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Motivation
Maximally symmetric lorentzian manifolds — (anti) de Sitter 
and Minkowski spacetimes — play an important rôle in 
contemporary theoretical physics: GR, QFT, AdS/CFT,…


There is a desire to explore “non-relativistic” limits of these 
theories, in view of its applications to flat space holography, 
condensed matter,…


Natural question: What are the “non-relativistic” analogues 
of these spacetimes?
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• The non-relativistic limit of Minkowski spacetime is 
Galilean spacetime 

• The ultra-relativistic limit of Minkowski spacetime is 
Carrollian spacetime                            [Lévy-Leblond 1965]

Beyond lorentzian geometry
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“My dear, here we must run as fast as we can, just to stay in place.” 



• (Anti) de Sitter spacetimes also have such limits: 
galilean (A)dS and carrollian (A)dS
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Symmetric spaces of 
kinematical Lie groups

• These 9 spacetimes: M, AdS, dS, C, G, 
dSC, AdSC, dSG, AdSG (together with 
the riemannian symmetric spaces E, S, H) 
are symmetric homogeneous spaces of 
kinematical Lie groups (with D-
dimensional space isotropy) 

• Symmetric homogeneous spaces admit 
c a n o n i c a l t o r s i o n - f re e i n v a r i a n t 
connections.  For C, G, dSC, AdSC, 
dSG, AdSG these are not metric 
connections.  We can nevertheless still 
take the zero curvature limit of dSC, 
AdSC, dSG, AdSG.  (C and G are already 
flat.) 
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Highlights of new results
• Classification of (D+1)-dimensional, simply-connected, spatially 

isotropic, homogeneous, kinematical spacetimes


• Classification of (D+1)-dimensional aristotelian spacetimes


• Limits between the spacetimes


• Proof that the orbits of boosts are generically non-compact (except in 
riemannian and aristotelian "spacetimes", of course)


• Determination of (infinite-dimensional) Lie algebras of (conformal) 
symmetries


• Classification of (3+1)-dimensional homogeneous kinematical 
superspaces and their limits
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D=3 N=1 superspaces
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Part 2 
(Some) technical details



Kinematical Lie algebras
• The Lie algebra of a kinematical Lie group (with D-dimensional space 

isotropy) is a kinematical Lie algebra 

• A kinematical Lie algebra (with D-dimensional space isotropy) is a 
real Lie algebra 𝖐 of dimension (D+1)(D+2)/2 such that 

• 𝖘𝖔(D) ⊂ 𝖐 

• under 𝖘𝖔(D), 𝖐 = 𝖘𝖔(D) ⊕ 2 V ⊕ S 

• V = D-dimensional vector rep of 𝖘𝖔(D) 

• S = 1-dimensional scalar rep of 𝖘𝖔(D)



Typically, we write the generators as

Jab Ba Pa H
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so(D)
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"boosts"

"spatial translations"

"time translation"

The reason for the " " is that the geometrical/physical interpretation can only

be given when the Lie algebra acts on a spacetime.

[J ,J ] = J [J ,B] = B [J ,P ] = P [J , H] = 0
<latexit sha1_base64="Q94J5XdjkHgOnryLvg5Pt9s0BPM="></latexit>



Examples
so(D + 1, 1) so(D, 2) so(D + 2)

<latexit sha1_base64="0yoAbKXA70+pvh6yJjOn+lctiPw="></latexit>

Simple Lie algebras

Poincaré Euclidean

Galilean

[H,B] = P
<latexit sha1_base64="yCDZSxXo8cpGpvLziCLlMWvRbc8=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4kCFTW2sXQqmbLivYB7RDyaRpG5rJDElGKMN8gBt/xY0LRdz6Ae78G9OHUEUvhBzOOZd77/FCzpRG6NNKrayurW+kNzNb2zu7e9n9g6YKIklogwQ8kG0PK8qZoA3NNKftUFLse5y2vPH1VG/dUalYIG71JKSuj4eCDRjB2lC9bK5TO+t6Ae+riW++uJq48AouM/XEuJCNioUyykMDSoWigwwoIqd84UDHRrPKgUXVe9mPbj8gkU+FJhwr1XFQqN0YS80Ip0mmGykaYjLGQ9oxUGCfKjeeHZPAE8P04SCQ5gkNZ+xyR4x9NV3NOH2sR+q3NiX/0jqRHly6MRNhpKkg80GDiEMdwGkysM8kJZpPDMBEMrMrJCMsMdEmv4wJ4ftS+D9o5m3n3M7fFHKV6iKONDgCx+AUOKAEKqAG6qABCLgHj+AZvFgP1pP1ar3NrSlr0XMIfpT1/gX3oZuZ</latexit>

[B,P ] = H
<latexit sha1_base64="Zss5Vdbx/ztKaPZtBsWKYjyMwy0=">AAACDHicdVDLSgMxFM3UV62vqks3wSK4kCFTW2sXQqmbLivYB7RDyaRpG5rJDElGKMN8gBt/xY0LRdz6Ae78G9OHUEUPhJycey6593ghZ0oj9GmlVlbX1jfSm5mt7Z3dvez+QVMFkSS0QQIeyLaHFeVM0IZmmtN2KCn2PU5b3vh6Wm/dUalYIG71JKSuj4eCDRjB2ki9bK7T9QLeVxPfXHE1OVt+1hMXXsGacSEbFQtllIeGlApFBxlSRE75woGOjWbIgQXqvexHtx+QyKdCE46V6jgo1G6MpWaE0yTTjRQNMRnjIe0YKrBPlRvPlkngiVH6cBBIc4SGM3W5I8a+ms5nnD7WI/W7NhX/qnUiPbh0YybCSFNB5h8NIg51AKfJwD6TlGg+MQQTycyskIywxESb/DImhO9N4f+kmbedczt/U8hVqos40uAIHINT4IASqIAaqIMGIOAePIJn8GI9WE/Wq/U2t6asRc8h+AHr/QsJ+5uZ</latexit>

Carroll

p = so(D, 1)n RD,1
<latexit sha1_base64="9zE3o6tTOYU9Sqpi0aG/NMawVAE="></latexit>

e = so(D + 1)n RD+1
<latexit sha1_base64="MhdHUUQPbGEIaKP41tfELFRGhII="></latexit>



More examples
[H,P ] = P [H,B] = �B � 2 [�1, 1]

<latexit sha1_base64="/9pgEM3eidUtgGm/ih8iQDTrblk="></latexit>

� = �1
<latexit sha1_base64="V2sXh4P4Cc1Or7n6GFEyc7zQT+g=">AAAB83icdVDLSgMxFM34rPVVdekmWAQ3DkltrV0IRTcuK9gHdIaSSTNtaDIzJBmhDP0NNy4UcevPuPNvTB+Cih64cDjnXu69J0gE1wahD2dpeWV1bT23kd/c2t7ZLeztt3ScKsqaNBax6gREM8Ej1jTcCNZJFCMyEKwdjK6nfvueKc3j6M6ME+ZLMoh4yCkxVvK8AZGSwEt4imGvUEQuqpRrqAQtqZYrGFlSQbh2jiF20QxFsECjV3j3+jFNJYsMFUTrLkaJ8TOiDKeCTfJeqllC6IgMWNfSiEim/Wx28wQeW6UPw1jZigycqd8nMiK1HsvAdkpihvq3NxX/8rqpCS/8jEdJalhE54vCVEATw2kAsM8Vo0aMLSFUcXsrpEOiCDU2prwN4etT+D9plVx85pZuy8X61SKOHDgER+AEYFAFdXADGqAJKEjAA3gCz07qPDovzuu8dclZzByAH3DePgFIlJCL</latexit>

Newton-Hooke

[H,B] = �B + P [H,P ] = �P �B � � 0
<latexit sha1_base64="e+2SkS/q2ISetN/8W6RyiFqJ1nc="></latexit>

� = 0
<latexit sha1_base64="hMZB2j6+vkf2xNAOWw8bOXYaO6U=">AAAB73icdVDLSgNBEOz1GeMr6tHLYBA8LbMxMeYgBL14jGAekCxhdjJJhszOrjOzQljyE148KOLV3/Hm3zh5CCpa0FBUddPdFcSCa4Pxh7O0vLK6tp7ZyG5ube/s5vb2GzpKFGV1GolItQKimeCS1Q03grVixUgYCNYMRldTv3nPlOaRvDXjmPkhGUje55QYK7U6dMjRBcLdXB67uFSs4AKypFwsediSEvYqZx7yXDxDHhaodXPvnV5Ek5BJQwXRuu3h2PgpUYZTwSbZTqJZTOiIDFjbUklCpv10du8EHVulh/qRsiUNmqnfJ1ISaj0OA9sZEjPUv72p+JfXTkz/3E+5jBPDJJ0v6icCmQhNn0c9rhg1YmwJoYrbWxEdEkWosRFlbQhfn6L/SaPgeqdu4aaYr14u4sjAIRzBCXhQhipcQw3qQEHAAzzBs3PnPDovzuu8dclZzBzADzhvn/eQj0Y=</latexit>

Newton-Hooke

These are all in D>3.  For D=3 and D=2 there are others due to the existence of

✏abc
<latexit sha1_base64="8m7iAYc1fXsF5sGfXOJQpL3OLuU=">AAAB9XicdVDLSgNBEOz1GeMr6tHLYBA8LbMxMeYW9OIxgnlAsobZySQZMju7zMwqYcl/ePGgiFf/xZt/4+QhqGhBQ1HVTXdXEAuuDcYfztLyyuraemYju7m1vbOb29tv6ChRlNVpJCLVCohmgktWN9wI1ooVI2EgWDMYXU795h1Tmkfyxoxj5odkIHmfU2KsdNthseYikt2UBHTSzeWxi0vFCi4gS8rFkoctKWGvcuYhz8Uz5GGBWjf33ulFNAmZNFQQrdsejo2fEmU4FWyS7SSaxYSOyIC1LZUkZNpPZ1dP0LFVeqgfKVvSoJn6fSIlodbjMLCdITFD/dubin957cT0z/2UyzgxTNL5on4ikInQNALU44pRI8aWEKq4vRXRIVGEGhtU1obw9Sn6nzQKrnfqFq6L+erFIo4MHMIRnIAHZajCFdSgDhQUPMATPDv3zqPz4rzOW5ecxcwB/IDz9glhFJMY</latexit>

and ✏ab
<latexit sha1_base64="TuHOka5eh0nhzYHPVcnof+MQ8Zk=">AAAB9HicdVDLSgNBEJz1GeMr6tHLYBA8LbMxMeYW9OIxgnlAsoTZSScZMju7zswGwpLv8OJBEa9+jDf/xslDUNGChqKqm+6uIBZcG0I+nJXVtfWNzcxWdntnd28/d3DY0FGiGNRZJCLVCqgGwSXUDTcCWrECGgYCmsHoeuY3x6A0j+SdmcTgh3QgeZ8zaqzkdyDWXESym9Jg2s3liUtKxQopYEvKxZJHLCkRr3LhYc8lc+TRErVu7r3Ti1gSgjRMUK3bHomNn1JlOBMwzXYSDTFlIzqAtqWShqD9dH70FJ9apYf7kbIlDZ6r3ydSGmo9CQPbGVIz1L+9mfiX105M/9JPuYwTA5ItFvUTgU2EZwngHlfAjJhYQpni9lbMhlRRZmxOWRvC16f4f9IouN65W7gt5qtXyzgy6BidoDPkoTKqohtUQ3XE0D16QE/o2Rk7j86L87poXXGWM0foB5y3T6Cnkqs=</latexit>



Classifications

• D=0  There is only one 1-dimensional Lie algebra


• D=1  There are no rotations, so any 3-dimensional Lie 
algebra is kinematical [Bianchi 1898] 

• D=3  [Bacry+Lévy-Leblond 1968] [Bacry+Nuyts 1986] 

• D≥3 [JMF 2017] 

• D=2 [Andrzejewski+JMF 2018]

using deformation theory}



Homogeneous spacetimes

K/H
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K
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k
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h
<latexit sha1_base64="2on/ZDueWtZ9HYVj0cDbTzb4sMw=">AAACCXicdVDLSgNBEOz1GeMr6tHLYBA8hdmYGHMLevEYwTwgu4TZyWwyZPbBzKwQlnyBd6/6C97Eq1/hH/gZziYRNGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43vs78zj2TikfhnZ7EzA3IMOQ+p0QbyXECoke+JON0NO0XiriEq5U6LiNDapWqjQ2pYrt+YSO7hGcowgLNfuHTGUQ0CVioqSBK9WwcazclUnMq2DTvJIrFhI7JkPUMDUnAlJvObp6iU6MMkB9JU6FGM/XnREoCpSaBZzqzG9Wyl4l/epkila+W9mv/0k15GCeahXS+3k8E0hHKYkEDLhnVYmIIoZKbDxAdEUmoNuHlTTTf/6P/Sbtcss9L5dtKsXG1CCkHx3ACZ2BDDRpwA01oAYUYHuEJnq0H68V6td7mrSvWYuYIfsF6/wIBK5ue</latexit>

H
<latexit sha1_base64="MyH1xIj0lsq2EGukRTPbrCp0eO8=">AAACCHicdVDLTgIxFO3gC/GFunTTSExckQ6CyI7ohiUm8khgQjqlAw2ddtJ2TMiEH3DvVn/BnXHrX/gHfoYdwESJnuQmJ+fcm3vv8SPOtEHow8msrW9sbmW3czu7e/sH+cOjtpaxIrRFJJeq62NNORO0ZZjhtBspikOf044/uUn9zj1VmklxZ6YR9UI8EixgBBsr9fohNmOCedKYDfIFVESVcg2VoCXVcsVFllSQW7t0oVtEcxTAEs1B/rM/lCQOqTCEY617LoqMl2BlGOF0luvHmkaYTPCI9iwVOKTaS+Ynz+CZVYYwkMqWMHCu/pxIcKj1NPRtZ3qiXvVS8U8vVZQO9Mp+E1x5CRNRbKggi/VBzKGRME0FDpmixPCpJZgoZj+AZIwVJsZml7PRfP8P/yftUtG9KJZuy4X69TKkLDgBp+AcuKAK6qABmqAFCJDgETyBZ+fBeXFenbdFa8ZZzhyDX3DevwDqJZsA</latexit>

Lie group with kinematical Lie algebra

closed Lie subgroup with Lie algebra

Span{J ,B}
<latexit sha1_base64="WfjRbUP1Eqnjfc8jMICDtB0CjAE="></latexit>

∃ choice of basis

Klein pair (k, h)
<latexit sha1_base64="VqF/B2NRG83XumnpcRZqEFgdZGw=">AAACGnicdVDLSgMxFM34rPU16rKbYBEqSMnU1tpd0Y3LCvYBbSmZNNOGyTxIMkIZZuF/uHerv+BO3LrxD/wMM21FLXogcO4593Jzjx1yJhVC78bS8srq2npmI7u5tb2za+7tt2QQCUKbJOCB6NhYUs582lRMcdoJBcWezWnbdi9Tv31LhWSBf6MmIe17eOQzhxGstDQwc4Weh9XYEdiN3eTkuxgnxwMzj4qoUq6hEtSkWq5YSJMKsmpnFrSKaIo8mKMxMD96w4BEHvUV4VjKroVC1Y+xUIxwmmR7kaQhJi4e0a6mPvao7MfTIxJ4pJUhdAKhn6/gVP05EWNPyoln6870k3LRS8U/vVQR0pEL+5Vz3o+ZH0aK+mS23ok4VAFMc4JDJihRfKIJJoLpCyAZY4GJ0mlmdTRf98P/SatUtE6Lpetyvn4xDykDcuAQFIAFqqAOrkADNAEBd+ABPIIn4954Nl6M11nrkjGfOQC/YLx9AvZQoe8=</latexit>

Theorem  There is a one-to-one correspondence

between (isomorphism classes of) simply-
connected homogeneous spacetimes and 
(isomorphism classes of) geometrically realisable, 
effective Klein pairs.



Caveat
• A kinematical Lie algebra 𝖐 may possess


•  no homogeneous spacetimes,


• a unique homogeneous spacetime, or


• more than one homogeneous spacetimes:

so(D + 1, 1)
<latexit sha1_base64="YxOF81467Xt8Jb6EJnkvyU6Ezhw=">AAACE3icdVDLTgIxFO3gC/GFj52bRmKC0ZAWQWRH1IVLTOSRACGd0oGGziNtxwQnfIZ7t/oL7oxbP8A/8DPsACZK9CQ3OTnn3tx7jx0IrjRCH1ZiYXFpeSW5mlpb39jcSm/v1JUfSspq1Be+bNpEMcE9VtNcC9YMJCOuLVjDHl7GfuOOScV971aPAtZxSd/jDqdEG6mb3mu7RA8cSYaR8sfZq2N8go+66QzKoWKhjPLQkFKhiJEhRYTLZxjiHJogA2aodtOf7Z5PQ5d5mgqiVAujQHciIjWngo1T7VCxgNAh6bOWoR5xmepEk+vH8NAoPej40pSn4UT9ORERV6mRa5vO+FY178Xin16sSOWouf3aOe9E3AtCzTw6Xe+EAmofxgHBHpeMajEyhFDJzQeQDogkVJsYUyaa7//h/6Sez+HTXP6mkKlczEJKgn1wALIAgxKogGtQBTVAwT14BE/g2XqwXqxX623amrBmM7vgF6z3L68jnec=</latexit>

de Sitter 
hyperbolic space 
carrollian light cone

p
<latexit sha1_base64="HtFKfDY1e8GtMdx4yRmMWLQ/qKE=">AAACCXicdVDLSgMxFM34rPVVdekmWARXJVNba3dFNy4r2Ad0hpJJM21oJhOSjFCGfoF7t/oL7sStX+Ef+Blm2gpa9MCFwzn3cu89geRMG4Q+nJXVtfWNzdxWfntnd2+/cHDY1nGiCG2RmMeqG2BNORO0ZZjhtCsVxVHAaScYX2d+554qzWJxZyaS+hEeChYygo2VPC/CZhQqPE7ltF8oohKqVuqoDC2pVaousqSK3PqFC90SmqEIFmj2C5/eICZJRIUhHGvdc5E0foqVYYTTad5LNJWYjPGQ9iwVOKLaT2c3T+GpVQYwjJUtYeBM/TmR4kjrSRTYzuxGvexl4p9epigd6qX9Jrz0UyZkYqgg8/VhwqGJYRYLHDBFieETSzBRzH4AyQgrTIwNL2+j+f4f/k/a5ZJ7XirfVoqNq0VIOXAMTsAZcEENNMANaIIWIECCR/AEnp0H58V5dd7mrSvOYuYI/ILz/gUOA5um</latexit>

Minkowski 
carrollian AdS{ {

e
<latexit sha1_base64="UriArJOkDq0142NA/f31wFVbDHc=">AAACCXicdVDLSgNBEOz1GeMr6tHLYBA8hdmYGHMLevEYwTwgu4TZyWwyZPbBzKwQlnyBd6/6C97Eq1/hH/gZziYRNGhBQ1HVTXeXFwuuNMYf1srq2vrGZm4rv72zu7dfODhsqyiRlLVoJCLZ9YhigoespbkWrBtLRgJPsI43vs78zj2TikfhnZ7EzA3IMOQ+p0QbyXECoke+JOOUTfuFIi7haqWOy8iQWqVqY0Oq2K5f2Mgu4RmKsECzX/h0BhFNAhZqKohSPRvH2k2J1JwKNs07iWIxoWMyZD1DQxIw5aazm6fo1CgD5EfSVKjRTP05kZJAqUngmc7sRrXsZeKfXqZI5aul/dq/dFMexolmIZ2v9xOBdISyWNCAS0a1mBhCqOTmA0RHRBKqTXh5E833/+h/0i6X7PNS+bZSbFwtQsrBMZzAGdhQgwbcQBNaQCGGR3iCZ+vBerFerbd564q1mDmCX7DevwD8S5ub</latexit>

Euclidean 
carrollian dS{



H

dS

LC

𝖘𝖔(1,D+1)
(riemannian)

(lorentzian)

(carrollian)



𝖕

spacelike hyperplane
W

H

perpendicular timelike line

⊥W

AdSC is the space of affine spacelike hyperplanes in Minkowski spacetime



𝖊
dSC is (the double cover of) the affine grassmannian of hyperplanes in euclidean space



Classifications
• Geometrically realisable, effective Klein pairs for 

kinematical Lie algebras [JMF+Prohazka 2018]


• Aristotelian (“no boosts”) Lie algebras and their 
spacetimes [JMF+Prohazka 2018]


• Boosts act with generically non-compact orbits in all 
spacetimes except the aristotelian (∄ boosts) and the 
riemannian symmetric spaces (“boosts” = rotations) 
[JMF+Grassie+Prohazka 2019]



Invariant structures
simply-connected homogeneous kinematical spacetime

K
<latexit sha1_base64="cjBv8faPha1SYtEgHbaBB+3rUPA=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4KpnaWrsruhHcVLAPaIeSSTNtaCYZkoxQhv6Ae7f6C+7ErX/hH/gZZtoKWvTAhcM593LvPX7EmTYIfTiZldW19Y3sZm5re2d3L79/0NIyVoQ2ieRSdXysKWeCNg0znHYiRXHoc9r2x1ep376nSjMp7swkol6Ih4IFjGBjpW4vxGZEME9upv18ARVRpVxDJWhJtVxxkSUV5NbOXegW0QwFsECjn//sDSSJQyoM4Vjrrosi4yVYGUY4neZ6saYRJmM8pF1LBQ6p9pLZyVN4YpUBDKSyJQycqT8nEhxqPQl925meqJe9VPzTSxWlA7203wQXXsJEFBsqyHx9EHNoJExTgQOmKDF8YgkmitkPIBlhhYmx2eVsNN//w/9Jq1R0z4ql23KhfrkIKQuOwDE4BS6ogjq4Bg3QBARI8AiewLPz4Lw4r87bvDXjLGYOwS8471/u9psD</latexit>

simply-connected H
<latexit sha1_base64="MyH1xIj0lsq2EGukRTPbrCp0eO8=">AAACCHicdVDLTgIxFO3gC/GFunTTSExckQ6CyI7ohiUm8khgQjqlAw2ddtJ2TMiEH3DvVn/BnXHrX/gHfoYdwESJnuQmJ+fcm3vv8SPOtEHow8msrW9sbmW3czu7e/sH+cOjtpaxIrRFJJeq62NNORO0ZZjhtBspikOf044/uUn9zj1VmklxZ6YR9UI8EixgBBsr9fohNmOCedKYDfIFVESVcg2VoCXVcsVFllSQW7t0oVtEcxTAEs1B/rM/lCQOqTCEY617LoqMl2BlGOF0luvHmkaYTPCI9iwVOKTaS+Ynz+CZVYYwkMqWMHCu/pxIcKj1NPRtZ3qiXvVS8U8vVZQO9Mp+E1x5CRNRbKggi/VBzKGRME0FDpmixPCpJZgoZj+AZIwVJsZml7PRfP8P/yftUtG9KJZuy4X69TKkLDgBp+AcuKAK6qABmqAFCJDgETyBZ+fBeXFenbdFa8ZZzhyDX3DevwDqJZsA</latexit>

closed, connected

Theorem There is a one-to-one correspondence between K-invariant tensor 
fields on M and 𝖍-invariant tensors on 𝖐/𝖍 .

M = K/H
<latexit sha1_base64="/HqJcLFGZ8PbWCS1Fs2C9iAusac="></latexit>

invariant metric
�
S2(k/h)⇤

�h
<latexit sha1_base64="bpyP5KMZsUnfulXx7DnAZ7ZVBAw="></latexit>

((k/h)⇤)h
<latexit sha1_base64="3w5Dq2+ZzHPHlvWqnXY0ibwUCHk="></latexit>

(k/h)h
<latexit sha1_base64="C5bPgOtxaSPB6W5wzoEMo0pCIKY="></latexit>

invariant one-form invariant vector field

�
S2(k/h)

�h
<latexit sha1_base64="OcwotxMr2d0xChAwoQ2Nm9eIBN8="></latexit>

invariant cometric



• With the exception of some “exotic” 2-dimensional spacetimes, the others 
fall into one of several classes determined by their invariant structure:


• riemannian:  invariant positive-definite metric


• lorentzian: invariant lorentzian metric


• galilean: invariant “clock” one-form 𝛕 and spatial cometric 𝒉, with 
𝒉(𝛕,-)=0


• carrollian: invariant vector field 𝛋 and spatial metric 𝒃, with 𝒃(𝛋,-)=0


• aristotelian: simultaneously invariant galilean and carrollian structures:  
𝛕, 𝛋, 𝒉, 𝒃



Carrollian = null hypersurfaces

• Carrollian manifolds may be embedded as null 
hypersurfaces in a lorentzian manifold: e.g., 


• C embeds in Minkowski spacetime as 


• LC embeds in Minkowski spacetime as the future 
lightcone*


• dSC embeds in de Sitter spacetime


• AdSC embeds in anti de Sitter spacetime

x+ = 0
<latexit sha1_base64="h1UgvKubgidpPqHWzW0AlIW57dw=">AAACBHicdVDLSgMxFM3UV62vqks3wSIIwpCprbULoejGZQXbCu1YMmmmDc1khiQjlqFb9271F9yJW//DP/AzzLQVtOiBC4dz7uXee7yIM6UR+rAyC4tLyyvZ1dza+sbmVn57p6nCWBLaICEP5Y2HFeVM0IZmmtObSFIceJy2vOFF6rfuqFQsFNd6FFE3wH3BfEawNlLr/vYInkHUzReQjcqlKipCQyqlsoMMKSOneuJAx0YTFMAM9W7+s9MLSRxQoQnHSrUdFGk3wVIzwuk414kVjTAZ4j5tGypwQJWbTM4dwwOj9KAfSlNCw4n6cyLBgVKjwDOdAdYDNe+l4p9eqkjlq7n92j91EyaiWFNBpuv9mEMdwjQR2GOSEs1HhmAimfkAkgGWmGiTW85E8/0//J80i7ZzbBevSoXa+SykLNgD++AQOKACauAS1EEDEDAEj+AJPFsP1ov1ar1NWzPWbGYX/IL1/gXRrJgQ</latexit>

* except in D=1 since the lightcone is not simply-connected

[Duval+Gibbons+Horvathy+Zhang 2014]



Galilean = null reduction
lorentzian manifold

null reduction (assumed smooth)

clock one-form

spatial cometric

nowhere-vanishing



Symmetries

• Symmetries of riemannian and lorentzian manifolds are 
always finite-dimensional and the same is true for 
aristotelian manifolds


• Symmetries of galilean and carrollian manifolds need not 
be finite-dimensional


• Same holds for conformal symmetries



Carrollian symmetries

A vector field 𝛏 is a carrollian Killing vector if

homogeneous carrollian spacetime

and

A vector field 𝛏 is a carrollian conformal Killing vector if

and



Symmetries of C
The Lie algebra 𝖈𝖐𝖛 of carrollian Killing vectors of C is the semidirect 
product:

The Lie algebra 𝖈𝖈𝖐𝖛 of carrollian conformal Killing vectors of C depends

on the dimension D.

[Duval+Gibbons+Horvathy 2014]For D=3 it is isomorphic to the BMS Lie algebra.

density line bundle



Carrollian symmetries of the 
light-cone

For D≥2 the Lie algebra of carrollian symmetries of the light-cone is just the 
finite-dimensional kinematical Lie algebra 𝖘𝖔(D+1,1), but for D=1 it is the 
“wronskian” Lie algebra 

The Lie algebra of conformal carrollian symmetries of the light-cone is a 
semidirect product of Lie algebra of carrollian symmetries by the abelian ideal  
of sections of the density line bundle:

[Duval+Gibbons+Horvathy 2014]



Symmetries of (A)dSC
The Lie algebras of carrollian Killing vectors of (A)dSC  are semidirect products:



The Lie algebras of carrollian conformal Killing vectors of (A)dSC are semidirect 
products, which depend on D.



Future directions
• Exhibit the torsional galilean spacetimes as null reductions.


• Explore geodesics of invariant connections on these spacetimes.


• The BMS-like Lie algebras associated to AdSC extend the 
Poincaré algebra.  Do they play a rôle in flat space holography?


• BMS-like superalgebras should arise as (conformal) 
supersymmetries in our homogeneous superspaces.


• There are limits from these spacetimes to spacetimes without 
spatial isotropy (but with “Lorentz” isotropy), resulting in 
“pseudo-carrollian” spacetimes such as Ashtekar—Hansen’s Spi.  
This landscape is largely unexplored.           [Gibbons 2019]


