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Part I

lie algebras of killing vectors



Question What is the structure of the tie algebra of
isometries of (M ,g) ?

g = { SEACM) / Lg g - o}
#
D} E (TM) (Dats = - ThsEa )
5) (Y) := My }

Notation Ag = - DE

killing identity D×A§ = RCB
,
X) ⇒ BE 9 determined

by Bp , 5)p



Killing transport [Kostant '55 , Geroch
'69 ]

E TM ⑦ SICTM)

connection D Dx (E) -- (YI! ! s, )
D(£)=0⇐5KiHing,A=-Rt

PEM } KV (v, A) E E p

7 kV (w,B)

what about [8,7] ? ( Aw -BV , AB -BA t RCYW) )



g a Ep = TPM ⑦ (Tpm)

[ (v, A) , Cw,B) ] = (Aw-Bv , [A ,BftR6v,w) )

Exercise : Prone directly the Jacobi identity .

(Hint : you will need bothBianchi identities . )

Grading : TPM ⑦ (TPM) R : 117PM→ sect, M)
- I 0 2

12=0 ⇒ euclidean Lie algebra E Z- graded
Rto ⇒ isometry lie algebra 9 filtered

9 = F-
'

g s fog o Ftg -- O ⇒ grcg) = e
'

Eogsm,



Filtered deformations of graded lie algebras

Lie algebra on V # 4 C- NV#④V 4-4,41=0
( Nienhuis-Richardson
bracket

Deformations Elt) = 4 + § ,then 4nEIV*④V
-

Yt (t)

a- LTE ,ED = 4-4,4/31 -12154,4+1--44,4+71224
-1
+ I [14-1,4+7]=0 Maurer- Cartan

2=4-4, -D Chevalley-Eilenberg
j : CP ( g ; g ) → CP" (G ;g) 22=0

11

N' g*④G



84+-1 I LT4+ ,4+1=0 4+= Etten
next

Oct) 24
.
- o ⇒ [ 4

,
] E H'(959)

Oct) 242+34%4.17=0 ⇒ ( LTU. .by/=oEH3l9i9)
etc . . .

i. H'(g;G ) = { infinitesimal deformations }
H3cg;g) 3- { obstructions }

Remark

9 I-graded ⇐ deg 4=0 ⇐ deg 2=0



Can refine by degree C. (9 ; g) = Ot Cd" ( 9 ; 9)
degree d

Filtered deformations = deformations in positive degree

e. g. , deg R = 2 in LA of isometries

Fact Infinitesimal filtered deformations are governed by

1+92 ( g- ; g ) d > o

↳ negative degree
subalgebra

This is called (generalised)Speuaercohomo6g#



Example 9 = V ⑦ (V) (V,n) inner product space
- I 0

e.g. , (TPM , gp)
9- = V

degree t

E't = V* ④ CV)
g : CAA CAZ ⇒ H

't
'2--0

Ctr = ITV*⑦V

degree 2

C
"'

= ITV *④ (V) R : ITV→ CV)

(
213

= IPV't ④V

R ) (u ,v ,w) = R(UN)w t R(v,w)ut R (w, u)v
= 0

algebraic Bianchi identity
.

.

.
H" = { algebraic curvaturetensors }



Summary ( M ,g)

I
. Killing vectors 2-7 parallel sections of E=TM⑦ CTM)

2
.

Lie algebra of RVs is filtered and

associated graded LA E E Lie algebra of KVS
of flat space

⇒ a filtered deformation

3
.
Infinitesimal filtered deformations of 9 are governed

by
"

Spencer cohomology
" Hd'2(9- 's G ) d> o

4
.

H2 '2( e - ; e ) = { algebraic curvature tensors}

( but Jacobi requires differential Bianchi identity )



Part II

supersymmetry



A "square root
"

of killing transport

(M , g) spin $ → M spinor bundle ( Cl(TM) -modules)

Promote E = TM ⑦ SICTM) to a super VB

E = Es ⑦ ET = E ⑦ $

Extend the killing transport connection to a superconnection

DfE) -- (E:# I is,) retest . Dx- = ?

Want : D -parallel sections of E define a lie (super) algebra ?



We superalgebras

9 = Go ⑦ 9 , f- , - f : g x g → g Leven)

[x,y ] = - G)
"' "'

Ey, ×]

[X , -4,733=-4×73,2-3 + C-D
'""'

EY, Exit]]

E-
,
- ] has three components : Jacobi has four components :

÷:: / : :::: :: ¥ :: : :::c.Six 9T → 95 [ Go , Gi , Gi] ⇐ fixGT→ So is

go - equivariant
[ 9T , Gi , 9T]



Example The Poincare supeoalgebra

(V, n ) Lorentzian vector space
(V) C ICV ) Clifford algebra v2 = - you ,-411

S a Clifford module
C- , -7 an inner product on S ( could be symplectic)

{Si , v. Sz> = (SL , U.S ,> ✓ well
,
S .,SzE S

⇒ K : 5×5→ V Dirac current

M (Kcsi,Sz) , u) = {Si , U -Sz)

II = (V) ⑦ S ⑦ ✓ t.IO = CV) V IIT = S

I - graded o - i -z

Si
,Sze S [Si,Sz] = KCS, ,Se)



Killing superalgebras (M , g) E = E ⑦$ D

Suppose

A) $ has an inner product f,-7 satisfying
( r, , X - re) = ( Oz, X - r

,) fo . ,REN$)
,
XE ACM)

2) the Dirac current K : $x$ →TM obeys

Dr, =Dra - o ⇒ Kcr, .rs) is a KV
-

killing spinors

3) [ far , ,q, ,D] = 0
I

spinonial Lie derivative Lago = DgTt g (As) . r
g : CTM)→ gets)



Then let h = bro ⑦ bit

ko={ 5kV I g.D] -o }
bit -_ { TENIS) / Dr - o }

E- , - ] Hoxha → to Lie bracket of vector fields

box bit → bit spinonal lie derivative

kix bit → bio Dirac current

Jacobi

(he , bro , bio ) ✓ Jacobi of lie bracket of Vfs

(no , he , hi) ✓ [Lie
,
,Ls]=L[egg ]

(bio ,hi , BT) ✓ Equirariauce of Dirac current

2 Needs to be checked(RT ,Bisht) .



If all Jacobi's are satisfied
,
then

I . by is a lie superalgebra
2

. K is filtered

3
. grctg ) T E

E : killing superalgebras are filtered deformations of
graded subalgebras of the Poincare svperalgelera

Infinitesimal deformations computable from the generalised
Spencer cohomology

Hz ,2cg
, ; g ) 9 =



Part III

Applications & Calculations



Supersymmetric supergravity backgrounds

Fact Every supergravity theory gives D on $
and every background has an associated

killing superalgebra h .

Example D=11 Supergravity [Nahm
, crammer+Julia+Schenk

'78 ]

0×0=17×0 + t F.X. rt 's, X. F- r FED
"
(M)

d F = 0

( Bosonic) field equations ⇐ vanishing of Clifford
trace of curvature of D



Theorem [TheftMeesseut Philip ' 04]

(M, g ) II- dimensional spin FER"(M) DF -- O

R - ko ⑦ ht Ro = { 5kV / Lg F--o}
Rt -- { REIT I Do - o}

is a killing soperalgebra .

Theorem [ JMF + Hustler '131

dim hi > I rank $ ⇒ [ hi ,hi] she acts locally
r

(sharp) transitively on M



A cohomological nederivation of D=It SUGRA?

g = A = sew) ⑦ S ⑦ V (V,y ) II-dime Lorentzian
s real

,
32-dirndl

Theorem [ JMF + Santi ' 16]

H' '2cg - ; g ) = N' V (ICV) -mod)
[ ft V] a F

p : V→ End(s)

V : Es→ Secr)

pxs-tf.X.si#XnF



Fables of the Reconstruction

The killing syseralgebra ( when dim ki > 16) contains all
all the information to reconstruct (M, g , F) . . . locally .

Theorem [ JMF t Santi ' 18 ]

If dim KT > I rank$ (= 16 ) ,
one can reconstruct a solution

(M, g ,
F ) of the supergravity field equations (up to local

isometry) with killing superalgekra h .

This allows a purely algebraic reformulation of the classification
problem of "

> 'z
- BPS

"

supergravity backgrounds .



Supersymmetry in armed space

A killing superalgebra by = LD -parallel sections of E ⑦$ }
defines a supersymmetry algebra on (M , g ) .

⇒ cnigidly) supersymmetric field theories on (M , g ) .

These are key ingredients in the application of
supersymmetric localisation to computing exact quantities
in QFT .

Spencer cohomology H2'T 9- i 9 ) for g = It ( in

diverse dimensions , possibly extended) suggests connections

D on $ whose parallel spinors generate KSAS
.



Supergravities

off -shell SUGRA

Some calculations "conformal
"

SNGRA

D= Il NV [ JMFT Santi '16]

D= 10 (I ) IPV [deMedeiros +JMF ]

D= 6 Cbo ) XIV ⑦@④ SICA) ) [de Medeiros-iJMFtSaeeti'8]

D= 6 Cho)tR 11311 ⑦ (✓④EPA)) (de Medeiros-iJMFtSaeeti'8]

11211 ⑦ (✓④ SIG)) [ Beckett + JNF '
20]

D= 5

D= 4 N -- I HV ✓ ⑦ 1µV [de Medeiros-iJMFtSaeeti96]



Future & wore in progress

Non- Lorentzian : galilean t Bargmann (D=3)

Kaluza- Klein reduction

Extended D= 4
,
D =3

Supercarformal D =3

Exotic D= 6

a


