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(M, g, F,...) a supergravity background
symmetry group G— not just isometries, but also preserving F' ...

determine all quotient supergravity backgrounds M /T, where
[' C GG is a one-parameter subgroup, paying close attention to:

smoothness,
causal regularity,
spin structure,
supersymmetry,...
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(M, g, F,...)
symmetries

f:MiM ffg=g f*F =F
define a Lie group GG, with Lie algebra g

X € g defines a one-parameter subgroup

['={exp(tX) |t € R}
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X € g also defines a Killing vector & x:

Lgxg:O Lg F=0

X

whose integral curves are the orbits of I

two possible topologies:

' = S if and only if 37 > 0 such that exp(T'X) = 1
[' = R, otherwise

we are interested in the orbit space M /T’



Kaluza—Klein and discrete quotients



12

Kaluza—Klein and discrete quotients



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

12

I'=R



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I"1, where



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /'y, where L > 0



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y, ={exp(nLX)|ne€”Z}



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y ={exp(nLX) |ne/Z} =7



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y ={exp(nLX) |ne/Z} =7

Kaluza—Klein reduction by I'/T'



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y ={exp(nLX) |ne/Z} =7

Kaluza—Klein reduction by I'/T';, = R/7Z



Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y ={exp(nLX) |ne/Z} =7

Kaluza—Klein reduction by I'/T';, £ R/Z = S*
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we may stop after the first step: obtaining backgrounds M /Ty
locally isometric to M, but often with very different global
properties, e.g.,

M static, but M /T';, time-dependent

M causally regular, but M /I, causally singular

M spin, but M /T, not spin

M supersymmetric, but M /T";, breaking all supersymmetry
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(M, g, F,...) with symmetry group G, Lie algebra g
X, X' € g generate one-parameter subgroups

I' ={exp(tX) |t € R} I'" = {exp(tX’) | t € R}

if X’ =AX, A\#£0, then T’ =T

if X' =gXg ! then I = gI'¢g~ !, and moreover M /T" = M /T”
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enough to classify normal forms of X € g under

X~XXg 't ge@G@ NeR*

I.e., projectivised adjoint orbits of g
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Supersymmetry

(M, g, F,...) a supersymmetric background

[' a one-parameter subgroup of symmetries, with Killing vector &
M/T

In supergravity: I'-invariant Killing spinors:

Lee = Vee +iV,61 % =0

In string/M-theory this cannot be the end of the story.

10
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“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount of
“supergravitational supersymmetry”

dramatic example: [Duff-Li—Pope, hep-th/9704186,9803061]
AdSs x 8% < AdSs xCP? x ST

AdS; xCP?



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example:

AdS: x.S° - - AdSs xCP? x S1

\ /
AdS: xCP?

CP? is not even spin!

of

11
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Spin structures in quotients

(M, g) spin, I' a one-parameter subgroup of isometries

M/T
if ' = R, then M /T is always spin

if ' = S then M/T is spin if and only if the action of T lifts to
the spin bundle

equivalently, the action of & = £x on spinors has integral weights

12
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A
AN

(M, g) admits geometric Killing spinors <= the cone (M, 7),

—

M=R"x M and g =dr®+4X°rg |

admits parallel spinors: Ve =0

equivariant under the isometry group G of (M, g)

14
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(MY7=1 g) lorentzian = (M, 3) has signature (2,1 — 1)
for the maximally supersymmetric Freund—Rubin backgrounds,

AdS, xS” and S* x AdS, .

the cones of each factor are flat:

cone of S™ is R»t1

cone of AdS1,, is (a domain in) R*?

the problem reduces to one of flat spaces!
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Isometries of AdS;,,

AdSi4, is simply-connected; it is the universal cover of a quadric
Q11+, C R*P, given by

2 2 2 2 2

For p > 2, m Q14+, = Z, generated by (topological) CTCs

z1(t) + ixo(t) = re’* with 7 =R*’+ a5+ + a2,

16
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the central element is the generator of m Q)14

. SO(2,p) is not a matrix group; it has no finite-
dimensional matrix representations

the Lie algebra of é(v)(Q,p) is still s0(2,p); and
adjoint group is again SO(2, p)

whence

one-parameter subgroups <« projectivised adjoint orbits of s0(2, p)

under SO(2,p)
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X € s0(p,q) < X : RPTY — RPTY [inear, skew-symmetric
relative to (—, —) of signature (p, q)

X =) . X, relative to an orthogonal decomposition

RPTI — @\/i with V; indecomposable

we need to determine the elementary blocks
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0 ¢
B(072) — B(an) —
() () 5 0
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O F1 1 O

B(2’2) _ +1 0 0 :Fl
+ -1 0 0 1

0O +£1 -1 O
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boost

(22— 32)2, deformation of B{*"”

B®?(6>0) =

0 1

+1 0
-1 F6

ERES

1
+0
0
~1

) by a (anti)selfdual
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1
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(2,2), u(x) = (22— B2)2, deformation of B> by a (anti)selfdual
boost _ _
0O F1 1 -0
+1 0 +8 F1
-1 F65 0 1
8 41 -1 0

B®?(6>0) =

The associated discrete quotient of AdSs vyields the extremal
BT/ black hole: the non-extremal black hole is obtained from

BEY (1) @ BUY(By), for |B1] # | B

|[Baifiados—Henneaux—Teitelboim—Zanelli, gr-qc/9302012]
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dual rotation

B

(2,2)
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0

Tl Fp
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0

Fltop
0
0
+1

(2,2)
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dual rotation

BPY (8> 0,0 > 0) =

(22 + 62+ ¢?) —

0

+¥
0

B

+p 0 -0
0 +£8 0
6 0 —p
0 ¢ 0

43212, self-dual boost + antiself-

25



26



26



(2,3), p(x) = z°, deformation of Bf’Q) by a null rotation in a
perpendicular direction

26



(2,3), p(x) = z°, deformation of Bf’Q) by a null rotation in a
perpendicular direction

B(273)

26



(2,3), u(z) = x°, deformation of Bf’z) by a null rotation in a

perpendicular direction

B(273) —

26



27



27



27

e (2,4), u(x) = (x% + ¢?)3, double null rotation + simultaneous
rotation



27

(2,4), p(x) = (22 + ©?)3, double null rotation + simultaneous
rotation

2.4
B (p)



27

(2,4), p(x) = (x? + ©?)3, double null rotation + simultaneous
rotation

0 Fp 0 0 -1 0]
+o 0 0 0 0 =1
0 0 0 1 0

B(274) — 90
£ @=1g o o0 0 -1
1 0 1 0 0 o
0 I 0 1 —¢ O
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(2,4), p(x) = (x? + ©?)3, double null rotation + simultaneous
rotation

0 Fo 0 0 —1 0]

+o 0 0 0 0 =1

(2,4) 10 0 0 ¢ =1 0
BEW =10 0o —o 0 0 -1
1 0 1 0 0 o

0 =xI 0 1 —¢p 0]

.
and now we simply play
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=84+ s

whose norms add

€17 = [1€all® + lI€s]I°
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it Is convenient to distinguish Killing vectors according to norm
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B (81) @ BUHY(6y) ®; B (g;), unless |B1] = |G2| > 0
B(1,2) @ B(1 1)(5) @ B(O’Q)(SOZ)
i),

B(Q’O)( )@ B(O 2) unless p is even and |w;| > || for all ¢

3(2 3) @, 3(0,2)(%)
B2 () ®; BO(p;)
Some of these give rise to higher-dimensional BTZ-like black

holes: quotient only a part of AdS and check that the boundary
thus introduced lies behind a horizon.
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Discrete quotients with CTCs

£ = &4+ &g a Killing vector in AdSy,, xS?**1 with [|£]|? > 0
but ||£4]| not everywhere spacelike

the corresponding one-parameter subgroup I' = R
pick L > 0 and consider the cyclic subgroup I';, = Z generated

by
v = exp(LX)

32
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Is lorentzian Einstein—Sasaki: timelike circle bundles over Kahler-
Einstein spin manifolds
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[Duff-Li—Pope, hep-th/9704186]
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there are many families of smooth supersymmetric reductions of
AdS, xS, S* x AdS7, AdS; xS°, and AdS3 xS? x R%.

5-BPS AdS, xCP? background of IIA

%—BPS IIA backgrounds: reductions of AdS, xS by

BS_M) © p(R12 + R34 + Rse — Rrs)
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a family of half-BPS 1A backgrounds: reductions of S* x AdS’
by

BHD(8) @ BHY(8) @ B (p) @ B (=)
Both these half-BPS quotients are of the form S* x (AdS; /T")

a number of maximally supersymmetric reductions of AdS; x.S?:
near-horizon geometries of the supersymmetric rotating black
holes, including over-rotating cases
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