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The aim of this pre seminar is to introduce some of the Language
of homogeneous geometry .

All manifolds will be and finite -

- dimensional
.

A lie group G # on a manifold M if there exists a map

G x M → M

Cg ,
m ) 1-7 g . m

satisfying two conditions : • if EEG is the identity ,
then e. m=m FMEM

.

• V-gn.gg G , me M go . ( gim ) = Cg. 2) am

let me M and let Gm = { g c- Gl g . m -
- m }

.

This is a dosed subgroup
of G called the Hier of m .

The intersection N= In Gm of all

stabilizers is a normal sob group of G . If N -
- { e } the action is

said to be effective and if N is discrete ,
the action is totally

effective . If me M
, we let G . m =L g. m I g EG } devote the

orbit of m under G
.

The orbit G. on is diffeomorphic to the

space GIG m of right Gm co sets . If Erm = M the action is said

to be transitive and then M = Cygan itself is a coset space .

Let G be a lie group and H a closed subgroup .

Then M :=G/H
is a homogeneous G - space . If G and H are connected ,

M is

simply - connected . Analogously to the theorem that says that there

is a one - to - one correspondence between ④ so danes of) tie algebras and

Ci so danes of ) simply - connected lie groups ,
there is a theorem that says

that there exists a one - to - one correspondence between simply - connected

homogeneous spaces and Liepairs ( 9 , b ) where 9 is a LA and

y a lie subalgebra which are ca , effective ( h does not contain any
and k ) geo#lym , so that nonzero ideal of g)
there is a lie group with LA g . . t .

that lie ooh
. group corresponding

to b is closed
. This result reduces the problem of clarifying

simply - connected homogeneous spaces
to the algebraic problem of

classifying ( effective , geom . nealis abled lie pairs .



Let M = GIH be described by a lie pair Cg , y ) .
we have a

canonical sequence of H - reps :

o → y → g → 91g → o

If this sequence splits , so that there exists an H - sobnep m of g
with 9=4 ⑦ the

, we say
that cod , b I is meditative . By abuse of

language we say M is reductive , meeee though ueductewity is

a property of Lgcb ) and not an intrinsic property of M
. Thee

are M which can be described as Gf tf or Gyu ' and Cg , b )
is reductive but Cgi, b

' I is not
.

If Cgcb ) is reductive
,

then if Em , today we say that Cab )

is symmetric .
Reductive homogeneous spaces have a canonical

invariant affine connection whose torsion vanishes in the

symmetric case . If GIH is symmetric and has a G - invariant

metric ,
the canonical connection is the Levi - Gotta connection .

Not all symmetric homogeneous spaces admit an invariant metric
.

Let M = GIH and let o E M be a point with Go = H
.

Then

for any
HEH ha : To M → To M

, and the chain rule says that

To M is a representation of It : the liuearesotopynepneseeetat.ro#

One of the most useful theorems in this tonic says that there is a

one - to - one correspondence between G - invariant tensor fields on M

and H - invariant tensors at o EM
. And if tf is connected

,
this is

is the sauce as ly - invariant tunes at OEM
.

he homogeneous
geometry we can

" localize
"

many
calculations at o c- M

.

It is often convenient to think of a homogeneous manifold Gl H as the

base of a principal H - bundle H → G → GH . Then any representation
of H gives rise to a homogeneous vector bundle associated to it

.

For example the homie g . VB associated to the linear isotropy nep is TM
.

he the reductive case , the canonical connection acts naturally on

sections of any homogeneous VBS and we may use it in order to define
invariant PDEs . These PDEs localize at o EM to algebr-a.ve equations .



Sonrefauioosexauples

Maximally symmetric riemannian manifolds :

symmetric
Euclidean space : 9 = euclidean group se CD ) a IRD , y = see CD )

Sphere of = SI CD-i ) y = SI CD )
" am {

Hyperbolic space

"

: g = se CD
,
I ) ! b = SI CD )

Maximally symmetric lorentzian manifolds :

symmetric
Minkowski spacetime : g= Poincare SILD - I

, is a IRD
, y = CD-1,1 )

de Sitter spacetime : g- see CD , D Y = ECD -51 )
am {

Anti de Colter spacetime : g
= se CD -1,2 ) ) h = se CD-I , 1)

The conformal group ,
with LA se CD, 2) , of Minkowski spacetime acts

transitively on Aue conformal compactification of ) Minkowski space time
.

But as a homogeneous grace of the conformal group ,
it i not reductive

.

he the seminar we will see a clarification of spatially isotropic

homogeneous spacetimes which extend the above examples into the

realm of non - riemannian ) non - lorentzian geometry .

→


