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If G acts freely on M
, cue get app al G - bundle

G ↳ M Es Mlg and t 't embeds A
'

( MIG ) as the

sub complex of A
'

( M ) consisting of basic forms :

2×4 = O FX E of
a c- AMM ) is basic ⇐ { ( horizontal )

Lxx = o FX Eg
C. invariant )

what if the action is not free ? MIG need not be a

manifold . How do are make sense of H
' ( MIG ) ?

The idea is to modify M as little as possible but admitting
a hee action . If G acts freely on E

,
it will act

freely on Ex M
,
and if in addition E 's contractible

Ex M is homotopy equivalent to M
. If so we may

define the tomotopyqo#ent Mq : = C Ex MYG ,

whose de 12ham cohomology is the cohomology of
the basic forms on Ex M

.
It is called the

G-#'antgy of M and devoted HECM ) .

if the G - action on M is the , H
↳ CM ) I H 6MIG )

.



The problem with this idea is that E is an inductive
limit of manifolds & hence infinite - dimensional

.

eg : G -
- U l E is an inductive live.it of S

" "

as n → a
.

he general ,
E = EG → BG is the total space of the

universal papal G - bundle over the classifying space BG
,

so

called because papal G - bundles over M are clarified by
[ M ,

BG ] . Not wanting to do analysts on E ,

our strategy is to model r
' CE ) algebraically .

The Weilalgebra Wcg ) is Ag
't
④ G

'

g
't

is a

g - DGA defined as follows
.

Let tea ) be a basis

for g & Coa ) the canonical dual basis for G* .

Let Tea
,
eat = fab

'

ee
.

get Ng 't sends fate Aa
and g* Es G " g 't sends 0-9 to Fa

.

we let

deg Aa =L and deg Fa = 2
.

The differential is

d Aa = - I f- be

" ABA 't Fa a d Fa = FI FBA '

and extending to WCG ) as a deg I odd derivation
.

IR n = o

Exercise Show d
'

= O and that Hnd = { o n > o

On WIG ) define for X = Xaea C- 8 ,

e. × Aa = X a

2x Fa = O

and L ×
= d 2×+2 xd

.

This turns Wcg ) into a g - DEA
.

Remade H
'

basic
C WIG )) = (G

' 9*19
.

So W (G ) & A
'

( M ) are g- DG As and hence so is

W
'

(g) ④ D
' ( M ) .

The e-gumariaeet.de#aeee model

for Hcj CM ) is the basic sub complex { W (9) ④ RCM ) } basic .

There is another algebraic model for Hei CM ) which

is more convenient for calculations
.



Let's defineminirmalcoorliugk
: JCM ) → 159 't ⑦ si CM)
dxi → dxi - Aa Ea

"
where Bea -

- Bai # i

allative to local coordinates .

It is well - defined .

Now let E : A
.

G
't
④ R' CM) → 52

'

( M ) be defined

by simply putting Aa = O
.

Then Eo K = ide.cm ,
and hence Koe is idempotent .

Since

ex KC dxi ) = if dxi - A
a Bai I = &'

- Xa Sia = o

one shows that Koe is the projector onto

hoirzonal forms in 159 't ④ R
'

C M ) : we have isos

K

a
'

cm ) ( Ag I Car) )
E hors

since Fa are horizontal ,
we get

K
G

.

g
't
⑦ Icon ) # @ -

(9) ④ R' CMD
hogE

and since E ,
K are g- maps ,

ri :=(G9* ④ rims )
' ¥ ( W ④ RCM ) basic

We transport the differential : do : = E - do K
, E :

data = E ( d Fa ) = 0 dew = ed ( w - Agaw t . - . )
= E ( d w - Fa zaw t . - -)
= d w - Fala w

( Nc
,
de ) is the Cantonment for tight ) .



what about moment maps ? Let ( M
,
w ) be

symplectic and G acts on M preserving co :

L
×

w = o ⇐ d 2×00=0 since d w = o
.

Let 2×6 = d 10x 7/9 E C- CM )
.

The functions 10x
are defined up to constants . If these can be

chosen so that
L× of y

= Ole * ys f Xi YE G
then g → a Cal ) sending X tox is a

lie algebra homomorphism and µ : M → g
't

with Up ) CX ) = 4×Cp ) is a moment map .

The G action is said to be hawthornden
.

since w
'

n g
- invariant

,
we sic

.

we say that

w admits anequcvariaeetclosedexteusio-y.ttJerk
, down

-
- o and DIE

.

ow .

Theory ( Atiyah - Bolt )

A symplectic G - action on ( M ,
w ) is hamiltonian

iff w admits an equivariant closed extension .

Proof at e R2

Eoff
, Ew # To = w t Ya F

- F Ya E CM )

Lb to = o ⇒ Lb Ya = fb ! Ya ¢× : = Xa Ya

doin = o ⇒ d ya = raw
}

is a moment

map .

Bogged



Exercise Show Hf ( Wcg)) E {
IR

,
n = °

O ,
n > o

Define k : WPLG ) → WP
"
C g ) by k C Aa ) -

- o k C Fa )

and extending as an anti derivation
.

@ d t d k ) (Aa ) = k ( Fa - Eff ,
A' A ' ) -

- Aa

( Rd + DR ) Cfa ) = k ( f Ic FBA
'

) + d Aa

= ffc ABA
'

t d A-

= Fa -

'zfbea At A- + FLATT
= Fat I feed At A

'

Filter Wcg ) by fdeg Fa '

- A
, fdeg Ako

.

Let m > I and a C- WMC 9)
.

Then

@ktkdjaEWMCg1sypresefdegx-F7oCaudxeo1.The
fdeg of pea -
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rt 25 = cm
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'

.
m - of = o ⇐ of = o

,
m = o ⇒ ⇐


