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A legal precedent

| know it
when | see it

...and the motion
picture involved In
this case Is not that.

Potter Stewart
(1915-1985)
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Supersymmetry
N
Physics



Two kinds of particles

 Elementary particles are described mathematically as
unitary representations of the Poincare group, the
group of isometries of Minkowski spacetime

* [he representations corresponding to massive
particles are induced from finite-dimensional
representations of the spin group Spin(3)

e Spin(3) has centre of order 2 and thus two kinds of
representations, according to whether the centre acts
trivially or not: bosons and fermions, respectively.



A new Kind of group

e Supersymmetry is the (interesting) answer to the
guest for the relativistic quark model: a
‘supergroup” with irreducible representations
including both bosons and fermions

 The Coleman+Mandula theorem (1967) forbids the
existence of such a Lie group

 Haag+topuszanski+Sohnius (1975) got around the
theorem by relaxing the notion of group to that of a
supergroup



Supersymmetry algebras

* The infinitesimal object of a Lie supergroup is a Lie
superalgebra

 [he supersymmetry algebras are Lie superalgebras
which have a Poincaré subalgebra

e Their irreducible representations are known as
supermultiplets and they contain both bosons and
fermions

* A supersymmetric field theory is one where the fields
belong to supermultiplets of some supersymmetry algebra



Supersymmetry in nature”

* Except for some two-dimensional statistical
mechanical systems at criticality, no
supersymmetry has been found in nature

* |n particular, there is no sign of supersymmetric
particles in CERN

e But supersymmetry is alive and well in
Mathematics!



Supersymmetry in
Mathematics

Bosonic field equations are second-order PDES:

Klein-Gordon Maxwell Yang-Mills




Supersymmetry in
Mathematics

Fermionic field equations are first-order PDEs:

Dirac Rarita-Schwinger

Z.’Y'ua,uw — mw Z',y,uvpaywp — m,y,uva



Supersymmetry in
Mathematics

e Supersymmetry relates first-order PDEs to second-
order PDEs

* There are many instances of this phenomenon in
Differential Geometry, e.g.,

e Calibrated Geometry

 (Gauge Theory
* Hodge Theory

o Supersymmetry is intimately related to each one!



Calibrated Geometry



When Is a grapn a
minimal surface?

~—3& Area:/\/lJru%—l—ugdxdy
D
Area is extremal iff Au =0
. @ pbutthen u = Ref Of =0
Cauchy—Riemann Laplace

ou  Ov ou Ov

%:a—y @:—% :> Au=0=Av




Minimal surfaces

(M,g) riemannian, orientable

f:D—>M DCRP

Pull back the metric to D

ds® = (df,df) = Z gijaafiﬁbfjda’;“d:vb
1,7,a,b hﬂ
Gab

Arosn — / Jdet G dPx  Minimality is a 2nd-order PDE
D



Calibrations

w e QP(M) is a calibration if
w(m) < dvol(m) vV e Gr(p, T, M) Ve e M
{ dw =0
e.g., w= % (dz1 ANdzy + -+ - 4+ dzp, NdZ,) € Q?(C™)
%wk c Q%F(C™)

are calibrations thanks to Wirtinger’s inequality



Calibrated submanifolds

f: NP - M" compact, oriented submanifold
N is calibrated (by o) If

w(TpN) = dvol(T,N) Vr e N

wol(V) = [ w

This condition is first-order in the embedding:

T,N isspanned by f.(0,) = Ouf"0;



Calibrated = I\/Iinima\

N N — N’ =
= _
g Sk /
VOI(N):/Nw:/N/wgvol(N’)

Calibrated submanifolds are volume-minimizing
in their homology class!




What about Cauchy-Riemann®
D c C” w:D — C"F N?F = graph ¢

Nis calibrated by Lw" iff T,N € Gre(k,T,C")
iff v, IS complex-linear

iff Op =0

When k =mn =1 we recover the classical example.



Calibrated geometries

Harvey+Lawson (1980) developed the subject of
calibrated geometry and discovered natural calibrations

on a large class of manifolds:

Kéahler (complex)

- hyperkahler (complex™)

quaternion Kahler (quaternionic)

- Calabi-Yau (complex and special lagrangian)
-+ Spin(7) (Cayley)
- G, (associative and coassociative)

Some are intimately related to spinors and hence to
supersymmetry!



Gauge Theory



Gauge fields

g a(compact, simple) Lie algebra
e.g., su(2) traceless skewhermitian 2x2 matrices
gauge field A c Q'(R?, g)

B a b+ ic

field strength F =dA+ £[A, A] € Q*(R?, g)

a,b,c e Q'R

da : QP(R*, g) — QPFTLH(RY, g) da0 = db + [A, 0]
d%0 = [F, 0]

Bianchi identity daF =0



Yang-Mills theory

*: QP(RY) — Q*P(RY)
Yang-Mills action functional  Syy = [ Tr(F' A %F)

Yang-Mills equations dj g+« F =0 (2nd-order)

x2 =41 on Q*(R*)

(R = 0% (RY) @ 02 (R

~

self-dual anti self-dual



INnstantons

(anti) self-duality «F' = +F (1st-order)

Bianchi identity = Yang-Mills equation

(Anti) selt-dual gauge fields are called (anti) instantons.

Sym > | [ TvF A F)

'.

. topological invariant

Equality if and only if A is an (anti) instanton.



Instanton modull space

Instantons make sense on any orientable riemannian 4-
manifold, not just euclidean space

Instantons are determined by their topological charge

For a fixed charge, they are turther determined by a finite
number of parameter (moduli)

The moduli spaces of instantons have interesting
geometries: in some cases, it is a hyperkahler manitold

Supersymmetry explains some geometrical features of the
iInstanton moduli spaces.



Monopoles

Monopoles are translationally invariant instantons: 94 =0

A= Ald.fljl AQCZCEQ

AgdCES

3-d gauge field

4-d (antl) self-duality

4-d Yang-Mills equation

dda’
.. Higgs field

Bogomol’nyi equation

dap =% (1st-order)

Yang-Mills-Higgs equation

(2nd-order)



Monopole moduli space

* Although the Bogomol'nyi equation makes sense

on any orientab
manifold, mono

e three-dimensional riemannian

0oles have been studied mostly In

euclidean and hyperbolic spaces

* Euclidean monopoles have a topological charge

and once fixed,

also come in moduli spaces

* [These are hyperkahler manifolds, like the
celebrated Atiyah-Hitchin manifold



Supersymmetry

Supersymmetric Yang-Mills theories exist in various
dimensions (<10) and on various geometries

Conjectures about higher-dimensional gauge theory

Conjectures about L2 cohomology of (certain)
hyperkahler manitolds

Seiberg-Witten invariants

Explains the geometry of instanton and monopole
moduli spaces



Hodge Theory



(M, g) acompact, orientable riemannian manifold

de Rham complex of differential forms

d d d d
S

C> (M) > QM) » Q4(M) > Q"(M)

differential graded algebra

A QP(M) x QI(M) — QPTIM)  d: QP (M) — QPTH(M)
d* =0

Hodge star ~: QP(M) — Q" "P(M)



inner product (@, B) 12/ o A *p
M

formal adjoint dl = § = xdx
Hodge laplacian A\ = do + od
"energy"” (a, Aer) = || da||* + [|6al|* > 0

harmonic Aa=0 — da=0a=0 << Da=0

D:=d+3§: Qeven/odd(M) N Qodd/even(M)

Hodge Theorem  H” = Hj;(M,R)



Supersymmetric Quantum
Mechanics

Underlying supersymmetric theory is the one-dimensional
supersymmetric sigma model

/A hamiltonian °(M) Hilbert space

D supercharge H® ground states

Witten index Tr(—1)" := #bosonic states — #fermionic states

Tr(—1)" = dim H®¥*" — dim H°%

= x(M)
= indD

only ground states
contribute



INndex Theorem

This result Is paradigmatic

't allows a supersymmetric proot of the Atiyah-
Singer index theorem

Worked out in detail by Alvarez-Gaumé, ... from
supersymmetric theories generalising the one-
dimensional sigma model

Mathematically rigorous proof by Getzler using
these ideas



Complex geometry

- Hodge-Lefschetz theory for Kahler and hyperkahler
manifolds also follows from supersymmetry, starting from a
four- and six-dimensional supersymmetric sigma model,
respectively

- Sigma model symmetries give rise to actions of SL(2,C) and
SO(4,1) on the cohomology rings.

- Moreover, the very notions of Kahler and hyperkahler can be
defined in supersymmetric terms!

+ This gave rise to the hyperkahler and quaternion Kahler
quotient constructions!



summary

First-order PDE Second-order PDE

calibrated minimal

(anti)self-duality Yang-Mills

Bogomol'ny Yang-Mills-Higgs




A heuristic principle”

Supersymmetry underlies any situation where a
first-order PDE implies a second-order PDE and
where the solutions of the first-order PDE are
optimal (in some sense) among the solutions of

the second-order PDE.

Exercise: find examples from other branches of
Mathematics!



