ) is a graded Poisson srperalgebra and

Ho ( K ) I CTU ) is a Poisson isomorphism .

Proof The construction of Q is via
"

homological perturbation theory
"

in the general coisotropie case ( due to Stasheff ) but for the

ease of moment map reduction is very explicit : pick a basis Xi for 9
and canonical dual basis Oi for g 't .

Let TX i ,XjI= ? Cijkxn .

Then

Q = ? Oi § ,

- t ¥,

ncijkfioxn ←
BRST guautisation

2 consists in quautisiug
Q

, n . .

Naturalquestious
① Is there a similar homological description for other " reductions

"

beyond coisotropic Poisson reduction ? eg : quasi - hamiltonian
,
contact ,

hynerheihler ?

① Take M=T*N and the hamiltonian G - action induced from a G

action on N
.

There 4×-1-5×471 Pa and can quautise Q :

Enel to a Darboux chant ( Gi , Pi )

c- CT * N ) mix Diff ( N ) acting on ( N ) so Q is promoted to

X. ( g tog
't ) -7 Cl ( g -09't ) acting on A9* , say .

}
an operator acting on

CTN ) ④ Ng
't

and if Q2 = O again , we define the reduced

Hilbert space as the cohomology and the observables as Q - invariant
, . . .

How does this compare with Sue 's quantum hamiltonian reduction ?


