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The ur - example of a loreutjan manifold is ( 4 - dinil ) Miuhowslei spacetime .

we D dimensions it is a real affine space modelled

on a vector space

X±RD
with an indefinite inner product M with signature ( 1. D - 1) ( " mostly minus

"

)
.

the lie algebra of isowetiios of Winkowski spacetime is the Poincare
' tie algebra of =p so_ ( Vm ) @ V

.
It is a

V. s
.

0 -2

I graded lie algebra : [ A ,B ] = Ao B- BOA

[ A ,v ] = Av HABEICV ) e End (V )

[ v , W ] = 0 v. we v

Associated to (UM ) we have the Clifford algebra UCVM) , generated by V sobjeot to v2= - ycuio ) 11 FNEV
.

The precise structure of UCV ,n ) depends on dim V.
. If dimV=4

,
U (VM ) = Math

,
R ) and if

dim V= 11
, UCVM) =2Mat ( 32,112 ) .

Let S be an irreducible neal module of UCV ,y) .

For example ,

If dim V=4
,

5 ¥1129 and if dim 11=91
,
SER

"
and we will choose the module on which the volume form in

I

UCVM ) acts uontuvially .

we both of these cases
, Clifford action Vx S → 5 is shewsymmetnc relative

to a SICV ) - invariant syrup hectic structure C- ,
- ) on

S
.

The transpose of I nee .
to G

,
- ) and y

defines a symmetric bilinear map K : 5×5 → V known as the Dirac current
. Explicitly , if ses

,

KCS , e V is defined by
7 ( k ( sl , v ) = ( s ,

v. s ) F ve V
.

Then K ( s . ,Sz ) = tz ( KC sytsz ) - Klsa ) - KISD ) .

The action of se ( v ) on S is given by the embedding I ( V ) → UN )
when vnwtsocv ) Is defined by

vxw H at Tviw ]
dnw ) ( x ) = n (

vc
>c) W -

mw
,
>c) v



The Poincare
'

sureralgelora 5¥I ( V ) +0 So 11 with brackets extending those of the Poincare ' algebra above by
v. s .

It Is a 7L - graded aperalgelora acv ) +0 S +0 V
[ A ,

s ] = As o - i - 2

[ sais ] = Klsmsz )
-

5-

5 is a module out the sobalgelaa 5-
. Therefore we can consider the complex J : CPCS . ; 5) → CP "

( 5-55 )

pin the surer sense

where CPCS . ;5 ) = Him ( APE . , 5)
.

Because 5 is 7L - graded , the differential has deg 2=0 and

the complex admits a second grading so we can talk about 2 : CP

'd
- CP "

'd
where CP

'd
CCP consists of

d
those P - io chains of degree d

. Also because 5 is 7L - graded ,
HP ' Is an EU ) = 5

.

- module
.

We are

interested mostly In H
"

,
where [ '

2
= { x : NV → V } +0 { p : Vxs → S } +0 { r : sxs → Ew ) }

y
if .

D= 11 SUGRA

egf dim V = Pt
,

+12.2 ± At V as an - modules If YENV , Py ( 4 s ) =zta(v. 4. s - 34 .v . s )

,
g.

"

gfdjmipIYdsuaTkashelldimV-4H2R-NV0NV@A4VigCgA.buoljENVoVoA4V.Pa.a.bCv.s
) = - v. ( atbvoe ) . s + ( Arv ) . nots -275A ,✓) lots

2
. Killing superalgebras ( D= to from now on )

Now let ( Mig ) be an M - dim 'l loreutgiau spin manifold and FeR4CM)
.

Let $ → M be the spiuor

bundle ( actually a bundle of UCTM ,g ) - modules ) and define a connection D on $ as follows :

fspin connection

we say EEM $ ) is a killingspiuor if DE=o
D
×

E = THE + P ,=( X. E)
4 ±, ( X ?F. e -3F.x.by If EET ( $ ) is a Killing spinor ,

then KCE ) is
*
o

( From now on assume dF=O
. ) a killing vector field & if dF=0

,
also Lkce ,F=O .

Let he = { XEKM ) / L×g=O & L×F=o } and br , ={eeH$)|De=o } .

Thru ( Fttleessent Philip ,

' 04 ) by = kook , is a lie sonaalgelora called the Killing aperalgebra of ( M 19 ,
F)

.



conjecture ( Neeson
,

' 04 ) If dim bit > I r^k$ ( = 16 ) then F a lie group G acting tausitiuely on M

isometric ally and preserving F.

Them ( Ft Hustler
,

' 12) If dim k
,
>

'

zrnk $ ,
then the ideal [ ht

, kicks acts locally trausctinely on M :

FPEM , span { §(p ) | §E [ kt , bit ] } = TPM

theorem ( F t Santi
,

'
16 ) the Killing soperalgeloratg-brs@kiofCMig.F ) is a filtered lie superalgelora

and its associated graded algebra is a 2 graded sobalgebra of 5 .

cf .
( M ,g ) viewaunian and g={ Se )f(M)|L§g=° } the lie algebra of isometus

.

Killing transport ( Kostant , Geroch ) ⇒ g is filtered and grg is a 2- graded sobalgebraoftueeuclideanhlalgebrau
:isomety lie algebra

3
. Loreutgiau field equations on homogeneous loeeutgau manifolds of the feat model

Theorem ( F + Santi
,
46 ) If dim kt > ±mk$ ,

then g & F obey the ( bosouic ) field equations of D= 11

surergramty :

d*F= - 'zF×F and Ric (g) = TCF
, g)

"

Maxwell
" "Einstein"Furthermore

, we can reconstruct ( Mig ,F ) op to
local

'

isomety
'

from k .

This ' reduces '
the local clarification of bosonic supergrauety backgrounds preserving > I of the surersymmetry

to the clarification of certain filtered deformations of 7L . graded sobalgeleras of 5 .

state
of the ant Let n= dimkt .

Then he [0/32]^2
.

n= 32 classification ( F + Papadopoulos
' 01 ) recovered algebraically ( Ft Santi

,
1 15 )

n =3 , # ( Gran + Gtowshit Papadopoulos + Roest
' 07

,
Ft Gadlina

'

07 )

n=3O Tt ( Grant Ewtowskit Papadopoulos
'
10 )

27 Inf 29 ?

n = 26,24, 22,20 ,
18 F but no clarification

n= 17>19,21 , 23,25 ?



4 . Other dimensions

one can play this game in any dimension and with other ( Z graded ) lie sunealgebras : - ( extended ) Poincare '

suptalgelra
-

"

non . relativistic
"

syaalgeleras
- conformal sgaalgebrasWe have already analysed this problem in 4=9 and D= 6

.

- . . .

Theorem ( de Medeiros + F + Santi
'

16 )
a P b

Let 5 = sew ) +0 So V be the 4d NH Poincare
'

syoralgelora .
Then H

"
( 5- ; 5) ¥ NV +0 NV +0^4 V

.

SICV ) - niodThe
comspondiug Killing spine equation is

D×E = The - X. ( atbwl ) . e + ( 4^X ) . vote - 2gal , D "oliE and killing spines generate a lie superalgebra .

[ minimal @d) off . shell SUGRA

The geometries for which D is Feat are :

@ a=b= 4=0 => Miuhowslei spacetime

�2� 4=0 , a 't 62 > 0 ⇒ Adsg & Ric = -126462 ) of

�3�
a=b - 0

, 4=10

(a) 4 timeline ⇒ R × S3

( 6 ) Y spacetime ⇒ Adsgx R

(c) 4 lifelike ⇒ Nappi . Witten ppwaue

= zp(a) R - symmetry
Theorem ( de Medeiros + F + Santi

,

' 18 )

Let 5 =so_ ( v ) @ S @ ✓ be the ( 1,0 ) D= 6 Poincare scghralgelora , and let £ = @CV ) @¥+05 * ✓ be the extension by Rsynm .

Home 5×06 = 2- +0€ A

T 2 fundamental nep of spa ) R - symmetry Then H2'45 . ;5 ) and H2' 2 C £
- ; £ ) are acv ) @ # (A ) . nods

half - spiuor
nep of spinal ) ESLK ,lH )

H Y H Y
Then H2' 26 . ;s ) =- (113+6^211) to ( VQ synia ) and H "C I

. ;£) = ( IPV @ ND ) o ( V @ Syria )
n

^

( self - dual
- dygaeuae → general )

3- form 3- form
Killing spinor equation :

D×E '

-
= Dx E - 2×H . E + 3 YCX ) - E - Xny . E ( this goes beyond SUGRA )



Hamburg talk ( summary )

• Miuhowsbi spacetime -7 Poincare '

algebra → Poincare
'

superalgebra (d=4 ,
D= 11 )

• Spencer cohomology → p : v * s → S (d =4
,
D= 11 )

• Killing spins → Killing nperalgelera → Homogeneity → Algebraic structure

• > I - B Ps ⇒ field equations
• Applications to clarification of > I - BPS sogm backgrounds

• Applications to constructing rigidly sunvsymmetnc field theories


