
liesuperalgebradeformatiousRsupersymmet (joint work cocth Paul de Medeiros ,
Andrea Santi & Andrew Beckett )

m zapauese grammar we are ↳ negated notions .
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The subject of thistalk is as in the title , but the topic is the geometric & wars in progress

construction of lie (super) algebras . he a nutshell
,
the clan of constructions I will discuss in this talk

are of the following kind .

Let CM
, g) be a spin manifold (typically lorentzian) and $→ M a spinor bundle .

On $ we have a spin - invariant inner product leg : symplectic) C , ) and a Kosal connection D on $
.

when the construction works
,
one gets a lie (super) algebra structure on a 2-graded vector space by = bro ⑦ hi ,

where the killing spinors ki : = { E ETC
$ ) l DE = o } and bro = { X C- *CM) I 2×0=0 } ? which extends the lie

bracket of vector fields as he .
The bracket EX

,
e I = Lx E , the spinoral lie derivative in the PhD thesis of

Yvette Kossmann- Schwarzback , and [En , Ez] is induced from the Clifford product TMx$→ $ by duality :

$x$ → TM : g (le, , Ed, X) = ( Ei , X. Ee) VXEHCM)
.

I will give you two examples of this construction . ←
irreducible spinor rep . of spinels )

① CM , g) = S
''
with round metric & = SpinClb) x spines,

I with invariant symmetric inner product and @
×
E : - THE - I X.E .

← pos-chirality half-spinor imep of spinCIG ) quot stneralg
.

Then bro = spin616 ) and ki E It and hence by E Ese , as 22-graded tie algebra
A similar construction with S8 leads to by Efg and with S7 one gets by = be

,
I ¥9) . Curiously , 5-→ S

's
→ 58

is the octonions Hopf forbration (itself explained via spinors in 9+1 dimensions)

$=µ× geneal spinor
rep of spinBil) EEK, ,

DE 1124
, symplectic

② CM , g) 4d Minkowski spacetime ,
Take D =D

.

Then by E D=I , D=4) Poincare superalgebra.

* after thetalk, Boris kwglihoo pointed out that for D- =D
,
bro would be the affine group and this doesn't act on spinors . So my

"clever" idea of defining bio in this way is not quite correct . I suppose X E *CM) must be a conformal killing vector field so that
Lx on spinors is defined and in addition Lx D = 0

.



Hopefully these two examples show that the construction is not without interest
.
The main question , though , is where

do we get @ Snorer ? A natural source of D 's are supergravity theories

eg : D= It soGRA (M , g ) lorentzian spin H-dime manifold ,
FER

"
(M)

,
$ → M rank- 32 CR symplectic .

@ × = th t f 2xF t tzxbnf

If DF - O
,

by = bro ④ hi , with bio LXEKCM) I Lxg=L×F=o } , is a LSA called the killing srperalgebra of (Meg,F)

Theory (TMF t Hustler ' 12 ) ( Conjectured by Meesseu '04 )

dim by > I rank $ ⇒ bio TPM is surjective theM E : (Meg ,F ) is locally homogeneous cwtkd curvature of D

(JMft Santi
,

'

16 I ⇒ (M , g , F) obeythe field equations E - O where E E RMM's End$) is ECX)= & e!FRG , ,×w
dual frames

Example : (M ,g ) D= 11 Minkowski
,
F - O ⇒ BE @ell ) Poincare superalgebra .

My motivation is to extend supersymmetry beyond Minkowski spacetime .

The ISAs are then interpreted as supersymmetry
algebras . Spacetime supersymmetry appeared in 1971 Gelfand← Lihhtneau

, where Nel D=9 Poincare superalgebra appeared

for the first time .
he 1977

,
Zummo constructed supersymmetric theories in Adsg with by E #Cl , 4)

.

There are at least two roads we cantake (and this explains the delay in decidingthe subject of mytalk) :

① sacrifice lorentzian metric ; e. g., kinematical supersymmetric .
With Ross Grannie , we recently classified homogeneous

kinematical syerspaaetinres [ 1908.11278]

② (Today ! ) keep Lorentzian metric and determine suitable Ds .

Finally ,
we reach the subject of the talk .



Fact : the killing aperalgebra of a supergravity background is filtered and its associated graded lie superalgebra is a graded

subalgebra of the Poincare srperalgebra . Let CV
, n ) be a lorentzian vector space and let seCV ) and UCV)

devote the lie algebra of skew-symmetric endomorphisms and the Clifford algebra ( NZ- ycausa) , respectively .
← spinor rep of secr) ( or ICV) )

The Poincare srperalgebra
p (V) : = Cv) ⑦ S ④ V

o - i -z ← degrees making PCV) into a 2-graded lie syoralgebra
with EA ,BI - AoB -BoA ,

EA, s] -As , [A,v)
-

- Ar
,
Ev ,w ) -- O , Ev ,51=0 and Es, EV is defined by n (Es,Sfv) = (s,v.s) , for

4,7 a Spinal - invariant inner product
,
for all A.BE @CV ) , SE S and v.WE V

.

KSAs are filtered deformations of graded sobalgebras No⑦ Oe-i ⑦ Ol-z < PCV) .

As in pretty much every deformationtheory , the infinitesimal deformations (and obstructionsto integrating an infinitesimal

deformation) are governed by a cohomology theory . In this case
,
it's generalised Spencer cohomology .

[Cheng - Kac ,
'98 ] Let 9 = Oth Gn be a graded LSA , and let 9 -

= ¥9 n . Then 9 is a g- -module under

the restriction to G - of ad . The Cheealley- Eilenberg differential 2 in C
'

( 9-59) has degree O , because

G is graded (so f ) has degreeO ) .
Also
,
2 is go-equivariant . Therefore we can refine C. can -59) by degree :

Cd" ( 9-59 ) and Cheng- Kac prone that infinitesimal filtered deformations of 9 are controlled by
# since we want to preserve the 22 - grading .

go- invariant classes in Hd' ' (g-is) for the minimal even d > o
. Typically ,

this is D= 2
.

Let g =p
= ICV) ④ S ⑦V

,
where g - = S ④ V .

The co chains C'2
( P-IP) decompose into three components :

ITV*④ ✓ ⑦ V*⑦S*④S to
*
④ saw)

D - D E T (spinCM) xsp.mu, (V*④ ④ S)) ⇒ the V*⑦S*④S - component gives a candidate D .



we collaboration with various assets of Andrea Saudi, Paul de Medeiros and Andrew Beckett, we have calculated

1-12.26P-IP ) for a variety of Poincare syeralgebras in different dimensions . .

D= It [ with AS ]

H"
'
I 114 V and D is the connection in dell supergravity
T

seas-mod by is a LSA if DF = 0 (bio -- {XEZCCM> / L×g=L×F= o } )
D flat ⇒ Minkowski spacetime , F -- O

[TMF -1 Papadopoulos , '01] AdSa x 57 ,
F = dvolads

,

AdSfx S4 ,
F -
- dvolsa

Cohen-Wallach

symmetric space ,
F -
- wa

d = 4 [ with AS + Pd M ]

1-142 I ✓ ⑦ 2113
,
@
×
= Dx + (Yax) - nd - 2gal, X) nd - X - Catbird) ⇒ Ig is always a LSA

@ , a, 6 ) ( bro = { XEJTCM) ( L×g=L×y=L×a=L×b - o })
↳ " old minimal off- swell N= I 15-4 soGRA

"

[of . Festucciatseiberg ' II ]
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