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Abstract. This is the written version of a Geometry Seminar I gave (in Spanish) at the Hitchin Lab of
ICMAT in Madrid on 14 December 2015. It is based on joint work with Andrea Santi.

I would like to report on some recent and ongoing work with Andrea Santi in Edinburgh aimed
at cracking the classification problem for (highly) supersymmetric supergravity backgrounds. There
are two sources of inspiration for this work: the theory of Tanaka structures and the construction of
a Lie superalgebra associated to each such background. But first, let us start with a classical analogy.

Given a (pseudo-) riemannian manifold (M,g), we may associate a Lie algebra with it by consid-
ering the “infinitesimal isometries”: vector fields ξ ∈X (M) safisfying

Lξg = 0 .

We call them Killing vectors. Equivalently, a vector field ξ is Killing if the endomorphism Aξ of TM
defined by

Aξ(X) = −∇Xξ
is skew-symmetric relative to g; that is, g(Aξ(X),X) = 0 for all vector fields X. We say Aξ ∈ so(TM).

A result of Kostant from the 1950s [1] identifies Killing vectors with parallel sections of
E = TM⊕ so(TM) ∼= TM⊕Λ2TM ,

relative to a certain connection we now describe. This result follows from the celebrated Killing
identity

∇XAξ = R(X, ξ) ,

which essentially says that if a Killing vector and its derivative vanish at a point, then it is identically
zero. If (ξ,A) ∈ Γ(TM⊕ so(TM)), then its covariant derivative is defined by

DX

(
ξ

A

)
=

(
∇Xξ+A(X)
∇XA− R(X, ξ)

)
. (1)

It is clear that a section (ξ,A) is parallel precisely if ξ is a Killing vector andA = Aξ. This allows us to
localise at any p ∈M. We let V = TpM, 〈−,−〉 = gp, so that the fibre Ep = V ⊕ so(V). The Lie algebra
of isometries can be written in this language as an algebraic bracket at p ∈M:

[(v,A), (w,B)] = (Aw− Bv,AB− BA+ R(v,w)) .

There are a number of observations to be made:
(1) V ⊕ so(V) is the underlying vector space of the euclidean Lie algebra e(V) with brackets

[(v,A), (w,B)] = (Aw− Bv,AB− BA) .

We see that e(V) is isomorphic to the Lie algebra of isometries of flat space (R = 0).
(2) e(V) is a Z-graded Lie algebra with V in degree −1 and so(V) in degree 0, and hence it is also

canonically filtered:
· · · ⊃ F−1 ⊃ F0 ⊃ F1 ⊃ · · ·

where Fj = e(V) for j 6 −1, F0 = so(V) and Fj = 0 for j > 1. Every filtered Lie algebra has
an associated graded Lie algebra and in this case, it is again isomorphic to e(V). A filtered
Lie algebra g is said to be a filtered deformation of a Z-graded Lie algebra h, if its associated
graded Lie algebra gr g is isomorphic to h as Z-graded Lie algebras.

(3) The Lie algebra g of isometries of (M,g) is a filtered deformation of a Lie subalgebra h =

h0 ⊕ h−1 of e(V), where the vector subspaces h0 ⊂ so(V) and h−1 ⊂ V are defined by

0 −−−−→ h0 −−−−→ g
evp−−−−→ h1 −−−−→ 0 ,

where evp is the evaluation at p.
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We would like to “superise” this construction. There exist many different superisations: basically
one for each supergravity theory. In this talk I will concentrate on eleven-dimensional supergravity.

So we let (V, 〈−,−〉) denote an eleven-dimensional lorentzian vector space and let C`(V) denote
the associated Clifford algebra, defined by

v2 = − 〈v, v〉1 .

As a real, unital, associative algebra
C`(V) ∼= End(S+)⊕ End(S−) ,

where S± are irreducible Clifford modules of real dimension 32, distinguished by the action of the
centre of C`(V): trivial action on S+ and nontrivial action on S−. We take S = S− in this talk. (The
choice is actually immaterial.)

On Swe have a symplectic structure ωwhich obeys
ω(v · s1, s2) = −ω(s1, v · s2) ∀ v ∈ V , s1, s2 ∈ S .

The spin group Spin(V) ⊂ C`(V) andω is Spin(V)0-invariant, where Spin(V)0 is the identity compon-
ent.

We consider the following Z-graded vector space
p = V ⊕ S⊕ so(V) ,

where we now put V in degree −2, S in degree −1 and so(V) again in degree 0. We can turn p into a
Z-graded Lie superalgebra by extending e(V) with the following additional (nonzero) Lie brackets,
for A ∈ so(V) and s ∈ S,

[A, s] = As and [s, s] = κ(s, s) ∈ V ,

where As is the action of so(V) on S and κ(s, s) is the Dirac current of s, defined by
〈κ(s, s), v〉 = ω(v · s, s) ∀ v ∈ V , s ∈ S .

The resulting superalgebra is called the Poincaré superalgebra.
In 1978 Nahm [2] studied unitary irreducible representations of p. The smallest nontrivial such

representation is induced from the following representation of Spin(9):

�2
0W ⊕ (W ⊗ Σ)0 ⊕Λ3W ,

where W is the real 9-dimensional vector representation and Σ the real 16-dimensional spinor rep-
resentation of Spin(9), both of which are orthogonal representations, �2

0 means traceless symmetric
and (W ⊗ Σ)0 is the kernel of the Clifford action ofW on Σ; that is,

0 −−−−→ (W ⊗ Σ0) −−−−→ W ⊗ Σ cl−−−−→ Σ −−−−→ 0 .

We recognise these representations as the physical degrees of freedom of a metric g, a gravitino Ψ
and a 3-form potential A. Notice that

dimR�2
0W − dimR(W ⊗ Σ)0 + dimRΛ

3W = 44− 128+ 84 = 0 ,

which is the balance of bosonic and fermionic physical degrees of freedom we expect from super-
symmetry.

Shortly after Nahm’s paper, Cremmer, Julia and Scherk [3] constructed a supergravity theory with
the field content (g,Ψ,A) and all the trimmings: action, field equations, supersymmetry transform-
ations,... A (bosonic) background of eleven-dimensional supergravity is an eleven-dimensional
lorentzian spin manifold (M,g) with spinor bundle $ → M and a closed 4-form F satisfying two
coupled partial differential equations:

Ric ∼ F2 (Einstein)
d ? F = 1

2F∧ F (Maxwell)

These equations, together with the Bianchi identity dF = 0, are equivalent to the vanishing of the
Clifford trace of the curvature of a connection D on $, defined by

DXε = ∇Xε+ 1
8F · X · ε+

1
24X · F · ε . (2)

Indeed, its curvature R : Λ2TM→ End($) and its Clifford trace is∑
i

ei ·R(ei,−) : TM→ End($) ,
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where (ei) is a pseudo orthonormal frame and (ei) the metrically dual frame: g(ei, ej) = δij. Then
one has [4] that

∑
i

ei ·R(ei,X) = 0 ∀ X ⇐⇒


Einstein
Maxwell
Bianchi

A background (M,g, F) is supersymmetric if there exists a nonzero D-parallel spinor field ε ∈ Γ($).
Such spinor fields are called Killing spinors. The name reflects the fact that the Dirac current of a
Killing spinor is a Killing vector which, in addition, preserves F [4].

The Killing spinors and the F-preserving Killing vectors define a Lie superalgebra k, called the
Killing superalgebra [5]; although sometimes this term is reserved for the ideal generated by the
Killing spinors. They are parallel sections of a supervector bundle S = S0̄ ⊕S1̄, where

S0̄ = TM⊕ so(TM) and S1̄ = $ ,

with connection D given by equation (1) on S0̄ = E and by equation (2) on S1̄. Of course k0̄ is the
subspace of the parallel sections of S0̄ which preserve F.

We make a couple of observations:
(1) the homogeneity conjecture, now a theorem [6], says that if dimR k1̄ > 16 then (M,g, F) is

(locally) homogeneous; and
(2) k is a filtered deformation of a Z-graded subalgebra of p.

The problem of classifying filtered deformations of Z-graded Lie (super)algebras is well-defined
mathematically and has been the subject of a number of recent papers starting with [7, 8].

The problem Andrea Santi and I set ourselves was to calculate filtered deformations of Z-graded
subalgebras h of p which differ from p only in degree 0; that is, Z-graded Lie superalgebras of the
form

h = V ⊕ S⊕ h0 with h0 < so(V) . (3)
As with all deformation theories, there is an underlying cohomology theory governing the first-order
deformations (and the obstruction to their integrability). Here it is Spencer cohomology, a graded
refinement of the Chevalley–Eilenberg cohomology of the nilpotent Lie superalgebra h− = V⊕Swith
values in the module h. The relevant cohomology group classifying the first-order deformations is
H2,2(h−, h) consistent of degree-2 mapsΛ2h− → h, whereΛ2 is meant in the super sense. We bootstrap
this calculation from that of H2,2(h−, p) and here we find the first surprise

H2,2(h−; p) ∼= Λ4V .

In other words, the 4-form in eleven-dimensional supergravity arises from the calculation! Moreover
the component

β : V ⊗ S→ S ,

of the cocycle representative of the class in H2,2(h−, p) corresponding to the four-form F ∈ Λ4V is
given by

β(v, s) = 1
8F · v · s+

1
24v · F · s .

This is precisely the zeroth order term in the connection D in equation (2). Therefore we recover the
connection D and hence the notion of a supersymmetric supergravity background.

In [9] we classified the filtered deformations of Lie superalgebras h of the form in (3). We find the
Killing superalgebras of the maximally supersymmetric backgrounds classified in [10] and, surpris-
ingly, nothing else.

Where to from here? We have two avenues of research we are actively pursuing: namely,
(1) the classification of filtered deformations of Z-graded subalgebras of p of the form

V ⊕ S ′ ⊕ h0 with h0 < so(V) ;

(2) and, in collaboration with Paul de Medeiros, the extension of this work to other supergravity
theories.

This latter avenue has already yielded some interesting results: namely, the classification of possible
Killing spinor equations and hence possible geometries in which we may define rigidly supersym-
metric theories. In 4-dimensions we recover (and extend) results of Fetuccia and Seiberg [11].
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