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(M, g, F,...)
symmetries

f:MiM ffg=g f*F =F
define a Lie group GG, with Lie algebra g

X € g defines a one-parameter subgroup

['={exp(tX) |t € R}
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X € g also defines a Killing vector & x:

Lgxg:O Lg F=0

X

whose integral curves are the orbits of I

two possible topologies:

' = S if and only if 37 > 0 such that exp(T'X) = 1
[' = R, otherwise

we are interested in the orbit space M /T’
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Kaluza—Klein and discrete quotients

I' =2 St M/T is standard Kaluza—Klein reduction

[' = R: quotient performed in two steps:

discrete quotient M /I';, where L > 0 and

'y ={exp(nLX) |ne/Z} =7

Kaluza—Klein reduction by I'/T';, £ R/Z = S*
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locally isometric to M, but often with very different global
properties, e.g.,

M static, but M /T';, time-dependent

M causally regular, but M /I, causally singular

M spin, but M /T, not spin

M supersymmetric, but M /T";, breaking all supersymmetry
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(M, g, F,...) with symmetry group G, Lie algebra g
X, X' € g generate one-parameter subgroups

I' ={exp(tX) |t € R} I'" = {exp(tX’) | t € R}

if X’ =AX, A\#£0, then T’ =T

if X' =gXg ! then I = gI'¢g~ !, and moreover M /T" = M /T”
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enough to classify normal forms of X € g under

X~XXg 't ge@G@ NeR*

I.e., projectivised adjoint orbits of g
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A v 1,9
(O 1> A€ 0(1,9) v eR

' C O(1,9) x R, generated by

X =X, + Xp €s0(1,9) @ RY

10



Flat quotients

(RY?) F = 0) has symmetry O(1,9) x RY” < GL(11, R):

A v 1,9
(O 1> A€ 0(1,9) v eR

' C O(1,9) x R, generated by
X =X+ Xr€50(1,9) ®RY? |

which we need to put in normal form.

10
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X € s0(p,q) < X : RPT? — RPTY [inear, skew-symmetric
relative to (—, —) of signature (p, q)

X =) . X, relative to an orthogonal decomposition

RPTI — @M with V; indecomposable

for each indecomposable block, if A is an eigenvalue, then so are
—A, A, and —\*
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possible minimal polynomials:

A=0 u(x) = x”
A= (0 eR,

A =1p € 1R,

A= [0 +1ip, Bp #0,

pla) = (a2 + 8 +¢%)" - 4ﬁ2xz)n
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Normal forms for the Poincaré algebra

A+ 7 €50(1,9) @R
conjugate by O(1,9) to bring A to normal form
conjugate by RY:

A+T—=A+7— [T

to get rid of component of 7 in the image of [\, —|

16
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the subgroups with everywhere spacelike orbits are generated by
either

0, + Ri2(p1) + R34(p2) + Rs6(ws3) + Rrs(p4); or
0, + Nio+ R34(p2) + Rs6(p3) + Rrs(pa),

where o1 > w2 > @3 > @4 > 0
both are = R

the former gives rise to fluxbranes and the latter to nullbranes
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Adapted coordinates

start with metric in flat coordinates vy, 2

ds® = 2|dy|* + dz°

“undress” the Killing vector

E=0,+A=U08,U' with U=exp(—2z))
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introduce new coordinates
x=Uy=exp(—zB)y where Ay = By
whence £éx = 0
rewrite the metric in terms of x:
ds® = A(dz + A)* + |dz|* — AA?

where

A =1+ |Bzx|?
A=A"1Bx. dz
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the only data is the matrix

Ly

—¥1 — U
—u Y1+ u 0

¥3

\

where either

u = 0 (generalised fluxbranes); or
u=1and ;1 =0

P4
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the only data is the matrix

—U
( 0 — o —"1 \
—u Y1+ u 0

K ©4 O)

where either

u = 0 (generalised fluxbranes); or
u =1 and ;3 = 0 (generalised nullbranes)
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Discrete quotients

start with the metric in adapted coordinates
ds® = A(dz + A)? + |dz|* — AA?

and identify z~ 2+ L;eg.,u=1,¢0;,=0in B

B 1
_1—1—:1:%r

A=1+2z% and (z7dz' — z'dz™)

— half-BPS ten-dimensional nullbrane
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the nullbrane is

time-dependent

smooth

stable

a smooth transition between and
a resolution of parabolic orbifold

its conformal field theory is a Z-orbifold of flat space, and has
been studied

some arithmetic issues remain
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Supersymmetry

(M, g, F,...) a supersymmetric background

[' a one-parameter subgroup of symmetries, with Killing vector &
M/T

In supergravity: I'-invariant Killing spinors:

Lee = Vee +iV,61 % =0

In string/M-theory this cannot be the end of the story.

23



“Supersymmetry without supersymmetry”

pL



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

of

pL



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example

of

pL



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example:

of

pL



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example:

AdS5 ><S5

of

pL



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example:

AdS: x.S° - - AdSs xCP? x S1
\

of

pL



pL

“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount of
“supergravitational supersymmetry”

dramatic example: [Duff-Li—Pope, hep-th/9704186,9803061]
AdSs x 8% < AdSs xCP? x ST

AdS; xCP?



“Supersymmetry without supersymmetry”

T-duality relates backgrounds with different amount
“supergravitational supersymmetry”

dramatic example:

AdS: x.S° - - AdSs xCP? x S1

\ /
AdS: xCP?

CP? is not even spin!

of

pL
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Spin structures in quotients

(M, g) spin, I' a one-parameter subgroup of isometries

M/T
if ' = R, then M /T is always spin

if ' = S then M/T is spin if and only if the action of T lifts to
the spin bundle

equivalently, the action of & = £x on spinors has integral weights

25
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Supersymmetry of supergravity quotients

(M, g, F,...) supersymmetric

[' one-parameter group of symmetries, generated by &

Killing spinors of M /I" <= T'-invariant Killing spinors of M
it suffices to determine zero weights of L, on Killing spinors
e.g., (RY?): Killing spinors are parallel, whence

Lee = %Vafbl“abe



e.g., fluxbranes

27



e.g., fluxbranes

£ =0, + Ria(p1) + R3a(p2) + Rse(ws) + Rrg(pa)

27



e.g., fluxbranes

£ =0, + Ria(p1) + R3a(p2) + Rse(ws) + Rrg(pa)

Le = %(9011“12 + p2l's4 + 3’56 + pal'zs)
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N5 is nilpotent, whereas %(¢2F34+¢3F56+¢4F7g) is semisimple
and commutes with it; whence invariant spinors are annihilated
by both
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e.g., nullbranes

£ =0,+ Nis+ Rss(p2) + Rse(ws) + Rrs(p4)
Le = %F+2 + %(902F34 + p3l's6 4+ pal'73)

N5 is nilpotent, whereas %(¢2F34+¢3F56+¢4F7g) is semisimple
and commutes with it; whence invariant spinors are annihilated
by both

ker N.o = kerI'y, and this simply halves the number of
supersymmetries
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End of first part.
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field equations <= (M, g) and (N, h) are Einstein

supersymmetry <= (M, g) and (NN, h) admit geometric Killing
SpINOrS:
Vxe=MX-¢ where \ € R”
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A
AN

(M, g) admits geometric Killing spinors <= the cone (M, 7),

—

M=R"x M and g =dr®+4X°rg |

admits parallel spinors: Ve =0

equivariant under the isometry group G of (M, g)
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(M, g) riemannian — (]\/4\@) riemannian
(MY7=1 g) lorentzian = (M, 3) has signature (2,1 — 1)
for the maximally supersymmetric Freund—Rubin backgrounds,

AdSHp xS

the cones of each factor are flat:

cone of S? is RI*+1

cone of AdS1,, is (a domain in) R*?

again the problem reduces to one of flat spaces!
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Isometries of AdS;,,

AdSi4, is simply-connected; it is the universal cover of a quadric
Q11+, C R*P, given by

2 2 2 2 2

For p > 2, m Q14+, = Z, generated by (topological) CTCs

z1(t) + ixo(t) = re’* with 7 =R*’+ a5+ + a2,
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AdSi4,. Why? Because
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the orbits of SO(2) are the CTCs above

these curves are not closed in AdS;,
in AdSy.,, £102 — 201 does not generate SO(2) but R

the (orientation-preserving) isometry group of AdS;;, is an
infinite cover SO(2,p), a central extension of SO(2,p) by Z
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. SO(2,p) is not a matrix group; it has no finite-
dimensional matrix representations

the Lie algebra of é(v)(Q,p) is still s0(2,p); and
adjoint group is again SO(2, p)

whence

one-parameter subgroups <« projectivised adjoint orbits of s0(2, p)

under SO(2,p)
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We play again but with a bigger set!

We can still use the lorentzian elementary blocks:

(0,2) and also (2,0), pu(x) = z2 + ¢?, rotation

B%?(p) = B*9(p)
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Normal forms for so(2, p)

We play again but with a bigger set!

We can still use the lorentzian elementary blocks:

(0,2) and also (2,0), pu(x) = z2 + ¢?, rotation

0 ¢
B(0,2) _ p(2,0) _
() () o 0

|
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(1,1), p(x) = z* — B2, boost

O

(1,2) and also (2,1), p(x) = x3, null rotation

B(172)



(1,2) and also (2,1), u(x) = 22,

B(1.2) _ g1

null rotation
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(1,2) and also (2,1), u(x) = 22,

B(1,2) _ B(Q,l) _

null rotation
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But there are also new ones:

(2,2), u(x) = x4, “rotation” in a totally null plane

O F1 1 O

B(2’2) _ +1 0 0 :Fl
+ -1 0 0 1

0O +£1 -1 O
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(2,2), u(x) = (22— B2)2, deformation of B> by a (anti)selfdual
boost

B (6 > 0)



(27 2)1 U(CU) —

boost

(22— 32)2, deformation of B{*"”

B®?(6>0) =

0 1

+1 0
-1 F6

ERES

1
+0
0
~1

) by a (anti)selfdual

_5_

F1
1
0

41
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boost 3
0 F1 1
(2 2) +1 0 =+£p0
6 +£1 -1

The associated discrete quotient of AdSs
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(2,2), u(x) = (22— B2)2, deformation of B> by a (anti)selfdual
boost _ _
0O F1 1 -0
+1 0 +8 F1
-1 F65 0 1
8 41 -1 0

B®?(6>0) =

The associated discrete quotient of AdSs vyields the extremal
BT/ black hole; the non-extremal black hole is obtained from

BMD(81) @ B (B,), for |61] # | B2
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(2,2), u(x) = (22 + ¢2)2, deformation of B> by a (anti)self-

dual rotation



(2,2), p(z) = (x* + p*)?, deformation of B’

dual rotation

B

(2,2)
+

0

Tl Fp
—1

0

Fltop
0
0
+1

(2,2)

1

by a (anti)self-
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(2,2), () = (2% + B2+ ¢?) — 43222, self-dual boost + antiself-
dual rotation

B8 > 0,0 > 0)



(27 2)' :u(aj) —

dual rotation

BPY (8> 0,0 > 0) =

(22 + 62+ ¢?) —

0

+¥
0

B

+p 0 -0
0 +£8 0
6 0 —p
0 ¢ 0

43212, self-dual boost + antiself-
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(2,3), u(z) = x°, deformation of Bf’z) by a null rotation in a

perpendicular direction

B(273) —
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(2,4), p(x) = (22 + ©?)3, double null rotation + simultaneous
rotation

2.4
B (p)
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(2,4), p(x) = (x? + ©?)3, double null rotation + simultaneous
rotation

0 Fo 0 0 —1 0
+o 0 0 0 0 =1
0 0 0 1 0

B(274) — 90

£ @=1g o o0 0 -1
1 0 I 0 0 o
0 1 0 1 —p 0
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(2,4), p(x) = (x? + ©?)3, double null rotation + simultaneous
rotation

0 Fo 0 0 —1 0
+o 0 0 0 0 =1
0 0 0 1 0

B(274) — 90

£ @=1g o o0 0 -1
1 0 I 0 0 o
0 1 0 1 —p 0

and that’s all!
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Causal properties

Killing vectors on AdS;4, x59 decompose

=84+ s

whose norms add

€17 = [1€all® + lI€s]I°
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S? is compact —
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and if ¢ is odd, m? can be > 0

¢ can be everywhere spacelike on AdS;,, xS?*T1 even if £, is
not spacelike everywhere, provided that [|£4]|* is bounded below
and &g has no zeroes

it Is convenient to distinguish Killing vectors according to norm
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B (81) @ BUHY(6y) ®; B (g;), unless |B1] = |G2| > 0
B(1,2) @ B(1 1)(5) @ B(O’Q)(SOZ)
i),

B(Q’O)( )@ B(O 2) unless p is even and |y;| > || for all ¢

3(2 3) @, 3(0,2)(%)
B () ®; BO(p))
Some of these give rise to higher-dimensional BTZ-like black

holes: quotient only a part of AdS and check that the boundary
thus introduced lies behind a horizon.
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Discrete quotients with CTCs

£ = &4+ &g a Killing vector in AdSy,, xS?**1 with [|£]|? > 0
but ||£4]| not everywhere spacelike

the corresponding one-parameter subgroup I' = R
pick L > 0 and consider the cyclic subgroup I';, = Z generated

by
v = exp(LX)
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the “orbifold” of AdS;4, x S2k+1 by T, contains CTCs

idea of the proof: find a timelike curve which connects a point x
to its image vz for N > 1

e.g., a /-quotient of a lorentzian cylinder

general case:

let + = (w4, 25) be a point and v -2 = (4 - 24, 4N - 29) its

image under "
we will construct a timelike curve ¢(t) between ¢(0) = x and
c(NL) =~ -2 for N > 1
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whose arclength

N L
/ lés(t)lldt = NL|jés|) < D
0

therefore ||¢s|| < D/NL, and

lell® = Nleall® + llésll®
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which is negative for N > 1 where ||£4]]* < 0

the same argument applies to any Freund—Rubin background
M x N, where M is lorentzian admitting such isometries and N
Is complete:

N is Einstein with positive cosmological constant
Bonnet-Myers Theorem — /N has bounded diameter
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for X = R*, Killing spinors are isomorphic to
(A?ﬁ ® [Ai“ ® A%D @ (A2_’2 ® [A‘EO ® A%D

as a representation of Spin(2,2) x Spin(4) x Spin(4)

here |R] means the underlying real representation of a complex
representation of real type; that is,

R=[R|®C
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Regular one-parameter subgroups

only consider actions on AdS; x.S°

§ =&+ &g, with

¢ spacelike
smooth quotients
supersymmetric quotients

there are two classes: having 8 or 4 supersymmetries
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f = €19 + pes3q + 01R15 + 05R34, where 1 > ‘gp
and 1:F90:61:F(92

, 01 > |02 > |

associated discrete quotients are cyclic orbifolds (Zy or Z) of a
WZW model with group SL(2,R) x SU(2)

most are time-dependent, and many have closed timelike curves
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Thank you.
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