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Introduction

Killing




This talk is about a relation between exceptional
objects:

e Hopf bundles

e exceptional Lie algebras

using a geometric construction familiar from
supergravity: the Killing (super)algebra.



Real division algebras

R C H O

>
ab = ba ab = ba ab #~ ba
(ab)c = a(bc)  (ab)c =a(bc)  (ab)e =a(bc) (ab)c # a(bc)

These are all the euclidean normed real division
algebras. [Hurwitz]



Hopf fibrations

Sl 53 S7 Sl5
SO Sl SB S7
| | l l
Sl S? S4 S8
SYCR St cC S3 CH ST CO

St c R? S3 c C? S”T c H? St c 0?
S'T=RP;, S*=CP;, S'~HP;, S®=Q0P,

These are the only examples of fibre bundles
where all three spaces are spheres. [Adams]



Simple Lie algebras

(over C)
4 classical series: 5 exceptions:
AnZl SU(n -+ 1) GQ 14
FE 78
Cnzs  Spn) E; 133
Dn>4 SO(QTL) Eg 248

|Lie] [Killing, Cartan]



O UK version @ International version | About the versions

BEEE
NEWS

News Front
Page
World

UK

England

MNorthern
Ireland

Business
Politics
Health
Education

Science/ Haturel

Technology
Entertainment

Also in the
news

Video and Audic

Have Your Say
Magazine
In Pictures

Countrv Profiles

E8 & the BBC

BBC News 24

Last Updated: Monday, 19 March 2007, 12:28 GMT
B E-mail this to a friend

& Printable version:

Low graphics

want It

248-dimension maths puzzle solved

An international team
detailed a vast complex
umerical "structure”
wWr i "
more than a century
ago.
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|“E structure is described in the
form of a vast matrix

Mapping the
248-dimensional
structure, called E8, took four years of work and
produced more data than the Human Genome
Project, researchers said.

E8 is a "Lie group”, a means of describing
symmetrical objects.

The team said their findings may assist fields of
physics which use more than four dimensions, such
as string theory.
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E8 & the Telegraph

' Surfer dude stuns physicists with theory of
everything

By Roger Highfield, Science Editor
Last Updated: &:01pm GMT 14/11/2007

= Have your say =l Read comments

An impoverished surfer has drawn up a new theory of the universe, seen by some as the
Holy Grail of physics, which has received rave reviews from scientists.

The EB pattern (left), Garrett Lis.i s.urfirlg {middle} and out of the water [right)

Garrett Lisi, 39, has a doctorate but no university affiliation and spends most of the year
surfing in Hawaii, where he has also been a hiking guide and bridge builder {when he slept
in a jungle yurt).

In winter, he heads to the mountains near Lake Tahoe, Nevada, where he snowboards.
"Being poor sucks," Lisi says. "It's hard to figure out the secrets of the universe when
you're trying to figure out where you and your girlfriend are going to sleep next month."

Despite this unusual career pg
standards of particle physidg

Jroposal is remarkable because, 0F igarcane
it does not require highly complex mathematics.



Supergravity
Supergravity is a nontrivial generalisation of Einstein’s

theory of General Relativity.

A supergravity background consists of a lorentzian
spin manifold with additional geometric data, together
with a notion of Killing spinor.

These spinors generate the Killing superalgebra.

This is a useful invariant of the background.



Applying the Killing superalgebra construction
to the exceptional Hopf fibration, one

obtains a triple of exceptional Lie algebras:

SlS ES

7
J/ S “Killing superalgebra> B4

S8 Fy




plane of numbers.

Rules of Multiplication in an Algebra of n units.

In general, if we consider an algebra of # units, ¢, ¢, . .. t,, such tl
=—1, ¢ =—1¢1,a product of m linear factors will contain terms wh:
are all of even order if m is even, and all of odd order if m is odd; for {

oot e S PINOTS

Rules of Multiplication in an Algebra of n units.
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oceneral, if we consider an algebra of # units, ¢, ¢, . . . ¢, , such tl

product of m linear factors will cc g, 'h;
m 18 even, and all of odd order if B } '

plane of numbers.

Rules of Multiplication in an Algebra of n w
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N Cliﬁ'm&lwh t

t=—1, 1 ¢ =——1t,, a product of m linear factors will contain terms wh:

are all of even order if m 1s even, and all of odd order if m is odd; for 1

In general, if we consider an algebra of n units, ¢, t,



Clifford algebras

Ve (=) real euclidean vector space
RV
CUV) = ati
(V) 0@ v+ o)1) filtered associative algebra
Q ClUV)= AV (as vector spaces)

CUV)=CUlV)y D CUV ),

CK(V)O =~ Aevenv Cé(V)l ~ AOddV



orthonormal frame €l,...,e,

€, €; -+ €, €; — —257;3'1 Y (Rn) —. an
Examples:
Clo = (1) = R

Cl1 = <1,el{e% — —1> ~ C

10
-

Cly = <1,€1,62|€% — e% = —1,e1ey = —€2€1>



Classification

Cl1g =2 R(256)

n Cln Bott periodicity:

0 R

1 C N

; o Clpig = Cly, @ R(16)
3 H ¢ H

) ) e.g.,

5 ) Cly = C(16)

6 )

7 R

—® O
IO

=
—~
QO
—~
QO
~—

From this table one can read the type and
dimension of the irreducible representations.



O/, has a unique irreducible representation if
n is even and fwo if n is odd.

They are distinguished by the action of
€1€o - ey

which is central for n odd.

Notation: 9, or M Clifford modules

dim 9, = 2Ln/2



Spinor representatinos

s0,, — CV,
e Ne;— —%eiej Splnn C Cly,
s € Spin,,, v € R" — svs~! € R"

which defines a 2-to-|l map Spin,, — SO,

with archetypical example Sping = SU; C H

| 2-1

SO5 2 SO(ImH)



By restriction, every representation of C'/,, defines a
representation of Spin,, :

Cl, D Spin,,
M=A=A, DA_ AN chiral spinors
M™ = A A spinors

One can read off the type of representation from

Spin,, C (Cly)y = Cly_y

dim A = 2(%—1)/2 dim A__ _ 2(%—2)/2




Spinor inner product

(—s—) bilinear form on A

(€1,€2) = (g2,€1)

(81,62@'82):—(87;'81,82) \V/giEA
—> (81,61'6]' '82) — — (eiej . 81,62)
which allows us to define |- —]: A’A — R”

(le1, 2], €;) = (€1, €; - €2)



Spin geometry



Spin manifolds

M" differentiable manifold, orientable, spin

g riemannian metric




Possible Spin (/) are classified by H' (M;7,/2) .

e.g., M =S" cR""!
O(M) — On_|_1
SO(M) = SO,
Spin(M) = Spin,, 4

S™ = 0,41/0y 2 SO,,41/S0,, = Spin,, . | /Spin,,

m (M) ={1} = unique spin structure



Spinor bundles

C{TM) Clifford bundle
l CUUTM)=ATM
M
S(M) := Spin(M) Xgpin. A (chiral)
spinor

S(M)4 :=Spin(M) xspin. A+ bundles

We will assume that C/(T'M) acts on S(M)



“Stand by for parallel transport!”



The Levi-Civita connection allows us to
differentiate spinors

V:SM)—T"M® S(M)
which in turn allows us to define

parallel spinor Ve =0

Killing spinor Vxe=MX -¢

Killing constant /



If (M,q) admits
parallel spinors » (M,q) is Ricci-flat
Killing spinors » (M, q) is Einstein

R =4Xn(n—1)

— A€ RUIR

Today we only consider real A.



Killing spinors have their origin in supergravity.
The name stems from the fact that they are

“square roofs’ of Killing vectors.

Ver(rM) isKillingif £yg=0

-.e Kiling  E»  [r1.2] Killing



Which manifolds admait
real Killing spinors?

(M,3) metric cone

M=R"x M g =dr® +r?g

Ch. Bar

parallel spinors
in the cone

Killing spinors
in (M.g)

(= +

DN | —
N—



More precisely...

If  is odd, Killing spinors are in one-to-one

correspondence with chiral parallel spinors in
the cone: the chirality is the sign of A.

If  is even, Killing spinors with both signs of
A are in one-to-one correspondence with the
parallel spinors in the cone, and the sign of A

enters in the relation between the Clifford
bundles.



This reduces the problem to one (already
solved) about the holonomy group of the

cone.

n | Holonomy
n | S0,
2m | U,,
2m | SU,,
A4m | Sp,,
7| Gs
8 | Spin~

Or else the cone is flat and 1/ is a sphere.



Kalling superalgebra



Construction of the algebra

(M, g) riemannian spin manifold

E=0 DY

b = { Killing spinors }
(With A = %)

by = [%1,?1] C {Kllllng vectors}



[, —]: A%t — £ ?

—, =] : A%ty — & v |—.—] of vector fields

[—, —] : AQEl — Eo \/ g([81,82],X) = (81,X - 82)

— —]:t®@t — ¢t ? spinorial Lie derivative!

i

.

Kosmann Lichnerowicz




X er(rM) Killing 0 Lxg=0

AX =Y — —VYX

0 50((hTM )

0:50(T'M)— EndS(M) spinor representation

Lx :=Vx+o(Ax) spinorial Lie derivative

cf. QXY:VXY+AXY:VXY—VyX:[X,Y] v



Properties

VX, Yety, Zel'(IT'M), cl'(SM)), [feC*(M)

QX(Z°8):[X,Z]-€—|—Z°£X<€

Lx(fe) = X(f)e + fLxe Ve € £, X € ¢

Lxe €

Lx,Vzle =Vix 7€

[—,—: :Eo®31—>?1

Lx,Lyle = Lix v)e |
[X, E| ‘= £X5 /




The Jacobi identity

Jacobi: A°t — ¢
(X7 Yv Z) — [Xa [Ya ZH o [[Xv Y],Z] o [Yv [Xa Z“

4 components :

Aty — tg v Jacobi for vector fields
Aty @8 — B v |[£x,Lyv]le = Lixyie
E()@AZ?]_HEO { £X(Z€>:[X,Z]€+Z£X5

A%E — By ?  but £y — equivariant



Some examples
ST c R® bp =s0s B =AL  28+8=36
SSCR? Etg=s09 B =A 36 +16 = 52

S CcRY  ty =501 € =A4  120+128=248

In all cases, the Jacobi identity follows from

(El X ASET)EO =0



A sketch of the proof

Two observations:

1) The bijection between Killing spinors and
parallel spinors in the cone is equivariant
under the action of isometries.

» Use the cone to calculate £ <.

2) In the cone, £xe = 0(Ax)s and since X is
linear, the endomorphism 4 x is constant.

» It is the natural action on spinors.



We then compare with the known constructions.

Alternatively, we appeal to the classification of
riemannian symmetric spaces.

These Lie algebras have the following form:

t=¢ Dt £ Lie algebra
o ty-representation
(—, —) t-invariant inner product

>

K/Ky, symmetric space




Looking up the list, we find the following:

Sping /Sping

with the expected linear isotropy representations.



Open questions

e Other exceptional Lie algebras? Eb follows
from the 9-sphere by a similar construction;
E7 should follow from the | I-sphere, but

this is still work in progress. 6G27?

® Are the Killing superalgebras of the Hopf
spheres related!?

® What structure in the |5-sphere has E8 as
automorphisms?



