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Recall that a finite-dimensional real vector space IA is said to be an algebra , if
there exists a bilinear operation IA x IA→ IA IA is said to be unital

, if
F HEA s -t

. Ha = a# = a FaEA
.

la , b) '→ at
'

IA is said to be associative
, if

@b) c = a Cbc) Fa , 6 , CE IA , and commutative if ab =ba FasbEIA
.
IA is said to be a

division algebra if ab = O ⇒ a-_ O or b -- o (or both) .

An algebra IA is said to

be normed if 7 a positive- definite symmetric bilinear form 4-, -2 : A- XIA → IR

whose associated norm Hall : =ME is multiplicative : Habu = Hall 11611
.

he this talk we will concentrate on normed division algebras .

The or- example is IR itself , where Hall = Iat the absolute value .
IR is associative

,
commutative

(ab --ba Ha ,be IR) and furthermore it is ordered : tf a e b then at c - btc Vc , and

if Ota , Osb then OT ab
.

A celebrated theorem of Hurwitz's ( published posthumously in 1923) says that any Cfiiite- dime'll
need normed division algebra is isomorphic to one of four : IR , Q , 1H , 0 .

One can construct Q from IR
,

IH from Cl and from1H via the Cayley-Dickson process .

be so doing , one loses one property :

Q is not ordered
,
IH is not commutative and is not associative . ( Applying the GD process to ①

yields the " selenious
"

, which are not a division algebra . )



Closely related to the theorem of Hurwitz's , there is a theorem of Adams ( 1960 , simplified
considerably by Atiyah in 1966 using K-theory) the only pairs (pig) E 22 ( P'9- 70 ) for

which a fibre bundle SP→ Sgt
't exists are ( 0,1 ) , C 1,2) , 13,4 ) and (7,8) .

Cl

✓ These fibration all have Hopf
"

*E Tfiant
" Sot invariant

" I i sn
-→ syn

-i

t

The " simplest
"

of thesefibration are the 'generalised
'

Hopf fibrations : -5

MER
" (S" ) a-*µ =D w Tween

-'(5
"')

÷ : ¥→: ¥ :# ÷ :÷:::¥:S ' 52 dependsonly on it up to
- homotopy and = 'd forthe
Hopf fibration ( 1931 ) Hopf file rations .

S3 = { (z , , za) EEZ / IZ,141742=1} S3 × S ' → 53 free action with

s
'
= {WE① / Iwf I } ((Zi ,Ze) , w ) 1-7 (Ziw , Zzw ) quotient ①cpt = g.2

.

It turns out that these Hopf fibration are intimately linked to lloreutgiaee) spinors in
dimensions 3,4 , 6 and I 0

. Curiously ( also due to properties of spinors ) these are precisely
the dimensions on which we have simple supersymmetric Yang-Mills theories CE : with only
gauge bosons and gaugiros) and these are also the dimensions in which there exists
a danica Green-Schwanz action for strings .

This is also due to spinor identities .

In today's talk , I would like to show how the Hopf fibration surjective submersion are

essentially given by the
" Dirac currents

"

which square spinors into vectors . This map

plays a crucial vote in the construction of lie scperalgebras out of spinor fields .



Realtlopffebration
{It }

To get the ball rolling , we start with the simplest of the Hopf fibration. So

"

→ s
'
→ s

"

,
which

is associated with IR
.

We let V := IR
'' ' ⑦ IR with inner product now) = E- x

'
- r
'

for

• = (t , × ,
r) EV

.
Define V : V → 'RG) but

yet , >c. r) = ¥
'II )

This is a
"

Clifford map
"

: jet,x,r5 = - 710,0) Is ⇒ V extendsto a unique map UCV )→ 11212)
.

Let 5=1122 be the spinor representation .
If Ei , Ez ES

, we
let LE , ,Ez> '

-
= Eit ( O f ) Ez

devote a symplectic form on S .

Then <Note , ,Ez> = - se , ,8Cu)Ez>
.

We define the Dirac current K : S →V by y (KK) , u ) = se ,Nose> .

If E= ( f ) , then

kce) = f- (ah 62) , AZ- 62 , -Zab ) . Notice that Kk) E L- , the past - pointing light - cone .
Restricting K to the unit circle St - { EES l Ete =L} as , corresponding to e -- loose , sino) ,

we see K (E ) = f- I , cos (20) , - Siu(20)) so that KCO) - Klatt)
,
or K (E) = KC-E)

.
So we see

that S
"

(s)

- fk

1¥""

L
-

-



Thecoupbxtlopffibration

V = Cl ⑦ IR
" '
z CZ , K, t ) = :O , y (v.v )

= Iz 12-1×2- I

Define V : V → EH) by
ycz, × , t , f¥¥f ⇒ Nz,x,t5= - left#E) I

-x O
- t -z

⇒ z : UCV) → ECG ) o -x I t

Let vol = (% iot ) , *= -I and let Stc 5=10 denote the ⇐ is - eigenspaces of vol .

On 5 we define the pseudo-hermitian inner product (Ei, Ez) := EY (Io ) Ez ,
I = (to -9 ) .

St are maximally isotopic .

It follows that (Hu) Ei , Ea) = SE , ,Holed .

We define K : St → V by y ( Kee) , u )
= Le , Nu) E ) . Explicitly , if E -- fz (a , 6 , a , 6) c- S+

then KCE) = (2 ate , Iaf- 161
'

,
- (lat't1612)) , which belongs to L- CV . We may astrict K to

5365+1 - { E- z'Caio,a ,6) / lat't16111 } so that KCE) = ( za-6 , Iaf- 1612 , -1 ) E 5 (L-) . What is the

fibre ? 542,6 ) acts transitively on SCL-) and K is equivariant under the action of spinel )
542, E) .

So we need only check the fibre at some point, e. g. , ( 0,1 , - t ) and the

fibre K
-' (o , I , - t )

= { # (a, o, a, o ) / lat -I} I S't .

So we get the complex Hopf fibration

s
'
→ 5365+1
f

stai X



\

The quaternion're Hopf fibration
⑧

V = IH ⑦ IR" ' a v :'-( 9- Pst) you ,
u ) = toff + of- t

' V : V → IH (4)
I

name) = I-
o -x E t

⇒ no)2= - neuro) ⇒ 2 : Ucv ) → IHH)

role = ( L Ao' ) St as = IH
" the Il - eigenspaces of vol .

IH- pseudo-hermitian inner product on S : (E , , ez> = EYJ ez J = ( to I = ( to -7 )
St are maximally isotropic and (Vcu) E , , Ez> = GE, , 210) Ez)

let K : St → V be defined by McKees
,
u) = SE , No) e >

.
If E=fz (a , 6 , a , 6 ) (a. be IH )

Kee ) = ( 2 at , lap - 1612 , - (taft 1612)) and , as before , Kk) E L - . Restricting to
5-(s) = { fzca , 6, a , 6) I talk161=1 } ,

KCE) E 5412-7
.

The fibres are {(au ,
bu) Iue Spca)} I 53 ,

i
. we get a fibration

S3→ 57Gt)

T l K
""'



Theoctouiouictlopffibration

✓ = ① ⑦ IR
'
'
'
7 u := Co, x,t ) 70,0 ) = 1012 toe- E T : ✓ → End ( 014 )

K O

V : Clu )→ End.pl ⇐ Husk - ycu.us # ⇐ No, x. t) .
- = µ.?¥#- X O

o -x Clo t
on 5=04 we define a real symplectic structure

( E , , ez > = Re ( EY D- ez) D- = ( E ) I - ( GI )
Then

,
SHUE,,Ez2= - LE , 810) Ea> .

we = (I
-tf ) ,

wolf -_ + I St CS ⇐D - eigenspaces S
-
I 02 e=fz(a.6,96 ) (a,6e①)

Define K :S
-

→ V by y@CE), v ) = LE, Hole> ⇒ K (E) = (-2 ate , - (lat't612) , - Gartner) )
⇒ KCE) E L-

Restricting to 5565- ) ={ fzla ,6,96) E 04 I talk1612=1 }
,

Klee ) E S'LL-) .

Spina) preserves 58cL-) and acts transitively & K is equivariant , so enough to check one
fibre : e-g. , K

- ' ( O, -1 , - t ) = { Irzca,0,90) flat - I } I 57. y
mayne we get Hopf fibration 5-→

9g!!!?
,
#¥
-



To be honest , we still need to show that these file rations are the Hopf file rations .
This

follows from the fact that K : IP
"
CS! → P' (L) has degree 1 , which can be shown .

Summary

IA nu) (signature) UCV
,y ) S L

, > (signor) E K(E)

:i÷÷÷÷÷÷÷¥÷÷::::÷::÷÷÷÷÷÷÷÷÷÷t÷÷÷:÷÷÷÷÷.
① End.pl 04) S

-

CIO
"

IR- symplectic f ) ⇐(8g) f-2-a5,-talkie, - taint)


