Six-dimensional supergravity and
lorentzian Lie groups

José Figueroa-O'Farrill

School of Mathematics

HU Berlin, 24 September 2003



Based on work in collaboration with



Based on work in collaboration with

Sonia Stanciu

« hep-th/0303212 (JHEP 06 (2003) 025)



Based on work in collaboration with

Sonia Stanciu

« hep-th/0303212 (JHEP 06 (2003) 025)

Ali Chamseddine and Wafic Sabra (CAMS, Beirut)
» hep—th/0306278



Based on work in collaboration with

Sonia Stanciu

« hep-th/0303212 (JHEP 06 (2003) 025)

Ali Chamseddine and Wafic Sabra (CAMS, Beirut)
» hep—th/0306278

George Papadopoulos (King's College, London)

* hep-th/0211089 (JHEP 03 (2003) 048)
x math.AG/0211170 (J Geom Phys to appear)



A geometric motivation

Which are the maximally symmetric (pseudo-) riemannian
manifolds?



A geometric motivation

Which are the maximally symmetric (pseudo-) riemannian
manifolds?

Isometries of (M, g) are generated by Killing vectors &:



A geometric motivation

Which are the maximally symmetric (pseudo-) riemannian
manifolds?

Isometries of (M, g) are generated by Killing vectors &:

g(VxEY)+g(Vyé, X) =0 forall X,Y



A geometric motivation

Which are the maximally symmetric (pseudo-) riemannian
manifolds?

Isometries of (M, g) are generated by Killing vectors &:
g(Vx&EY)+g(VyE, X) =0 forall X,Y
Equivalently, they are parallel sections of the bundle

E(M)=TM & so(TM)
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relative to the connection
no (€) _ ( Vx€—AX)
*\4 VxA—R(X,§)

Indeed, a section (£, A) of E(M) is parallel if and only if A = V¢,
whence ¢ is a Killing vector.

E(M) has rank n(n + 1)/2 for an n-dimensional M.
—> J < n(n+1)/2 linearly independent Killing vectors.

Maximal symmetry — &E(M) is flat
— M has constant sectional curvature k.
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r = 0: euclidean space [E"

r > 0: sphere
S C E"t x%+x%+---+x%+1:?
r < 0: hyperbolic space
—1
H" CE"": —ti+ a4+t = —
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In lorentzian signature (and up to local isometry):
k = 0: Minkowski space E}"~!

r > 0: de Sitter space

1
dS, CEM":  —fi+aitapttw, =
r < 0: anti de Sitter space
|
AdS,, c E>" 1 —t7 —totaxi+ -t =—
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. the k # 0 spaces are quadrics in a flat space in one
dimension higher; whereas the flat spaces are the degenerations
obtained by taking v — 0.

Now it remains to classify smooth discrete quotients of the
universal covers of the above spaces.

This is the Clifford—Klein space form problem, first posed by Killing
in 1891 and reformulated in these terms by Hopf in 1925.

The flat and spherical cases are solved (culminating in the work of
Wolf in the 1970s), but the hyperbolic and lorentzian cases remain
largely open despite many partial results.
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Supersymmetry is a nontrivial extension of the notion of symmetry,
and the analogue of maximal symmetry (in gravity) is maximal
supersymmetry In supergravity.

It is therefore natural to ask

Which are the maximally supersymmetric backgrounds of
supergravity theories?

In this talk | will report on the solution of the local problem in
several supergravity theories.

: A maximally supersymmetric supergravity background will
be abbreviated vacuum.
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Gravity...

Classical gravity is described by the Einstein—Hilbert action:

/ s dvol,
M

where (M, g) is a oriented lorentzian manifold, s, the scalar
curvature, and dvol, the volume form.

Extremals of this action—namely, Ricci-flat manifolds—are called
spacetimes.
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Adding a cosmological constant \:

/ (54 + A) dvol,
M

we obtain spacetimes which are Einstein manifolds.

The maximally symmetric solutions are the lorentzian space forms:
smooth discrete quotients of Minkowski space and (the universal
covers of ) de Sitter and anti de Sitter spaces, depending on the
sign of .
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. and Supergravity

Let (M, g,S) be a spin lorentzian manifold, where S is a
spinor bundle. Let W be the gravitino, a section of T*M ® S. Let
(—, —) denote the Spin-invariant inner product on §S.

,

Supergravity is defined by the action

/ sq dvol, +/ (P, V) dvol,
M M

where we have added the Rarita—Schwinger term.

What is so interesting about this action?
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It is under supersymmetry transformations: derivations 0.
parametrised by sections € of S acting on the fields (g, V) as

follows:
(0e9)(X,Y) = (6, X - ¥(Y) + YV - (X))

(55\11) (X) — VXE:‘

. .S should really be IIS.

Also... this really only works as written in four dimensions. In other

dimensions supergravity theories might have and both
the and supersymmetry transformations become
. But supergravity theories are determined by

representation theory (of relevant superalgebras).

11
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Strategy

Let (M, g, ®,S) be a supergravity background:
(M, g) a lorentzian spin manifold
® denotes collectively the other bosonic fields
(g, ®) obey the field equations with fermions (e.g., W) put to zero

S a real vector bundle of spinors (i.e., modules over CY(T'M))

13
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(M, g,®,S5) is supersymmetric if it admits Killing spinors; that is,
sections ¢ of S such that
De =0

where D is the connection on S
D =V +Q(g,P)
defined by the supersymmetry variation of the gravitino:
0.V = De

(putting all fermions to zero)

14
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There are possibly also algebraic equations
A(g, ®)e =0

where A is a section of End(S) defined by the supersymmetric
variation of any other fermionic fields (dilatinos, gauginos,...)

0. = Ae

Maximal supersymmetry = D is flat and A = 0.

Typically A = 0 sets some fields to zero, and the flatness of D
constrains the geometry and any remaining fields. The strategy is
therefore to study the flatness equations for D.
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are known already:

D=4N=1 [Tod (1984)]
D =6 (1,0), (2,0) [Chamseddine-FO-Sabra, Gutowski—Martelli—Reall]
D =10 1IB and | [FO—Papadopoulos]

D=11 M [FO—Papadopoulos]
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Vacua of D = 11 supergravity

AdS4 X 57

B
AN

AN
/

54 X AdS7

where KG is an indecomposable lorentzian symmetric space with
solvable tranvection group (cf. Cahen—Wallach), discovered in this
context by Kowalski-Glikman.
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Vacua of D = 10 lIB supergravity

/

AdS5 ><S5

AN

BFHP

flat

where BFHP is a Cahen—Wallach space, locally isometric to a
lorentzian Lie group.
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Vacua of (1,0) D = 6 supergravity

bosonic fields:

* metric g
* anti-selfdual closed 3-form F'

fermionic fields:

* gravitino W, a section of 7" M ® S, where
5=[AL Q0

is a real 8-dimensional representation of Spin(1,5) x Sp(1).

19
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Dx =Vx + iLXF

The connection D is actually induced from a metric connection
with torsion; i.e., Dg = 0 and

T(X,Y)=DxY — Dy X — [X,Y]

Is such that
g(I'(X,Y), Z)=F(X,Y, Z)

Maximal supersymmetry =— D is flat.
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h a Lie algebra acting on g via antisymmetric derivations; i.e.,

* preserving the Lie bracket of g, and
* preserving the metric

since b preserves the metric on g, there is a linear map

h — so(g) = A’g
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whose dual map

w: A’g — p*
Is a cocycle because f) preserves the Lie bracket in g, so it defines
a class [w] € H?*(g,b*)

we build the corresponding central extension g X h*

bh acts on g X, h* preserving the Lie bracket, so we can form the
double extension

0(g,bh) =bH x (g xu b)
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the double extension admits an invariant metric

g h b
g <_7 _>g 0 0
y 0 B id
h* 0 id 0
where
* (—,—), Is the invariant metric on g,

* id stands for the dual pairing between § and h*, and
x B is any invariant symmetric bilinear form on h (not necessarily
nondegenerate)

This construction is due to Medina and Revoy.
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The structure theorem of Medina and Revoy

A metric Lie algebra is indecomposable if it is not the direct sum of
two or more orthogonal ideals.

Theorem (Medina—Revoy (1985)).

An indecomposable metric Lie algebra 1s either simple, one-
dimensional, or a double extension 0(g, h) where by is either simple
or one-dimenstonal.

Every metric Lie algebra is obtained as an orthogonal direct sum
of indecomposables.
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Six-dimensional lorentzian Lie algebras

It is now easy to list all six-dimensional lorentzian Lie algebras.

Notice that if the metric on g has signature (p,q) and b is
r-dimensional, the metric on (g, h) has signature (p +1r,q + r).

Therefore a lorentzian Lie algebra takes the general form

reductive & 0(a, h)

where a is abelian with euclidean metric and [j is one-dimensional.

(Any semisimple factors in a factor out of the double extension.)

27
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Six-dimensional lorentzian Lie algebras:
R1,5
50(3) @ RY2
50(1,2) ® RS
s0(1,2) @ s0(3)

o(R*, R), actually a family of Lie algebras parametrised by

homomorphisms
R — A*R* = s0(4)
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Antiselfduality of the structure constants narrows the list down to
R1’5
s50(1,2) @ s0(3) with “commensurate” metrics, and
o(R* R) with the image of R — A?R* self-dual

The first case corresponds to the flat vacuum. The second case
corresponds to AdSs; xS? with equal radii of curvature and

F o< dvol(AdSs) + dvol(S?)

The third case is a six-dimensional version of the Nappi-Witten
spacetime, NWg, discovered by Meessen.
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The vacua are related by Penrose limits:

/ NWg
N\

Ang ng

flat

which can be interpreted here as group contractions a la
Inonu—Wigner.
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Penrose limits and group contractions

As a lorentzian Lie group AdS; x.S° is locally isometric to
SU(1,1) x SU(2).

We will identify SU(1, 1) with the group of matrices

a b . 2 2
(b a) with |a|® — [b]* =1

and SU(2) with the group of matrices

( a“ b) with |af? + (b2 = 1
—b a
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Choose a frame X;, i =0,1,...,5 for su(1,1) & su(2):
Xo=10380, Xi=01P0and Xo =050
X3 =06®101, X4 =08 109 and X5 = 0P 103

where the o; are the standard (hermitian) Pauli matrices:

/01 (0 —i (10
1=11 ¢ 2= 0 3= o -1
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Nonzero Lie brackets:

Xo, X1] = —2Xy X5, X3] = —2X4
Xo, Xo] = 2X4 X5, Xg] = 2X3
X1, Xa] = 2Xg X3, X4 = —2X5

and inner product:
(KXo, X5) = nij
where n = diag(—1,1,...,1).

N is obtained by exponentiating the null vector U = s X + s.X5,
with complementary null vector V = — X, + Xs.
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Introduce {2 > 0 and a new basis:

P. = QX J=1U K = Q%V

N

fori=1,2,3,4.

The contracted Lie algebra is the limit {2 — 0 of the Lie brackets in
the new basis:

with K central.
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The inner product is the limit Q — 0 of Q72 (—, —):

)

(Psy [Pe) = O (J,KYy =1.

This is precisely the (anti-selfdual, lorentzian) double extension
(R, R).

In summary, the Penrose limit
AdS3 x 5% ~ NWg
Is the group contraction

SU(1,1) x SU(2) ~ D(R* R)
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Vacua of (2,0) D = 6 supergravity

bosonic fields:

* metric g
* anti-selfdual V-valued closed 3-form H, where V is the five-

dimensional real representation of Sp(2)

fermionic fields:

* gravitino W, a section of T*"M ® S, where S = [A, ® Y] is a
real 16-dimensional representation of Spin(1,5) x Sp(2)
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39

the gravitino variation yields the connection
Dx =Vx+3xH
where 1 x H is a section of so(TM)®QV C CU(TM & V)
Flatness of D implies
H is decomposable H = F' ® v, for some unit norm v € V;
(g, F)isa (1,0) vacuum.

In summary, up to the action of the Sp(2) R-symmetry group,
(2,0) vacua are in one-to-one correspondence with (1,0) vacua.



Thank you.
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Lunch beckons.
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