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Introduction

String solitons (branes, black holes, monopoles,...) play an
essential role in modern string theory.

In the o’ — 0 limit, they are described by classical supergravity
backgrounds, which are often excitations of vacua.

For us, vacuum = maximally supersymmetric brackground.

Vacua have proven useful in the string/gauge theory
correspondence.

Our aim: to classify supergravity vacua.
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Any theory in the can be dimensionally reduced down its
column .-, solutions with symmetries can be reduced a la
Kaluza—KIlein into solutions, but some supersymmetry is often
sacrificed.

Solutions can be oxidised up the column without losing
supersymmetry (indeed often gaining) = vacua oxidise to vacua.

To classify vacua, one can therefore

classify vacua of theories at the top of each column, and

investigate their possible Kaluza—Klein reductions.
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Strategy

Let (M, g, ®) be a classical supergravity background:

(M, g) lorentzian spin manifold with a choice of bundle S of
spinors (= representation of the Clifford algebra)

® denotes collectively the other bosonic fields

fermions have been put to zero
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(M, g, ®) is supersymmetric if it admits Killing spinors; that is,
sections € of S such that

D,e =0 and possibly also A(g,®)e =0
where

D is the connection on S
D,=V,+Q,4g,F)
defined by the supersymmetric variation of the gravitino:

0.V, = D,e
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A is the algebraic operator defined by the supersymmetric
variation of any other fermionic fields (dilatinos, gauginos,...)

0. = Ae

Maximal supersymmetry =— D is flat and A = 0.

Typically A = 0 sets some gauge fieldstrengths to zero, and the
flatness of D constrains the geometry and any remaining
fieldstrengths. The strategy is therefore to study the flatness

equations for D.
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r < 0: hyperbolic space

—1
H" CE"": —t%+x%+---+x%:?
r = 0: euclidean space [E"
In lorentzian geometry (and up to local isometry):
r > 0: de Sitter space
2 1

dSnCEl,n: —t%—I—CU%—i—ZU%‘l__'_x = —



r < 0: anti de Sitter space

10



r < 0: anti de Sitter space

AdS,, c E#nt

10



r < 0: anti de Sitter space

AdS,, c E#n L.

—t; —tot+al+-tx

10



r < 0: anti de Sitter space

AdS,, c E#" 1. 2 —te Tt

k = 0: Minkowski space E"~ 11

10



10

r < 0: anti de Sitter space

—1
AdS,, c ="t —t? 42 =—

k = 0: Minkowski space E"~ 11

Note: the x ## 0 spaces are quadrics in a flat space in one
dimension higher



r < 0: anti de Sitter space

—1
AdS,, c ="t —t? 42 =—

k = 0: Minkowski space E"~ 11

Note: the x ## 0 spaces are quadrics in a flat space in one
dimension higher; whereas the flat spaces are the degenerations
obtained by taking v — 0.
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Maximal symmetry can also be reformulated as a flatness condition:
that of the connection defining Killing transport on the bundle

E(M) =TM ® A*T*M
A section (¢, F),,) of E(M) is covariantly constant if and only if

" is a Killing vector, and
F., =V,

E(M) has rank n(n + 1)/2 for an n-dimensional M
—> 3 < n(n+1)/2 linearly independent Killing vectors
—> the dimension of the isometry group is < n(n +1)/2
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are known already:

D=4N=1 [Tod (1984)]
D =6 (1,0), (2,0) [Chamseddine—FO-Sabra]
D =10 1IB and | [FO—Papadopoulos]

D=11 M [FO—Papadopoulos]

13



Vacua of eleven-dimensional supergravity

bosonic fields

14



Vacua of eleven-dimensional supergravity

bosonic fields:

* metric g

14



Vacua of eleven-dimensional supergravity

bosonic fields:

* metric ¢, and
* closed 4-form F

14



Vacua of eleven-dimensional supergravity

bosonic fields:

* metric ¢, and
* closed 4-form F

for a total of 44 4+ 84 = 128 bosonic physical degrees of freedom.

14



Vacua of eleven-dimensional supergravity

bosonic fields:

* metric ¢, and
* closed 4-form F

for a total of 44 4+ 84 = 128 bosonic physical degrees of freedom.

spinors are Majorana

14



14

Vacua of eleven-dimensional supergravity

bosonic fields:

* metric ¢, and
* closed 4-form F

for a total of 44 4+ 84 = 128 bosonic physical degrees of freedom.

spinors are Majorana; that is, associated to one of the two
irreducible real 32-dimensional representations of C/(10,1).



Vacua of eleven-dimensional supergravity

bosonic fields:

* metric ¢, and
* closed 4-form F

for a total of 44 4+ 84 = 128 bosonic physical degrees of freedom.
spinors are Majorana; that is, associated to one of the two

irreducible real 32-dimensional representations of C/(10,1).
Therefore the gravitino also has 128 physical degrees of freedom.

14



the gravitino variation defines the connection

D, =V, - ﬁFva (FW)MM T SFVPJ(S;)

15



the gravitino variation defines the connection

D, =V, - WlstpM (prmu T SFVPJ(S;)

For fixed i, v, the curvature R, of D can be expanded in terms of
antisymmetric products of I' matrices

15



the gravitino variation defines the connection

D, =V, - ﬁFwaT (prmu T SFVPJ(S;)

For fixed i, v, the curvature R, of D can be expanded in terms of
antisymmetric products of I' matrices

[D,ua DI/] — jR,uI/IFI

15



the gravitino variation defines the connection

Dy =V, — ﬁFwaT (prmu ™ SFVPJ(S;)

For fixed i, v, the curvature R, of D can be expanded in terms of
antisymmetric products of I' matrices

[D,ua DI/] — jR,uI/IFI
where I is an index labeling the following elements

Fa Fab Fa,bc Fabcal Fa,bcde

15
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(We have used that I'g;...q; = —1 in this representation.)

The flatness equations are the vanishing of the RWI.

Summarising the results:

F'is covariantly constant: V ,F, - =0

F' obeys the Plicker relations

Fogyutvper) =0

16
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The solution is that F' is decomposable into a wedge product of
four 1-forms:

F = (91 A\ 92 A\ (93 /\ (94 or F,uz/po — Qﬁuezggei]

the Riemann curvature tensor is determined algebraically in terms
of F' and g:

R,uupa — T,uz/pJ(Fag)
with 7" quadratic in F'. This means that R,,,, Is covariantly
constant; equivalently, that g is locally symmetric.

17
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The problem reduces to an algebraic problem at a point in the
spacetime: the metric g defines a lorentzian inner product and F' is
either zero or defines a 4-plane: the plane spanned by the 6°.

If F'is zero, then the solution is flat. Otherwise:

if the plane is spacelike, we can choose a pseudo-orthonormal
frame in which the only nonzero component of F'is Fia34

if the plane is timelike, we can choose a pseudo-orthonormal
frame in which the only nonzero component of F'is F{y123

if the plane is lightlike, we can choose a pseudo-orthonormal
frame in which the only nonzero component of F'is F_153
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We now plug these expressions back into the equation which relates
the curvature tensor to F' and g finding the following solutions:

F' spacelike: a one parameter R > 0 family of vacua

AdS7(—7R) x S*(8R)  F = V6Rdvol(S%

F' timelike: a one parameter R < 0 family of vacua

AdS4(8R) x S"(=7TR)  F = +/—6Rdvol(AdS,)
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F' null: a one parameter 1 € R family of symmetric plane waves:

g =2dztdz™ — 5=p” (4 Z(xZ)Q + Z(wz)2> (dz™)? + z:(dxi)2

=l 1=4 1=1

F = pdx~ Adz' A dx? A dz?

Notice that for 1 = 0 we recover the flat space solution; whereas
for 1 # 0 all solutions are equivalent and coincide with the
eleven-dimensional vacuum discovered by Kowalski-Glikman in

1934.
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KG

N

AdS, xS7 S4 x AdS~

AN
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Vacua of (1,0) D = 6 supergravity

bosonic fields:

* metric g
* anti-selfdual closed 3-form H

for a total of 9 + 3 = 12 physical bosonic degrees of freedom

spinors are positive-chirality symplectic Majorana—Weyl; 1.e.,
associated to the 8-dimensional real representation of Spin(1,5) x
Sp(1) having positive six-dimensional chirality.

The gravitino has therefore also 12 physical degrees of freedom.
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The gravitino variation yields the connection

Dy =Vy+ %Huabrab

The connection D is actually induced from a metric connection
with torsion: i.e.,

D,g,, =0 and 100y = 10 @)

where

A

Iyt = Uyt” 2 87
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Theorem (Cartan—Schouten (1926), Wolf (1971/2)).

A pseudoriemannian manifold admitting a flat metric connection
with torsion s locally isometric to a Lie group with bi-invariant
metric and with the parallelizing torsion.

As a corollary, vacua of (1,0) D = 6 supergravity are locally
Isometric to six-dimensional Lie groups admitting a bi-invariant
lorentzian metric and whose parallelizing torsion is anti-self-dual.

Equivalently, they are in one-to-one correspondence with
six-dimensional Lie algebras with an invariant lorentzian metric and
with anti-selfdual structure constants f,..

The solution to this problem is known.
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Lorentzian Lie algebras

Which Lie algebras have an invariant metric?

abelian Lie algebras with any metric
semisimple Lie algebras with the Killing form (Cartan’s criterion)
reductive Lie algebras = semisimple & abelian

classical doubles § x h* with the dual pairing

But there is a more general construction.
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The double extension

g a Lie algebra with an invariant metric

b a Lie algebra acting on g via antisymmetric derivations; i.e.,

* preserving the Lie bracket of g, and
* preserving the metric

since b preserves the metric on g, there is a linear map

h — A°g
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whose dual map
w: A%g — p*

Is a cocycle because §) preserves the Lie bracket in g
so we build the central extension g X, h*; I.e.,
(X o, Xp] = fap"Xe + wap i H'
relative to bases X,, H; and H" for g, h and h*, respectively.

h acts on g X, h* preserving the Lie bracket, so we can form the
double extension

D(g, h) = b X (g Xw b*)

27
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the double extension admits an invariant metric

X, H; H
X a Jab 0 0
H | o By, ¢
a \ 0 & 0

where B;; is any invariant symmetric bilinear form on h (not
necessarily nondegenerate).

This construction is due to Medina and Revoy who proved an
important structure theorem.
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The structure theorem of Medina and Revoy

A metric Lie algebra is indecomposable if it is not the direct sum of
two orthogonal ideals.

Theorem (Medina—Revoy (1985)).

An indecomposable metric Lie algebra 1s either simple, one-
dimensional, or a double extension 0(g, h) where by is either simple
or one-dimensional.

Every metric Lie algebra is obtained as an orthogonal direct sum
of indecomposables.

29
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Six-dimensional lorentzian Lie algebras

Applying this theorem it is easy to list all six-dimensional lorentzian
Lie algebras.

Notice that if the metric on g has signature (p,q) and b is
r-dimensional, the metric on (g, h) has signature (p +1r,q + r).

Therefore a lorentzian Lie algebra takes the general form
reductive & 0(a, h)

where a is abelian with euclidean metric and b is one-dimensional.
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(Any semisimple factors in a factor out of the double extension.

The six-dimensional lorentzian lie algebras are
R5,1
50(3) ® R*!
50(2,1) @ RS

50(2,1) & s0(3)
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Antiselfduality of the structure constants narrows the list down to
R5’1
50(2,1) @ s0(3) with “conmensurate” metrics, and

o(R* R) with a particular action of R on R*

The first case corresponds to the flat vacuum. The second case
corresponds to AdSs; xS? with equal radii of curvature and

H o dvol(AdSs3) — dvol(S?)

The third case is a six-dimensional version of the Nappi-Witten
spacetime, found by Meessen.
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Vacua of D = 10 lIB supergravity

bosonic fields:

* metric g,

* complex scalar 7,

* closed complex 3-form H, and
* closed selfdual 5-form F’

for a total of 35+ 2 + 56 + 35 = 128 bosonic physical degrees of
freedom

spinors are positive-chirality Majorana—Weyl spinors.
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There are two gravitini and two dilatini for a total of 112 4 16 =
128 physical fermionic degrees of freedom.

the dilatino variation gives rise to an algebraic Killing spinor

equation. Maximal supersymmetry —- 7 is constant and
H =0

the gravitino variation defines the connection (with H =0 and 7
constant)

— ) v1vav3i4ls
Dy =Vt sl L'y

where we have written the two real spinors as a complex spinor,
and « depends on the constant value of 7.
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Expanding the curvature of D into antisymmetric products of
['-matrices and setting the coefficients to zero, we find

F'is covariantly constant: V,F,, .05, = 0
F' obeys a quadratic identity:

F

1 243P

ade” =

VoU3V4Vs]

generalising both the Plucker relations and the Jacobi identity.

the Riemann curvature tensor is again determined algebraically in
terms of F' and g:

R,pra — T,ul/,oa(F7 g)
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with T" quadratic in F. Again this means that 1), ,» is covariantly

constant, so that g is locally symmetric.

Again we can work in a point, where g gives rise to a lorentzian
innner product and F' defines a self-dual 5-form obeying a

This equation defines a generalisation of a Lie algebra known as a
4-Lie algebra.

(The notation is unfortunate in that a 2-Lie algebra is a Lie
algebra.)

Furthermore it is a 4-Lie algebra admitting an invariant metric.
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n-Lie algebras

A Lie algebra is a vector space g together with an antisymmetric
bilinear map

[ ]:A%g— g
satisfying the condition: for all X € g the map

adx :g— ¢ defined by adx Y = | X, Y]
is a derivation over | |; that is,

adx[Y, Z] — [adX Y, Z] + [Y, ad x Z]
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An n-Lie algebra is a vector space n together with an

antisymmetric n-linear map

| ]:A"™n—n

satisfying the condition: for all X4, ...

, X,—1 €1, the map

adx, .. . x, _,:n—n

defined by

aXm,m,Xn_l Y = [Xl, c e

7Xn—17 Y]
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n

X1, X, M, L Y0l =) Y, [ X X1, Y

=1

If (—, —) is a metric on n, we can define F' by
F(Xl, « o 7Xn—|—1) — <[X1, .« o 7Xn]7Xn—|—1>
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is a derivation over | |; that is,

[X17°°°7Xn—17[Yla'“ayn]] :Z[Y17°°'7[Xlaﬂ'vX’rL—la}/i]?"'aYn]
i=1
If (—, —) is a metric on n, we can define F' by

F(Xl, « o 7Xn—|—1) — <[X1, .« o 7Xn]7Xn—|—1>

If I is totally antisymmetric then (—, —) is an invariant metric.

n-Lie algebras also appear naturally in the context of Nambu
dynamics.
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In other words, GG is decomposable; whence, if nonzero, it defines a
5-plane, and hence F' defines two orthogonal planes.

If ' = 0 we recover the flat vacuum. Otherwise there are two
possibilities:

one plane is timelike and the other spacelike, and we can choose a
pseudo-orthonormal frame in which the only nonzero components
of I' are Fy1234 = F6789, OF

both planes are null, and we can choose a pseudo-orthonormal
frame in which the only nonzero components of F' are F_1934 =

I'_s5g7s.

42
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We now plug these expressions back into the equation which relates
the curvature tensor to F' and g finding the following solutions:

in the non-degenerate case, a one-parameter R > 0 family of
vacua

AdS5(—R) x S°(R) F = \/% (dvol(AdS5) —- dvol(55))

in the degenerate case, a one-parameter 1 € R family of
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symmetric plane waves:

8
g =2dxtdz™ — u° z:(:z;'i)z(clx_)2 +

p=1l

8
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1

F = %,udx_ A (d:cl Adx? Adxd Adz* + dx® A da® A dz” A diE8)

(@) (da™)? + Y (da')

1

44



symmetric plane waves:

2N (@) (dam)? + ) (dat)?

=l =l
F = Iudz™ A (dz' Ade? Ada® Adz® + da® A da® A dx” A da®)

8 8
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Again for 1 = 0 we recover the flat space solution
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8 8
g=2dxtdx™ — i,u

(2")(da™)? + ) _(da')?

1 p=1l

1

F = Iudz™ A (dz' Ade? Ada® Adz® + da® A da® A dx” A da®)

Again for 1 = 0 we recover the flat space solution; whereas for
1 # 0 all solutions are equivalent to the recently discovered plane
wave.
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symmetric plane waves:

2N (@) (dam)? + ) (dat)?

=l =l
F = Iudz™ A (dz' Ade? Ada® Adz® + da® A da® A dx” A da®)

8 8
g=2dxtdx™ — i,u

Again for 1 = 0 we recover the flat space solution; whereas for
1 # 0 all solutions are equivalent to the recently discovered plane
wave.

Notice that ¢ is a bi-invariant metric on a Lie group: a
ten-dimensional version of Nappi—Witten.
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These vacua are related by Penrose limits
|[Blau—FO—-Hull-Papadopoulos hep-th/0201081]

BFOHP

AdS5 X 55

flat

[Back]
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Other theories

Other we have investigated:

In D = 10: |, heterotic, |IA only have the flat vacuum. The
same is true for any theory lower in the corresponding columns.
(Roman’s massive supergravity has not vacua at all.)

D =6 (2,0) supergravity: all (1,0) vacua are also vacua of (2,0)
and early indications show that there are no others. (1,0) vacua
do have reductions preserving all supersymmetry.
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Moltes gracies.
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