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I .
The lie algebra of isometries of a riemannian mfd

(Mig ) riemannian is ( M , g) = { be ACM ) / Lg g - o }
↳ real lie algebra of dim E mnz (n -

- dim M )

} Killing ⇐ 175 :X ↳ 7×5 is shew symmetric : g (17×5,4) = - g ( X , R, } )
killing 's identity : 1725 = RIE

,
- ) ⇒ 5 is determined by 56ps

, 175 Cp ) for any
PE M

. Equivalently ,

iso CM , g) ± { ( ft ) c- III.
n ,

/ DfE ) - o }

( ( E)
,

ffg ) ) = (77
- B 's

{
killing transport connection

CABS - RB
,
D)

If ( M "

, g )
= IE '

,
then iso ( Eu ) = Sechin IR " ( euclidean lie algebra)

The euclidean lie algebra is 2- graded :
con
) ⑦ IR

,

"

and hence trivially
filtered : f = soca )

,
e-

'
= seen > ⑦ IR

"
.

In general , iso ( M "

, g ) is fettered but not graded : by = bi 's Bo - O and

by is a linear subspace of E but not a filtered subalgebra .
However

,
the

associated graded gr ( B ) is a graded subalgebra of gr ( e ) IE .

The curvature is the obstruction to by being a filtered subalgebra of e
.

I
.

The killing srpeoalgeboa of a supergravity background

For definiteness ,
let's consider D= II su GRA

.

A D= l l SU GRA background

consists of a Lorentzian spin 11 - manifold ( M , g ,§ ) and a closed 4 - form F

together with a connection D on $ :
( rank 32 real imnnkdbiindle Is → M

D×E= THE -1 '

z F - X - et Ia, X
- F - E FEET ( $ )



whose curvature RP C- 524M 's End $ ) is
" Clifford traceless

"

:

( Bianchi )

{ E. RD ( ei , - ) E O { LEIF iz Faf cuaxweee)

Rica = ECF , g ) ( Einstein )

( M , g ,
F
,
$ ) is supersymmetric if 7 OF EE IT $ ) such that DE = 0

.

dim her D E 32 = rank $ .

Associated to every supergravity background there is a lie syreralgebva :

he = { BE ACM ) / Lg g - o & Lg F - o }
hi = { E C- IT $ ) / DE - o } killing svperalgebra of (Msg , F. $ )

Example ( M
, g) = IM

"

,
F -

- O
, $ = IM x S

Timed .
All , 10 ) - module

by = Poincare superalgebra
p = ( V ) ⑦ S ⑦ V I - graded Lie soperalgebra

o - I -2

pg = ( v ) ① ✓ ( Poincare )

p is also filtered : O c p° c p
"

c p
- Z
=p PT = S

seen Efg
't

Esto
'

⑦

Theorem ( TMF + Santi ' 16 ) V

FSA by of a SU GRA bg .
( M , gif , $ ) is filtered and gr ( by ) is a graded

subalgebra of gr ( p ) E P . ( The obstructions to by being a filtered subalgebra
of p are the Riemann curvature of g and F

. )

Theory ( TMF + Hustler ' 12 )
If dim hi > I rank § ,

then evp : [ hi , hi ] → Tp M is surjective ⇒ ( M , g , F ) is

locally homogeneous .

( conjectured by Patrick Meissen in 2004 )

A highly supersymmetric background ( dim hi > I rank $ ) can be reconstructed ( upto

coverings ) from its KSA
.
( TUF t Santi ' 16 )
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.

Generalised Spencer cohomology of Poincare syreralgebras

Algebraic deformations are typically governed by a cohomology theory .

he

the case of lie ( super ) algebra deformations ,
it is Cheval by - Ellenberg

cohomology with coefficients in the adjoint module
. If the lie (super ) algebra

is graded ,
the lie brackets have degree O and so does the CE differential ,

being roughly its dual
.

This means that we may view C
'

( g ; 9 ) as



C. (g ; g ) = Oat Cd
'

•

( 959 ) Filtered deformations are controlled by
T degree H " .

(g ;q ) = § Hd'
.

( 959 )
This cohomology theory is known as generalised Spencer cohomology & has been

studied by Cheng & Kac
.
One starts by calculating H 269-59 ) where

g- = ¥ odd is the negatively graded part of 9 .

let 's consider the Poincare syeralgebra p = Do ⑦ ok , ① Rz
Secr ) s v

If A
,
B E E ( VI , se S

,
v , WE V

,

[ A , B ] = AB - BA [ s
,
S3 = KISS ) K : O 's → V dual to Clifford

[ A ,
s ) = As Dirac current VDS → S

.

[ And = Av

II
.

Calculations

D= It
-

( V
, m ) lorentzian H - dirndl nectar space

( JNF - Isanti se CV ) a Cl ( V ) E End 1St ) ⑦ End (S ) ,
St ¥11233

'
15 ) p = soju ) ⑦ S ④ V ,

S =

any one of St
.

O - I - 2

C "
' ( P - j P ) = V*④ CV )
2 ( P - ; P ) = KTV *

④ V ) ④ ( V*④S*④S ) ⑦ ( OS 't
Sd Cvs )

Ch ' ( P - ; p ) = ( Qs*④V*⑦V ) ⑦ ( O 's * ④ S )

1-132 ( p . ; p ) = 114W ← the 4 - term of D= It so GRA

Given 4 Eh " V , 7 ! cocyde BY + VY E µ*④S*④S) ④ (Esko Cb)
and

( U ,
s ) = I 4. u - s + ¥, v. 4ns c- of . spinor connection D

Globalisiug , 4ms FER
"
( M )

film > pox =L F. x . + In x. F .
} DX - Rx + Bx ,

etc . . .

Upshot This could be considered a co homological derivation of
D= It so GRA

,
or a way to bypass the construction of the SOG RA

in order to study the supersymmetric backgrounds .



D=4_ ( de Medeiros + Tuft Santi ' 16 )

(V , y ) loeeutgiau 4 - dirndl nectar space

Cv ) C UCV ) I End ( s )
,

SI IR't

p = se ( V ) to S ④ V
O - I - Z

C
'
'
' ( P - j P ) = V*④ CV )

Q2 ( P - ; P ) = KTV *
④ V ) to ( V*④S*④ S ) ⑦ ( ① 5*④ Cvs )

Ch ' ( P - ; p ) = ( O 's * ⑦ V*④V ) ⑦ ( O 's * ④ S )

H
" ( R ; p ) I ITV ⑦ V ⑤ N' V ←

"

old minimal off shell
"

muetepbt

Given Io : =( a
,
4 ,

w ) E NV ⑦ AAV ① Nv
,

of D= 4 NA SU GRA

Z ! co cycle p*tVI C- (V*④S*④S) ① ( 03*+0 Cvs) ,
and

ptcv ,
s ) = - v. ( at w ) . s + ( Yau ) . lol . s - 2714 ,

u ) vol . s

giving rise to a connection DX = Tf t Bx on spinors ← stuff
formulation
of NII d=4

The backgrounds on which D is flat are : so GRA

IAgI}d3
- Nappi - unten

( cf . Festuca at Seiberg )

D-I ( de Medeiros + JMF + Santi ' 18 )

we have the choice of including the Spca ) R - symmetry in the Cho )

D= 6 Poincare syreralgebra , and their Spencer co homologies deffer .

Without R - symmetry ,
we obtain the killing spinor equations of

4,07 D= 6 AGRA
, but with R - symmetry we go beyond C? ) Su GRA

.

The geometries admitting rigid D= 6 Clio ) Susy ( but not nee . Poincare )

are :

- Minkowski - Ad 53×423

=¥¥¥R¥
- pp - wave

q g
- pp - wave

sauce

geometry ,
bot

different sum algebra


