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Space

3 dimensions

euclidean distance
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… and time

time intervals

Dynamics!
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The universe 
according to Newton

time

events
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space of 
simultaneous 
events

A3



Relativity
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invariant notions: 

time difference between events 

euclidean distance between simultaneous 
events 

automorphisms: galilean group: 

translations in space and time 

rotations in space 

galilean boosts



Maxwell & Einstein

Newton’s equations are galilean-
invariant, but Maxwell’s are not.

Einstein took Maxwell seriously and 
arrived at his special theory of 
relativity.
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Minkowski
“The views of space and time 
that I wish to lay before you 
have sprung from the soil of 
experimental physics and therein 
lies their strength.”
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“Henceforth, space by itself, and time by 
itself, are doomed to fade away into mere 
shadows, and only a kind of union of both 
will retain an independent reality.”



Spacetime
spacetime events

invariant notion: proper distance
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automorphisms: Poincaré group

modelled on a vector space



Poincaré algebra
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translations

Lorentz transformations
(skewsymmetric endomorphisms)



Particles
Elementary particles

unitary irreps of 

(indexed by “mass" and “spin”)
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Fields

sections of homogeneous vector 
bundles on Minkowski spacetime, 
subject to field equations, such as…

(Klein-Gordon)

(Dirac)
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unitary irreps of 



Supergroup?

12

1960s: is there a “supergroup” whose irreps 
contain Poincaré irreps of different masses and 
spins? 

1967: No.  (Coleman-Mandula) 

1975: Yes, sort of. (Haag-Lopuszanski-Sohnius)

Requires redefining the very notion of 
symmetry!



Lie superalgebras
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2-graded vector space

is a superderivation.8X 2 g0 [ g1 [X,�]

(super skewsymmetric)



Clifford algebra
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lorentzian vector space

associative unital algebra

C`(V ) ⇠= End(S)



Poincaré 
superalgebra

8s 2 S [s, s] 2 V

⌘([s, s], v) = ⌦(s, v · s)

[A, s] given by so(V ) ⇢ C`(V )
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Superparticles?
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unitary irreps of Poincaré superalgebra 
decompose into unitary irreps of 
Poincaré algebra with the same mass but 
different spins, e.g., 

chiral multiplet: KG + Dirac (same mass) 

vector multiplet: Maxwell + Weyl (massless)



Superspace...  
the final frontier
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Poincaré algebra = infinitesimal 
automorphisms of Minkowski 
spacetime 

Poincaré superalgebra = 
infinitesimal automorphisms of 
Minkowski superspacetime



Supermanifolds

Dual to a manifold we have its 
algebra of functions: it is 
commutative 

The algebra of functions of a 
supermanifold is "mildly 
noncommutative": it has nilpotent 
elements
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Minkowski 
superspacetime

Algebra of functions

Supersymmetry adds "quantum" 
coordinates to the spacetime.
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C1(V )⌦ ⇤•S



Supersymmetric 
theories

Supersymmetric field theories 

Supersymmetric gauge theories 

Supersymmetric sigma models: 

characterisation of Kähler, Hodge, Calabi-Yau, 
hyperkähler, quaternionic Kähler,... manifolds 

Supergravity 

Superstrings, M-theory,...
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Supersymmetry in 
Mathematics

Proof of Atiyah-Singer index theorem 

Proof of Morse inequalities 

Mirror symmetry 

Topological/cohomological field theories: 

Donaldson-Witten 

Gromov-Witten 

Seiberg-Witten
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>30 years of 
 successes!
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