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Abstract

We introduce graded and filtered algebras and superalgebras, filtered deformations and
the generalised Spencer cohomology. We calculate some of the cohomologies of the
Poincaré algebra p and superalgebra s, focusing in the latter case on N = 1 and D = 5,
and find the general form of their filtered deformations. The second cohomology of the
superalgebra is used to define the notion of Killing spinors on a 5-dimensional Lorentzian
spin manifold. Necessary and sufficient conditions for maximal supersymmetry and suf-
ficient conditions for Killing spinors to generate a Killing superalgebra are derived. We
make an attempt at classification of the maximally supersymmetric geometries up to local
isometry. Our results are compared with their analogues in 5-dimensional supergravity.
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Foreword

This dissertation was prepared as part of the requirements for the award of Mathematical
Physics MSc at the University of Edinburgh. It is intended to be understandable by
readers with a reasonable familiarity with differential geometry, general relativity and
Lie theory, such as might be gained by attending the relevant lecture courses available
on the aforementioned degree programme. We provide what is hopefully a sufficiently
comprehensive presentation of essential background material beyond this level in the early
chapters. That being said, this work is primarily a presentation of original research, rather
than a literature review or pedagogical exposition, and its presentation style reflects this.
The pace is fast and much of Chapters 2 and 3 are simply collations of definitions and
essential results; we endeavour to present reasonable motivation and justification for these
but full proofs and discussion are in some cases deferred to the literature. Chapter 5 uses
some more advanced geometric concepts that we do not have time to discuss in detail,
but nonetheless we strive to make our arguments as simply as possible and use some
powerful theorems from the literature to help us through the pain.

Chapter 1 provides an introduction to higher-dimensional supersymmetric theories, in
particular supergravity theories, explains the reasoning behind the approach taken in
this project and puts the project in the context of recent literature. The essential al-
gebraic structures of graded and filtered algebras, superalgebras and Lie (super)algebra
cohomology are presented in Chapter 2, where we also discuss filtered deformations and
the Spencer cohomology, before applying these ideas to the Poincaré algebra. Chapter 3
discusses the Clifford algebra of a Lorentzian vector space and its relationship to the
exterior and Lorentz algebras, before discussing the particular case of a 5-dimensional
Lorentzian vector space and introducing a number of additional structures we put on
the spinor module. In Chapter 4, the relevant parts of the Spencer cohomology of the
Poincaré superalgebra in 5 dimensions are calculated. Finally, in Chapter 5 we move
on from the algebraic part of the project to the geometric part, using the homological
results of Chapter 4 to define a superconnection, Killing spinors and the Killing super-
algebra. We find necessary and sufficient conditions for a background to be maximally
supersymmetric and sufficient conditions for well-definition of the Killing superalgebra,
and attempt to classify the maximally supersymmetric backgrounds and their Killing
superalgebras. The remaining chapters summarise and discuss the results in the context
of the existing literature and consider possible future work.
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Chapter 1

Introduction

1.1 Higher-dimensional supersymmetry

Supergravity is a geometric theory of physics which combines the principles of general
relativity with those of supersymmetry. It can be seen as a generalisation of general
relativity via the inclusion of local supersymmetry [5]. It is considered to represent a
potential step towards a Theory of Everything (ToE), a unified theory of the small-scale
physics of fundamental particles and the large-scale physics of gravity, for a number
of reasons, some of which are fairly elementary, while others include some of the most
tantalising results in theoretical physics of the last half-century.

Supersymmetry is a unification of fermionic and bosonic physics, a resolution of a funda-
mental dichotomy in particle and statistical physics. It is an internal symmetry, such as
the U(1) phase invariance of quantum theories or the SU(3) flavour symmetry of hadronic
physics, except while those involve mapping fermions to fermions or bosons to bosons,
supersymmetry is a property of physical theories which are invariant under a mapping of
fermions to bosons and vice-versa.

Supergravity is a further unification of supersymmetry with the geometric description of
gravity, and therefore large-scale fundamental physics, which is the mathematical basis of
general relativity. A ToE would certainly have to encompass all of these, and supergravity
is an attempt at a first-principles theory which does so. Of course, a true ToE would have
to at least include a quantum-mechanical description of physics, so it is also a necessity to
study the quantisation of supergravity. Indeed, the quantum aspects of supergravity are
a subject of intense study, and part of the attractiveness of supergravity (and supersym-
metric theories in general) is that the mathematical divergences encountered in quantum
interactions are softer than in non-supersymmetric theories due to cancellations between
bosonic and fermionic loops in Feynman diagrams; in fact, some of these theories may
even be finite [6].

Supergravity is also interesting as the low-energy limit of superstring theory, a candidate
ToE which replaces particles with strings as the dynamical objects, includes supersym-
metry, gravity and quantum mechanics and can include gauge symmetries and chiral
interactions. Superstring theory (like other gauge theories) suffers from gauge anomalies,

1



quantum effects which cause mathematical inconsistencies that can be fatal for such the-
ories. These anomalies cancel out, making quantum superstring theory viable, only when
spacetime has dimension 10, known as the critical dimension [7]. In this dimension, tak-
ing a low-energy limit of superstring theory recovers supergravity. More precisely, there
are a number of different superstring and supergravity theories: in the superstring case
these go by the inspiring names of Type I, Type IIA, Type IIB, Heterotic E8 × E8 and
Heterotic SO(32); 10-dimensional supergravity comes in flavours of Type I (which can be
augmented by gauge symmetries) and Types IIA and IIB. The low-energy limit of each
superstring theory recovers a corresponding 10-dimensional supergravity theory in each
case.

Yet a further highly speculative unification, known as M-theory, which is expected to
appear as a “strong coupling limit” of Type IIA superstring theory is thought to exist
in 11 dimensions [8–10]. Upon taking appropriate limits it reproduces Type IIA super-
string theory in 10 dimensions (while the other types can be obtained via a number of
“dualities” relating superstring theories) and supergravity in 11 dimensions, which in
turn can reproduce Type IIA supergravity in 10 dimensions via dimensional reduction,
as described below. However, supergravity remains sufficiently interesting on its own and
it may represent the low-energy limit of some more fundamental dynamics which is not
superstring or M-theory.

Given the apparent preference of these theories for higher numbers of spacetime dimen-
sions, it is necessary to consider how they are supposed to describe the universe in which
we live, which is apparently 4-dimensional. The basis for one way of achieving this was
first provided long before string theory or supergravity by Kaluza, who suggested that
it may be by possible to obtain a description of a 4-dimensional universe with gravity
and electromagnetism from a description of a 5-dimensional universe with only gravity
[11] and Klein, who helped to realise Kaluza’s ideas [12–14]. The 5-dimensional universe
is modelled as the manifold R1,3 × S1, a spacetime where one of the spatial dimensions
is rolled up into a circle or compactified, on which the physics is governed by General
Relativity. The behaviour of the various gravitational degrees of freedom (components of
the metric) is studied in the limit where the radius of the circle goes to zero; the degrees
of freedom associated with the compactified direction can then be reinterpreted as fields
on R1,3. This process is known as dimensional reduction.

The hope of Kaluza and Klein to recover electromagnetism plus gravity in 4 dimensions
was somewhat successful but couldn’t reproduce the Maxwell and Einstein theories pre-
cisely1. Nonetheless, this process of Kaluza-Klein dimensional reduction provides a solu-
tion to our problem of obtaining a description of a 4-dimensional universe from a higher-
dimensional theory: suppose we have a theory which is consistent in some spacetime
dimension D > 4 and the macroscopic spacetime we directly observe is a 4-dimensional
manifold M . Our D-dimensional theory describes physics on the D-dimensional manifold
M ×N , where N is a (D−4)-dimensional compact manifold which is an “internal space”
not apparent to us because it is spatially microscopic2. Whatever the degrees of freedom

1While 4-dimensional gravity and the electromagnetic field can be recovered, there is also a nonphys-
ical scalar “dilaton” field which can’t be consistently removed from the theory.

2More generally, a compactification may consist of a nontrivial fibration with M as the base space
and N the typical fibre.
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of the fields D-dimensional theory are, they must then be reinterpreted as fields on M .

This however opens up an even greater problem: even if the higher-dimensional theory (be
it supergravity, superstring theory, M-theory or something else) is unique, the resulting
4-dimensional theory obtained after compactification is certainly not; there are many
choices of manifolds M and N3. Even though some geometric constraints can be put
on N , the number of possible choices is still enormous. The problem might be made
more tractable by looking only for those compactifications which produce the physics
we observe in 4 dimensions, such as the fields and symmetries of the Standard Model
or the geometry and energy content of the Lambda-CDM cosmological model, but this
is epistemologically problematic as it is essentially a fine-tuning argument: it has been
argued [15, 16] that the goal of a physical theory should be to produce a unique set
of falsifiable predictions, not provide such a wide range of possible predictions that a
tiny subset of them end up agreeing with observation by accident! The challenge for
proponents of Kaluza-Klein theories is thus to demonstrate that their theory is prejudiced
towards a reduction to a 4-dimensional physics which agrees with observations, not just
amenable to such a reduction. Of course, one could take the opposite point of view, as
some have, that the non-uniqueness of these theories is theoretical evidence of multiple
universes [17]!

An alternative idea to that of Kaluza and Klein for finding our universe in one with higher
dimensions is the brane-world, where the extra dimensions remain macroscropic but our
universe exists on the surface of a submanifold or brane. For more on this, see [18].

1.2 Supergravity backgrounds

Related to the problem of getting a unified description of our 4-dimensional universe
from a higher dimensional theory is more generally the understanding of the possible
bosonic backgrounds of supergravity theories, the geometries on which supergravity theo-
ries live, in various dimensions. Such a background is called supersymmetric if it admits
Killing spinors (defined in Chapter 5). The “amount” of supersymmetry possessed by a
background - given by the dimension of its space of Killing spinors - is taken to be the pri-
mary way of organising them. The (super)symmetries of a supersymmetric background
are encoded by a Lie superalgebra known as a Killing superalgebra.

A lot of work has been done on the problem of finding possible supergravity backgrounds.
A full classification in all dimensions is not currently within reach, but much progress
has been made in the past decade and a half on finding the supersymmetric backgrounds
[19–23]; the case of maximal supersymmetry (backgrounds with a space of Killing spinors
with the maximum possible dimension) is particularly amenable to full classification.
In the especially interesting case of 11-dimensional supergravity, many supersymmetric
backgrounds have been found and a number of other results have been achieved, but a
full classification has so far not been arrived at.

3In general there are also more choices of fibration.
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1.3 Killing superalgebras

Recent work by the supervisor of this project, (Professor Figueroa-O’Farrill) and collab-
orators (Andrea Santi, Paul de Medeiros) has sought to attack the problem of finding
supersymmetric backgrounds from a new direction by putting primary focus on the Killing
superalgebras [1–4]. The key insight is that the Killing superalgebra of a supergravity
background is a filtered subdeformation4 of a Poincaré superalgebra in the same spacetime
dimension. The angle of attack is therefore to seek out the possible such deformations
and to see if they can be geometrically realised.

Cheng and Kac have laid out the general theory of filtered deformations of Lie superal-
gebras [24, 25]. The deformation theory is governed by generalised Spencer cohomology,
a refinement of the Chevalley-Eilenberg cohomology of a particular subalgebra of a Z-
graded Lie superalgebra with coefficients in the adjoint representation (See Chapter 2).
In our case, the cohomological calculation for (subalgebras of) the Poincaré superalgebra
also provides geometric information in the form of a definition for a superconnection on
the spinors of an arbitrary Lorentzian spin manifold. Killing spinor fields are then defined
as those spinor fields which are parallel with respect to this superconnection. Conditions
for these Killing spinors to generate a Lie superalgebra must then be found, as well as
corresponding backgrounds. In this way we can claim that the Spencer cohomology pro-
vides a geometric notion of supersymmetry independent of physical theories. In some
cases, for example in 11 spacetime dimensions, this notion coincides precisely with that
of supergravity [1, 2], while in others it is more general [4].

It is possible through this process, therefore, to rediscover the known supersymmetric
supergravity backgrounds, but it should also be possible to find as-yet unknown super-
symmetric backgrounds for supergravity, as well as backgrounds which are more general
than supergravity solutions. This work has begun in D = 11 [1, 2], D = 4 [3] and D = 6
[4], looking at particular subalgebras of the Poincarè superalgebra with minimal super-
symmetry (augmented with R-symmetry in some cases), finding the Spencer cohomology
and the maximally supersymmetric backgrounds. The goal of this project is to tackle the
5-dimensional case.

4A filtered deformation of a subalgebra, as defined in Chapter 2.
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Chapter 2

Background theory

This chapter covers the background mathematical theory necessary to follow the rest of
the report. It is assumed that the reader is already familiar with Lie algebras and their
representation theory. Unfortunately, physical aspects of supersymmetry or supergravity,
such as the transformations of field multiplets or supersymmetric Lagrangians, is beyond
the scope of this project, so apart from some brief comments we will not discuss such
aspects and refer the reader instead to [5].

2.1 Graded and filtered algebras

2.1.1 Basic Definitions

We begin by providing some basic definitions for the spaces in which we will work. In
this section k denotes an arbitary field but in practice we will always have k = R or C.

Definition 2.1.1. Let V be a k-vector space with a set of subspaces {Vi}i∈I indexed by
a set I such that V =

⊕
i∈I Vi. Then V is said to be an I-graded vector space.

The subspaces Vi are referred to as the graded components of V , and elements v ∈ Vi are
called homogenous elements of degree i.

Definition 2.1.2. Let V be a k-vector space with a set of subspaces {Vi}i∈I indexed by
a totally ordered set I such that Vi ⊇ Vj for i ≤ j and V =

⋃
i∈I Vi. Then V is said to be

an I-filtered vector space (with filtration {Vi}i∈I).

If V is I-filtered and I is finite, we must have V = Vmax I .

Graded and filtered vector spaces are of little interest on their own, but the concepts
of filtration and grading become extremely useful when the vector space underlies an
algebraic structure.

Definition 2.1.3. Let I be a totally ordered Abelian group.

• An associative k-algebra A is said to be I-graded (resp. filtered) if it has a vector
space grading (resp. filtration) {Ai}i∈I such that AiAj ⊆ Ai+j.
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• A Lie algebra g over k is said to be I-graded (resp. filtered) if it has a vector space
grading (resp. filtration) {gi}i∈I such that [gi, gj] ⊆ gi+j.

Definition 2.1.4. • A linear map between I-graded (resp. filtered) vector spaces
f : V → W is said to have grading (resp. filtration) degree d if for all i ∈ I,
f(Vi) ⊆ Wi+d.

• Linear maps of degree zero are said to preserve the grading (resp. filtration). A
homomorphism of I-graded (resp. filtered) vector spaces is defined to be a linear
map which preserves the grading (resp. filtration).

• We define homomorphisms of graded (resp. filtered) algebras (of either type) to be
homomorphisms of algebras (of the same type) which preserve the grading (resp.
filtration).

The I-gradings on vector spaces V , W naturally induce an I-grading on Hom(V,W ) (and
also on spaces of associative and Lie algebra homomorphisms), with the graded compo-
nents Hom(V,W )d consisting of degree d maps, as the terminology suggests. Explicitly,

Hom(V,W )d =
⊕

{i,j∈I | i+j=d}

Hom(V−i,Wj). (2.1)

The tensor product V ⊗W is also I-graded, with the graded components given by

(V ⊗W )d =
⊕

{i,j∈I | i+j=d}

Vi ⊗Wj. (2.2)

The conditions of Definition 2.1.3 are simply that the multiplication (resp. bracket), as
a linear map A⊗ A→ A (resp. g⊗ g→ g), respects the filtration or grading.

It’s interesting to briefly see how these induced gradings behave under duality. We will
assume that the base field k has a standard I-grading given by k0 = k and ki = 0 for
i 6= 0. For a graded vector space V =

⊕
i∈I Vi, the dual space is V ∗ = Hom(V, k), in

which the degree d maps are Hom(V−d, k), so V ∗ has the induced I-grading with graded
components (V ∗)i = (V−i)

∗.

Note that the natural isomorphism

Hom(V,W ) ∼= V ∗ ⊗W (2.3)

respects the grading for graded spaces V,W in the sense that

(V ∗ ⊗W )i =
⊕

{j,k∈I | j+k=i}

(V ∗)j ⊗Wk

=
⊕

{j,k∈I | j+k=i}

(V−j)
∗ ⊗Wk

∼=
⊕

{j,k∈I | j+k=i}

Hom(V−j,Wk).

= Hom(V,W )i

(2.4)
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2.1.2 Z-grading, filtration and filtered deformations

Many of the structures discussed below in the context of a Z-grading or -filtration can
be generalised to other gradings or filtrations, but we will focus on the Z case as it is the
only one required in this project. We begin with some observations about the structure
of Z-graded Lie algebras. Each of these statements follows straightforwardly from the
definition.

Proposition 2.1.5. Let g =
⊕

i∈Z gi be a Z-graded Lie algebra. Then

• The component g0 is a Lie subalgebra,

• For any j ≥ 0,
⊕

i≥j gi and
⊕

i≤−j gi are Lie subalgebras,

• Each graded component gi of g is a g0-module under the adjoint action,

• For g+ =
⊕

i>0 gi and g− =
⊕

i<0 gi,

– If one of these two subalgebras is zero, the other is an ideal subalgebra,

– If g± is finite-dimensional, it is nilpotent.

Similar statements hold for non-unital graded associative algebras. For a unital graded
associative algebra A, 1 ∈ A0, and the same statements hold as long as subalgebras can
be non-unital.

Definition 2.1.6. • A Z-graded vector space V has finite depth h ≥ 0 if V−h 6= 0
and Vi = 0 for all i < −h; that is, h is the minimal positive integer such that
V =

⊕
i≥−h Vi.

• A Z-filtered vector space V has finite depth h ≥ 0 if its filtration has the form

V = V−h ⊃ V−h+1 ⊇ · · · ⊇ V−1 ⊇ V0 ⊇ V1 ⊇ . . . , (2.5)

that is, Vi = V for i ≤ −h and V−h+1 6= V .

• A Z-graded or filtered vector space for which no such finite depth exists is said to
have infinite depth.

If g is a Z-graded Lie algebra of finite depth, g− (as defined in Proposition 2.1.5) is
nilpotent.

Definition 2.1.7. The natural filtration on a Z-graded vector space V is given by {Fi}i∈Z,
where Fi =

⊕
j≥i Vj.

It is easy to see that the natural filtration on a graded vector space is indeed a Z-filtration
and that the natural filtration on a Z-graded associative algebra (resp. Lie algebra) makes
it into a Z-filtered associative algebra (resp. Lie algebra).

From any Z-filtered vector space, we can construct a graded vector space as follows.
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Definition 2.1.8. If V is a Z-filtered vector space with filtration {Vi}i∈Z, we can define
(GrV )i = Vi/Vi−1 for each i ∈ Z. Then the external direct sum GrV =

⊕
i∈I(GrV )i is a

graded vector space called the associated graded vector space to V .

If a Z-graded vector space has finite depth, its natural filtration has the same depth.
Likewise the associated graded space of a Z-filtered vector space with finite depth also
has finite depth.

We define a map V → GrV given by the sum of quotient maps Vi → Vi/Vi+1; that is,
the linear extension of v 7→ v̄ where v̄ = v + Vi+1 for v ∈ Vi. This allows GrV to inherit
algebra structures from V .

Proposition 2.1.9. If V is a Z-filtered associative algebra (resp. Lie algebra), then GrV
is a Z-graded associative (resp. Lie) algebra with mutliplication (resp. bracket) defined
by XY = XY (resp.

[
X,Y

]
= [X, Y ]) for X ∈ Vi, Y ∈ Vj, extended linearly. Note

that the equivalence classes on either side of the equation are taken in Gi, Gj and Gi+j

respectively. In such cases, GrV is called the associated graded algebra.

Proof. The multiplication or bracket operation on GrV respects the grading because
the operation on V respects the filtration, and it obeys the properties of an associative
multiplication or Lie bracket because the operation on V does.

We will now describe a practical way of viewing associated graded objects which will be
useful for the theory of filtered deformations. Let V be a Z-graded vector space with a
filtration

V ⊇ . . . V−1 ⊇ V0 ⊇ V1 ⊇ . . . . (2.6)

For each i, we can choose (non-uniquely) a complementary subspace Gi of Vi+1 in Vi
such that Vi = Gi ⊕ Vi+1 which defines a grading on V by V = ⊕i∈ZGi. The quotient
map Vi → Vi/Vi+1 = (GrV )i restricts to an isomorphism Gi

∼= (GrV )i, so then V and
GrV are isomorphic as graded spaces. Different choices of complementary subspaces give
different gradings on V and different graded isomorphisms.

If G =
⊕

i∈ZGi is a Z-graded space and is given the natural filtration Fi =
⊕

j≥iGj, there
clearly is a natural unique choice of complementary subspaces: Fi = Gi ⊕

⊕
j≥i+1Gj.

There is thus a natural isomorphism G ∼= GrG of graded vector spaces, and in fact also
as graded algebras of either type if G is a graded algebra.

Definition 2.1.10. If G =
⊕

i∈ZGi is a Z-graded algebra of either type and F is a
Z-filtered algebra

F ⊇ . . . F−1 ⊇ F0 ⊇ F1 ⊇ . . . (2.7)

of the same type such that GrF ∼= G (as graded algebras) then F is said to be a filtered
deformation of G.

Let F be a filtered deformation of G with the notation of the definition above. Consider
a choice of complementary subspaces Vi in F such that Fi = Vi ⊕ Fi+1 that gives F a
graded vector space structure (but not a graded algebra structure). Since this gives us
an isomorphism of the underlying graded vector spaces F ∼= GrF ∼= G, we will identify
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those underlying spaces (that is, Vi = (GrF )i = Gi) and think about F as being an
alternative algebra structure on G. We now have that Fi =

⊕
j≥iGj. Denote the linear

operation (Lie bracket or multiplication) on F by µF and on G by µG. Since µF respects
the filtration,

µF (Gi, Gj) ⊆ Fi+j =
⊕

k≥(i+j)

Gk (2.8)

for each i, j ∈ Z, so

µF =
∑
i≥0

µi (2.9)

where each µi : G→ G is a linear map of grading degree i1. Finally, the condition for F
to be a filtered deformation of G is that µ0 = µG. We thus have the following.

Proposition 2.1.11. Let G =
⊕

i∈ZGi be a graded associative algebra (resp. Lie alge-
bra) with multiplication · (resp. bracket [·, ·]). Then any filtered deformation for G is
isomorphic to an alternative algebra structure ∗ (resp. [·, ·]′) on G given by a set of maps
{µi : G→ G}i>0 such that µi has grading degree i and

X ∗ Y = X · Y +
∑
i>0

µi(X, Y )

(
resp. [X, Y ]′ = [X, Y ] +

∑
i>0

µi(X, Y )

)
. (2.10)

We can now consider µ to be a deformation of the graded operation on G into a filtered
operation. Note that µ cannot be chosen arbitrarily; its components µi will have to satisfy
some relations in order that the operation be associative (resp. antisymmetric and obey
the Jacobi identity). For Lie algebras (and Lie superalgebras, which we will meet soon),
it turns out that it is the Spencer cohomology which governs the deformations µ.

2.1.3 Z2 grading and superspaces

We will be particularly interested in graded structures where the abelian group labelling
the grading is Z2. The prefix “super” is usually appended to mean “Z2-graded”, but what
this precisely means in each case is worth discussing. A vector superspace or associative
superalgebra is simply a Z2-graded vector space or algebra, but Lie superalgebras are
somewhat different; they are in fact a generalisation of Lie algebras which is built on top
of a Z2 graded vector space, and we will meet them in the next section.

Definition 2.1.12. In any Z2 graded structure, the degree of an element is referred to
as its parity ; the elements of parity 0̄ are said to be even and those of parity 1̄ are odd.

We denote the parity of a homogeneous element by |x|. Note that even maps preserve
grading while odd maps “flip” it, mapping odd to even and even to odd. As discussed
in Subsection 2.1.1, this induces a Z2-grading on spaces of homomorphisms of two vector
superspaces V and W , turning Hom spaces into vector superspaces:

Hom(V,W ) = Hom(V,W )0̄ ⊕ Hom(V,W )1̄ (2.11)

1We note again that a different choice of complementary subspaces for a filtered algebra leads to a
different (vector space) isomorphism to its associated graded algebra, and thus a different set of maps
µi.

9



where the spaces of even and odd maps are

Hom(V,W )0̄ = Hom (V0̄, V0̄)⊕ Hom (V1̄, V1̄), (2.12)

Hom(V,W )1̄ = Hom (V0̄, V1̄)⊕ Hom (V0̄, V1̄). (2.13)

If V = V0̄ ⊕ V1̄ is a vector superspace, its endomorphism algebra End(V ) is in particular
a Hom space, so it has a vector superspace structure as above. Moreover, it’s easy to see
that composition of endomorphisms respects the Z2-grading, so End(V ) is an associative
subalgebra. We will see some more examples of associative superalgebras in the next
chapter. In particular, we’ll discuss the supercommutative exterior algebra

∧
V .

Definition 2.1.13. An associative superalgebra A is said to be supercommutative if for
all homogeneous elements a, b ∈ A,

ab = (−1)|a||b|ba. (2.14)

We define the supercommutator of two homogeneous elements a, b of a superalgebra by

[a, b] = ab− (−1)|a||b|ba. (2.15)

Clearly the supercommutator is bilinear, skew-symmetric on A0̄×A0̄ and A0̄×A1̄∪A1̄×A0̄

(in fact, it is a commutator) and symmetric on A1̄×A1̄ (where it is an anticommutator).
If, and only if, the supercommutator is identically zero, A is supercommutative.

Finally, many of the structures we are interested in have Z- and Z2-gradings; we’ll need
a notion of compatibility for these. That notion is quite natural.

Definition 2.1.14. If a vector space has both a Z-grading and a Z2-grading, the gradings
are said to be compatible if any Z-homogenous element is Z2-homogeneous with its parity
being its Z-degree modulo 2.

In such spaces “degree” will always refer to the Z-grading degree. Note that in particular
this means that any Z-graded vector space or associative algebra has a unique compat-
ible Z2-grading given by its Z-grading modulo 2, making it into a vector superspace or
superalgebra. A Z-grading on a Lie algebra also induces a Z2 grading in this way, but
this does not in general endow it with the structure of a Lie superalgebra, and we will
not be interested in such structures.

2.2 Lie superalgebras

In this section we discuss the algebraic structure most important to supersymmetry and to
the work in this project, the Lie superalgebra. The definition of Lie superalgebras can be
seen as a generalisation of associative superalgebras equipped with supercommutators in
the same way as Lie algebras generalise associative algebras equipped with commutators
(where we forget about the associative multiplication in both cases), but the theory is in
fact much richer. Our discussion here will be brief; for a full pedagogical review of the
basics of superalgebras which was extremely helpful at the beginning of this project, see
[26].

10



Definition 2.2.1. A Lie superalgebra is a vector superspace g = g0̄ ⊕ g1̄ equipped with
a bilinear map (superbracket) [·, ·] : g× g→ g satisfying the following properties:

• Graded skew-symmetry:

[X, Y ] = −(−1)|X||Y |[Y,X],

• Graded Jacobi identity:

(−1)|X||Z|[X, [Y, Z]] + (−1)|X||Y |[Y, [Z,X]] + (−1)|Y ||Z|[Z, [X, Y ]] = 0,

• Preservation of grading:
[gi, gj] ⊆ gi+j.

The “graded” signs that appear in the definition of supercommutators, Lie superalge-
bras and other structures built on vector superspaces are what give them their super-
powers, enabling them to provide a formalism for supersymmetry in physics. Indeed,
the generalisation of Lie algebras to superalgebras is necessary in order to circumvent the
Coleman–Mandula Theorem, a consequence of which is that a Lie algebra which describes
the continuous symmetries of a physical theory (under certain assumptions) in Minkowski
space must be the direct sum of the Poincaré algebra and a Lie algebra of internal symme-
tries [27, 28]. Allowing for a superalgebra of symmetries lets us describe supersymmetries,
which can be regarded as internal symmetries with spinorial, anticommuting generators
which have non-zero brackets with the elements of the Poincaré algebra. The counterpart
to the CM Theorem governing this physical situation is the Haag– Lopuszański–Sohnius
Theorem [29], which essentially says that a Lie superalgebra describing the symmetries
of a physical theory is a direct sum of a Poincaré superalgebra and an internal symmetry
algebra.

As noted above, an associative superalgebra equipped with the supercommutator is a
Lie superalgebra; in particular End(V ) of a vector superspace V is a Lie superalge-
bra. This observation allows us to begin discussing respresentations and modules of Lie
superalgebras in essentially the same way as for Lie algebras. A Lie superalgebra homo-
morphism is of course defined as a linear map f : g → h of Lie superalgebras such that
f([X, Y ]) = [f(X), f(Y )] for X, Y ∈ g. A representation of a Lie superalgebra g is such
a homomorphsim g → EndV for some vector superspace V . This can be used to define
the equivalent notion of g-modules V : the module action · obeys

[X, Y ] · v = X · (Y · v)− (−1)|X||Y |Y · (X · v), (2.16)

for v ∈ V . In particular, we have an adjoint representation Ad : g → End(g), X 7→
AdX defined, as for Lie algebras, by AdX(Y ) = [X, Y ]. There are obvious notions of
subalgebras, ideals, and so on which we will not spell out explicitly.

Proposition 2.2.2. Let g = g0̄ ⊕ g1̄ be a Lie superalgebra. Then

• g0̄ is a Lie algebra,

• g1̄ is a g0̄ module under the adjoint action,
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Gradings and filtrations, as well as all of the related structures discussed in the previous
section, can be defined on Lie superalgebras in the same way as Lie algebras, with the only
caveat being that a Z-graded Lie superalgebra must have compatibility between its Z and
Z2 gradings in addition to all other conditions. The discussion of filtered deformations we
gave for Lie algebras previously also applies equally as well to Z-graded Lie superalgebras.

2.3 Generalised Spencer cohomology

2.3.1 Chain complexes, exact sequences and cohomology

We give here a short, pragmatic introduction to the basics of cohomology. This is a rich
and deep subject in itself which has found utility in many areas of mathematics and we
will not attempt to do the general theory justice here. We simply provide the essential
definitions and properties which are required for this project. There are many sources
which could be consulted to learn more; we recommend Rotman’s book [30]. Throughout
let R be a ring. For our purposes we can assume that R is commutative, but most
the discussion here is still valid for non-commutative rings, given that we assume that
R-modules are left (or right) R-modules.

Definition 2.3.1. Let {Cp}p∈Z be a sequence of R-modules and let {∂p : Cp → Cp+1}p∈Z
be a sequence of R-homomorphisms; diagrammatically we have

. . .
∂p−2

−−−→ Cp−1 ∂p−1

−−−→ Cp ∂p−→ Cp+1 ∂p+1

−−→ . . . . (2.17)

If ∂p+1 ◦ ∂p = 0 for all p ∈ Z, we call this sequence a cochain complex. The spaces are
called cochain spaces, their elements are cochains, and the maps ∂p are differentials.

Where there is no risk of confusion, we can drop the superscript on the differentials and
denote the conditions for the sequence (2.17) to be a cochain complex by ∂2 = 0. Note
that this condition is equivalent to im ∂p ⊆ ker ∂p+1 in each cochain space Cp+1.

Definition 2.3.2. An exact sequence is a cochain complex such that im ∂p = ker ∂p+1

for all p ∈ Z.

A short exact sequence is an exact sequence such that all but three consecutive cochain
spaces (say A,B,C) and the two differentials between them (say i, q) are zero:

· · · → 0→ A
i−→ B

q−→ C → 0→ . . . . (2.18)

The statements in the following proposition follow directly from the definition of the short
exact sequence.

Proposition 2.3.3. Consider the short exact sequence (2.18). The following hold:

• i is injective,

• q is surjective,
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• A ∼= ker q,

• By the First Isomorphism Theorem, C ∼= B/ ker q.

Definition 2.3.4. Let

. . .
∂p−2

−−−→ Cp−1 ∂p−1

−−−→ Cp ∂p−→ Cp+1 ∂p+1

−−→ . . . (2.19)

be a cochain complex. For each p ∈ Z, we define

• The p-th space of cocycles Zp = ker ∂p, the elements of which are p-cocycles or
closed p-cochains φ satisfying ∂φ = 0,

• The p-th space of coboundaries Bp = im ∂p−1, the elements of which are p-coboundaries
or exact p-cochains φ satisfying φ = ∂η for some (p− 1) cochain η,

• The p-th cohomology (group)2 Hp = Zp/Bp, the elements of which are cohomology
classes.

Note that exact cochains are always closed (Bp ⊆ Zp) since ∂2 = 0. A cochain complex
is an exact sequence if and only if all of its cohomologies are zero if and only if all closed
cocycles are exact. Thus cohomology can be considered to be measuring the failure of a
cochain complex to be an exact sequence or the failure of closed cochains to be exact.

Example 2.3.5 (De Rham cohomology). Let M be a smooth manifold. For p ≥ 0, the
space of (differential) p-forms, that is, antisymmetric (covariant) tensor fields of rank
(0, p), is denoted Ωp(M). This can be thought of as sections of the exterior power of the
cotangent bundle

∧p T ∗M . This is a module of the ring of smooth functions C∞ = Ω0(M)
with the scalar multiplication defined pointwise. Note that the space of p-forms is 0 for
p > dimM . The differential forms form a Z-graded supercommutative associative algebra
over R Ω(M) =

⊕dimM
p=0 Ωp(M) with the wedge product ∧ which is given pointwise by

the wedge product on the exterior algebra
∧
T ∗pM :

(ω ∧ η)(x) = ω(x) ∧ η(x). (2.20)

There is an operation d : Ω(M)→ Ω(M) satisfying the following properties:

• d is R-linear,

• For f ∈ Ω0(M) = C∞(M), df is the usual derivative of smooth functions,

• For ω ∈ Ωp(M), η ∈ Ωq(M), d(ω ∧ η) = dω ∧ η + (−)pdη; that is, d is a (super-
)derivation on Ω(M) in the algebraic sense.

• d(dω) = 0 for all ω ∈ Ωp(M).

2The terminology “cohomology group” is somewhat historical, but recall that R-modules are in par-
ticular abelian groups under addition, so it still makes sense.
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In fact, these properties determine d uniquely; it is called the exterior derivative. There
is thus a cochain complex (where the cochain spaces are 0 for p < 0 or p > dimM)

0
d−→ Ω0(M)

d−→ Ω1(M)
d−→ . . .

d−→ ΩdimM(M)
d−→ 0 (2.21)

called the De Rham complex and denoted Ω•(M). A p-cochain here is simply a p-form,
while a p-cochain ω is closed if dω = 0, and it is exact if ω = dη for some (p− 1)-form η.

The de Rham cohomology is given in terms of the smooth structure on M , however,
it is a remarkable fact that its cohomology is actually fully determined by its topology
and not dependent on its smooth structure: De Rham’s Theorem states that the de
Rham cohomology of M is isomorphic to its singular cohomology, which is a topological
invariant!

Example 2.3.6 (Chevalley–Eilenberg cohomology). [31] An important example of coho-
mology, on which the Spencer cohomology is ultimately based, is the Chevalley–Eilenberg
cohomology of a Lie algebra (or superalgebra, but we will talk only of Lie algebras here).

Let g be a Lie algebra over a field k, let V be a g-module and for convenience let
ρ : g → End(V ) be the representation corresponding to the module action. Then we
define the Chevalley–Eilenberg complex of g with coefficients3 in V as follows. The cochain
spaces are

Cp(g, V ) = Hom (
∧p g, V ), (2.22)

while the differentials ∂ : Cp(g, V )→ Cp+1(g, V ) are given by

(∂φ)(X1, X2, . . . , Xp+1)

=
∑

1≤s<t≤p+1

(−1)s+t−1φ
(

[Xs, Xt], X1, . . . , X̂s, . . . , X̂t, . . . , Xp+1

)
+

p∑
s=1

(−1)sρ(Xs)φ
(
X1, . . . , X̂s, . . . , Xp+1

) (2.23)

for φ ∈ Cp(g, V ) and X1, . . . , Xp+1 ∈ g. It is an exercise to check that ∂φ is totally
antisymmetric (so is indeed a (p + 1)-cochain) and that ∂2 = 0; this requires all of the
properties of the definition of a Lie algebra and a Lie algebra representation.

It’s useful to see what this looks like for small p. For p = 0, 1, 2, let φp ∈ Cp(g, V ); then

(∂φ0)(X1) = −ρ(X1)φ0, (2.24)

(∂φ1)(X1, X2) = φ1([X1, X2])− ρ(X1)φ1(X2) + ρ(X2)φ1(X1), (2.25)

(∂φ2)(X1, X2, X3) = φ([X1, X2], X3)− φ([X1, X3], X2) + φ([X2, X3], X1)

− ρ(X1)φ2(X2, X3) + ρ(X2)φ2(X1, X3)− ρ(X3)φ2(X1, X2).

(2.26)

It is instructive to make some observations about a couple of particular cases. If the
complex has coefficients in the base field (V = k), we must have ρ = 0 and using the
notation above, ∂φ0 = 0, so all 0-cochains are cocycles, and (∂φ1)(X1, X2) = φ1([X1, X2]),

3This is more historical nomenclature for which I have no justification.
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so 1-cocycles are elements of g∗ which act trivially on [g, g]. Thus H0(g, k) = k and
H1(g, k) ∼= (g/[g, g])∗. A particularly interesting example is where g is the Lie algebra
(over R) of a real Lie group G. In that case, the left-invariant differential forms on
G form a subcomplex of the de Rham complex Ω•(M), and the Chevalley–Eilenberg
complex of g with coefficients in R is isomorphic to this subcomplex. We can see this as
the Chevalley–Eilenberg cohomology emerging naturally as a geometric construct, rather
than the rather more abstract (and general) algebraic construction we gave here.

If the complex has coefficients in the adjoint representation (V = g, ρ = ad), we have

(∂φ0)(X1) = [φ0, X1], (2.27)

(∂φ1)(X1, X2) = φ1([X1, X2])−
[
X1, φ

1(X2)
]
− [φ1(X1), X2]. (2.28)

Thus 0-cocycles are central elements of g and 1-cocycles are derivations on g. The corre-
sponding cohomologies are H0(g, g) = Z(g) and H1(g, g) = Der(g)/ ad(g).

It’s possible to extend the Chevalley–Eilenberg cohomology to Lie superalgebras; in the
next subsection we introduce the generalised Spencer cohomology which is a special case
of this, and we defer the superalgebra discussion to there.

2.3.2 The Spencer complex and cohomology

Here we give the definition and discuss some of the features of the generalised4 Spencer
cohomology of a Z-graded Lie superalgebra. Our source for this section is Cheng and
Kac’s paper [24, 25].

First, we briefly note that when we consider the exterior power of a vector superspace
V = V0̄ ⊕ V1̄, we mean it in a “super sense”:∧pV =

⊕
i+j=p

∧iV0̄ ⊗
⊙jV1̄. (2.29)

In this way we can view the bracket operation on a Lie superalgebra g = g0̄ ⊕ g1̄ as a
map

∧2 g→ g (which additionally satisfies the Jacobi identity), just as we do with a Lie
algebra.

Definition 2.3.7. Let g =
⊕

i∈Z gi be a Z-graded Lie superalgebra over R. The Spencer
complex of g is the Chevalley–Eilenberg complex of the subalgebra g− =

⊕
i<0 gi with

coefficients in g under the adjoint action.

This definition somewhat belies the true nature of the Spencer complex which gives it its
utility: as we will demonstrate below, the complex naturally inherits a grading from the
superalgebra which is respected by the differentials. This leads to the complex breaking
up into a sequence of subcomplexes, making the computation of the cohomology far
simpler than it might be without the graded structure. Thus, when we refer to the

4We will use “Spencer cohomology” and “generalised Spencer cohomology” interchangeably. The
original Spencer cohomology [32] applied only to Z-graded Lie algebras of depth 1; it was generalised to
Lie superalgebras of arbitrary finite depth by Cheng and Kac [24, 25]. Note that Spencer’s work uses a
different indexing system to this work and Cheng and Kac.
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Spencer complex and its cohomology, we will implicitly understand this to refer to the
Z-indexed sequence of subcomplexes.

We define a Z-grading on each space of cochains Cp(g−, g) = Hom (
∧p g−, g) by the usual

grading of a Hom space of Z-graded vector spaces: the homogeneous space of degree d
consists of linear maps of degree d. We use the notation

Cd,p(g−, g) = Hom (
∧p g−, g)d. (2.30)

The Chevalley–Eilenberg differential ∂ for a Lie superalgebra is a modification of the Lie
algebra differential given by Equation (2.23) to include graded signs. We are interested
only in the case where the representation is the adjoint. For φ ∈ Cr(g−, g), X1, . . . Xp ∈ g0̄

and Y1, . . . , Yq ∈ g1̄ where p+ q = r + 1,

(∂φ)(X1 . . . , Xp, Y1, . . . , Yq)

=
∑

1≤s<t≤p

(−1)s+t−1φ
(

[Xs, Xt], X1, . . . , X̂s, . . . , X̂t, . . . , Xp, Y1, . . . , Yq

)
+

∑
1≤s<t≤p

(−1)s−1φ
(
X1, . . . , X̂s, . . . , Xp, [Xs, Yt], Y1, . . . , Ŷt, . . . , Yq

)
+

∑
1≤s<t≤p

φ
(

[Ys, Yt], X1, . . . , Xp, Y1, . . . , Ŷs, . . . , Ŷt, · · · , Yq
)

+

p∑
s=1

(−1)s
[
Xs, φ

(
X1, . . . , X̂s, . . . , Xp

)]
+ (−1)p−1

p∑
s=1

[
Yt, φ

(
X1, . . . , X̂s, . . . , Xp

)]
.

(2.31)

Since the superbracket respects the Z-grading, we can see immediately from this formula
that if φ is a homogeneous p-cochain of degree d, ∂φ is a homogeneous p+ 1-cochain also
of degree d. Thus ∂ respects the grading of the cochain spaces.

The Spencer cochain complex

· · · → Cp−1(g−, g)→ Cp(g−, g)→ Cp+1(g−, g)→ . . . (2.32)

therefore decomposes into the subcomplexes

· · · → Cd,p−1(g−, g)→ Cd,p(g−, g)→ Cd,p+1(g−, g)→ . . . (2.33)

labelled by the grading d ∈ Z.

We can compute the cohomologies H•,•(g−, g) of each of these subcomplexes separately;
the cohomology of the original complex is graded and is of course given by

H•(g−, g) =
⊕
d∈Z

Hd,•(g−, g). (2.34)

We will say no more about the generalities of the Spencer cohomology; for a full review,
see [24, 25].
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2.3.3 Toy calculation - the Poincaré algebra

The goal of this subsection is to calculate the first few Spencer cohomology groups of the
Poincaré algebra in order to demonstrate the technique in a relatively simple but still
physically relevant setting before we go on to introduce spinors, supersymmetry and the
Poincaré superalgebra which plays a central role in this dissertation. In principle it is
logically possible to skip this discussion, but some of the results here will be useful to
refer back to when we calculate the cohomology of the Poincaré superalgebra later.

Algebraically, the Poincaré algebra is the space p = V ⊕so(V ) where (V, η) is a Lorentzian
vector space (we suppress the inner product η in the notation from now on) and so(V )
is its special orthogonal Lie algebra. The Lie bracket is given by

[A,B] = AB −BA, (2.35)

[v, w] = 0, (2.36)

[A, v] = −[v, A] = Av. (2.37)

where v, w ∈ V and A,B ∈ so(V ). It can be seen immediately that p is a Z-graded
Lie algebra with grading p = p−2 ⊕ p0 where p−2 = V and p0 = so(V ). We could have
chosen the degree of V to be −1 (or indeed +1) without meaningfully affecting anything
in this subsection, but we choose it to be −2 so as to connect the discussion here with
the description of the structure of the Poincaré superalgebra later.

Geometrically, p is the Lie algebra of Killing vector fields (equivalently the Lie algebra of
the group of isometries) of Minkowski spacetime. The space V can be considered to be
the tangent space at any point of the spacetime, which is identified with the space p−2

of translation generators, and p0 is the Lorentz algebra, which is identified with so(V ).
Note that this grading structure is equivalent to so(V ) being a subalgebra and V being
an abelian ideal subalgebra - in particular p is not semisimple.

The Poincaré algebra can be considered to be an so(V ) module via the adjoint action of
the so(V ) subalgebra; the bracket on p is then so(V )-equivariant by the Jacobi identity,
while V and so(V ) are submodules.

The Spencer cochain spaces of p (also so(V )-modules) are

Cd,p(p−, p) = Hom (
∧p p−, p)d = Hom (

∧p V, V )d ⊕ Hom (
∧p V, so(V ))d. (2.38)

Since p is a Lie algebra, the differentials

∂d,p : Cd,p(p−, p)→ Cd,p+1(p−, p) (2.39)

are given by Equation (2.23) as

(∂φ)(X1, X2, . . . , Xp+1) =
∑

1≤s<t≤p+1

(−1)s+t+1φ([Xs, Xt], X1, . . . , X̂s, . . . , X̂t, . . . , Xp)

+

p+1∑
s=1

(−1)s
[
Xs, φ(X1, · · · , X̂s, · · · , Xp+1)

]
.

(2.40)
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We’ll take the complex degree by degree. Note that the cochain spaces and thus the
complexes and cohomologies are all zero for odd degree d, while the lowest-degree nonzero
complex has d = −2.

The d = −2 complex

The only nonzero cochain space is C−2,0(p−, p) = Hom(R, V ) ∼= V , so the complex is

0→ V → 0. (2.41)

We can immediately conclude that

H−2,p(p−, p) = Z−2,p(p−, p) =

{
V for p = 0

0 otherwise
. (2.42)

The d = 0 complex

The nonzero cochain spaces are

C0,0(p−, p) = Hom(R, so(V )) ∼= so(V ), (2.43)

C0,1(p−, p) = Hom(V, V ), (2.44)

so the complex is
0→ so(V )→ Hom(V, V )→ 0. (2.45)

The nonzero differential ∂0,0 : so(V ) → Hom(V, V ) is given by (∂φ)v = −[v, φ] = φv for
φ ∈ so(V ) and v ∈ V . Since the action of so(V ) on V is faithful, the differential is injective
(in fact it is simply the inclusion so(V ) ↪→ End(V )); thus the space of (0, 0)-cocycles and
cohomology are zero. The space of (0, 1)-cocycles is trivially End(V ), so

H0,p(p−, p) =

End(V )
so(V )

∼=
⊗2 V∧2 V

∼=
⊙2 V for p = 1

0 otherwise

(2.46)

where the isomorphisms are of so(V )-modules.

The d = 2 complex

The complex here is

0→ Hom (V, so(V ))→ Hom
(∧2 V, V

)
→ 0. (2.47)

The nonzero differential is given by (∂φ)(v, w) = −[v, φ(w)] + [w, φ(v)] = φ(w)v − φ(v)w
for φ ∈ so(V ) and v, w ∈ V . Using Hom(V, so(V )) = V ∗⊗ so(V ), in components we have

φµνλ = g(eµ, φ(eλ)eν), (2.48)

(∂φ)λµν = g(eλ, (∂φ)(eµ, eν)) = φλµν − φλνµ. (2.49)
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The cocycle condition is then φλ[µν] = 0. But because the codomain of φ is so(V ),
φλµν = −φµλν , so

φλµν = −φµλν = −φµνλ = φνµλ = φνλµ = −φλνµ, (2.50)

thus we also have φλ(µν) = 0, so (2, 1)-cocycles are zero and ∂2,1 is injective. In fact, by
counting dimensions, it is an isomorphism. The complex is therefore an exact sequence,
so for all p ∈ Z,

H2,p(p−, p) = 0. (2.51)

The d = 4 complex

The complex is
0→ Hom

(∧2 V, so(V )
)
→ Hom

(∧3 V, V
)
→ 0. (2.52)

The differential ∂4,2 is given by

(∂φ)(v1, v2, v3) = −[v1, φ(v2, v3)] + [v2, φ(v1, v3)]− [v3, φ(v1, v2)]

= φ(v1, v2)v3 + φ(v2, v3)v1 + φ(v3, v1)v2,
(2.53)

or in components,

φµνστ = η(eµ, φ(eσ, eτ )eν) (2.54)

(∂φ)σλµν = η(eσ, (∂φ)(eλ, eµ, eν)) = 3φσ[λµν], (2.55)

where we note that φµνστ = −φνµστ = −φµντσ. The cocycle condition is φµ[νστ ] = 0, an
algebraic Bianchi identity. Together with the other symmetries of φ, this implies that
φµνστ = φστµν . Thus the space of cocycles is the space B of algebraic curvature operators,
those tensors which satisfy the algebraic symmetries of the Riemann tensor. We therefore
have an exact sequence

0→ B → Hom
(∧2 V, so(V )

)
→ Hom

(∧3 V, V
)
, (2.56)

and the cohomologies are

H4,p(p−, p) =


B for p = 2

Hom

(∧3 V, V
)

{
(v1,v2,v3)7→φ(v1,v2)v3+ cyclic |φ∈Hom

(∧2 V, so(V )
)} for p = 3

0 otherwise

. (2.57)

Higher-degree complexes

For even degree d > 4, the complex is

0→ Hom
(∧ d

2 V, so(V )
)
→ Hom

(∧ d
2

+1 V, V
)
→ 0, (2.58)

which is of the same form as the lower-degree complexes. We will not calculate any more
of the cohomologies. Note however, that Hd,2(p−, p) vanishes for d > 4. This will be
important when we consider filtered deformations of p.
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2.3.4 The structure of filtered deformations

The actual utility of the Spencer cohomology is that it governs the filtered deformations of
a Lie superalgebra. Indeed, Cheng and Kac’s original purpose in adapting the cohomology
was to explore the deformation theory of Lie superalgebras [24, 25]. As we are interested
in the filtered deformations of the Poincaré superalgebra, we follow Cheng and Kac and
lift a number of results from their paper for our purposes.

The proof of Theorem 2.3.11 is technical and occupies the first part of [24]. Our statement
of the theorem here is a summation of a number of results from that paper, which we
will adapt for our own practical purposes. The interested reader is invited to read that
paper for more on filtered deformations of Lie algebras. For more on the prolongations
of the Poincaré superalgebra see [33]; for more on its filtered deformations see [1].

If g =
⊕

i∈Z gi is a Z-graded Lie superalgebra, let g≥0 =
⊕

i≥0 gi and g≤0 =
⊕

i≤0 gi.

Definition 2.3.8. A Z-graded Lie superalgebra g =
⊕

i∈Z gi is called transitive if for all
X ∈ g≥0, [X, g−] = 0 implies that X = 0.

Definition 2.3.9. If g =
⊕

i∈Z gi is a Z-graded Lie superalgebra, it is called a full
prolongation of g≤0 of degree k if the Spencer cohomology groups Hd,1(g−, g) vanish for
d ≥ k. A full prolongation of degree 1 is also simply called a full prolongation.

Definition 2.3.10. Let g =
⊕

i∈Z gi be a Z-graded Lie superalgebra, and let g′ be a
filtered deformation of g with bracket [·, ·]′, which we consider to be supported on the
same graded base space as g as in Proposition 2.1.11. Then [·, ·]′ = [·, ·] + µ for some
deformation µ :

∧2 g → g, and µ decomposes into graded components µ =
∑

i>0 µi,
where each µi has degree i, and we call the sequence µ1, µ2, . . . a defining sequence of g′.

Theorem 2.3.11 (Cheng–Kac [24]). Let g =
⊕

i∈Z gi be a Z-graded Lie superalgebra of
finite depth. Then if g′ is a filtered deformation of g with defining sequence {µi}i≥k for
some k > 0,

• The first nonzero term µk in the defining sequence is an even (Chevalley–Eilenberg)
2-cocycle of g with coefficients in the adjoint representation,

• The cohomology class
[
µk|g−×g−

]
is g0-invariant in Hk,2(g−, g)

• If g is transitive and is a full prolongation of g≤0, and g′′ is another filtered defor-
mation of g with defining sequence {νi}i≥k such that[

µi|g−×g−
]

=
[
νi|g−×g−

]
, (2.59)

for all i, then g′ ∼= g′′,

In other words, if we have a finite-depth Z-graded Lie superalgebra g which is transitive
and is a full prolongation of g≤0, then a filtered deformation of g is completely determined
up to isomorphism by the second Spencer cohomology H2(g−, g)0̄ =

⊕
i evenH

i,2(g−, g).

To find the filtered deformations of the Poincaré superalgebra, we must therefore show
that they are transitive full prolongations and find their second Spencer cohomologies.
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2.3.5 Filtered deformations of the Poincaré algebra

We now use the results of Subsection 2.3.3. Since there are no nonzero odd cochains, all of
the odd cohomologies vanish and in particular the Poincaré algebra is a full prolongation.
Note that transitivity is equivalent to the action of so(V ) on V being faithful, which
is the case, so Theorem 2.3.11 applies: the filtered deformations of p are given by the
p0-invariant p = 2 cohomologies. Its only nonzero such cohomology is H4,2(p−, p) = B ⊂
Hom

(∧2 V, so(V )
)
, so the p0-invariants of this space determine the filtered deformations.

Explicitly, if we take a filtered deformation p′ of p with the same underlying vector space
V ⊕ so(V ), the bracket [·, ·]′ of p′ is, up to isomorphism, of the form

[A,B]′ = AB −BA (2.60)

[v, w]′ = φ(v, w), (2.61)

[A, v]′ = −[v, A]′ = Av, (2.62)

where A,B ∈ so(V ), v, w ∈ V and φ :
∧2 V → so(V ) is an so(V )-invariant algebraic

curvature operator; that is, for all A ∈ so(V ) and v, w ∈ V ,

[A, φ(v, w)] = φ(Av,w) + φ(v, Aw). (2.63)

Since
∧2 V and so(V ) are irreducible under the so(V ) action, Schur’s Lemma implies

that φ is proportional to the natural isomorphism ω• :
∧2 V → so(V )5; that is, φ = kω

for some k ∈ R, so we have only a one-parameter family of Lie algebras. In fact, up to
isomorphism, there are only three distinct Lie algebras corresponding to k = 0,+1,−1,
and these are, respectively, the isometry algebras of Minkowski space, de Sitter space and
anti de Sitter space! In other words, the filtered deformations of the Poincaré algebra are
exactly the isometry algebras of the maximally symmetric Lorentzian manifolds.

This demonstrates the principle that underlies our approach: filtered subdeformations
of the symmetry algebra of the flat model give the symmetry algebras of curved spaces,
and in particular the maximal symmetry algebras are filtered deformations of the full flat
model algebra.

Our goal is to realise the symmetry algebras of supersymmetric manifolds, their so-called
Killing superalgebras, as filtered deformations of the Poincaré superalgebra which is the
Killing superalgebra of supersymmetric Minkowski space.

2.4 Complex, quaternionic and real structures

The Clifford algebra and its modules in 5 spacetime dimensions that we meet in Chapter 3
have quaternionic and real structures which we will make heavy use of. In this last piece
of background material, we discuss what these structures are.

Definition 2.4.1. A complex structure on a real vector space V is a linear map I : V → V
such that I2 = −1.

5See next chapter for the definition of ω•.
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A complex strucure on a real vector space induces on it the structure of a complex vector
space as follows: for z = x + iy ∈ C, where x and y are the real and imaginary parts
of z, and for v ∈ V , we define (x + iy)v = xv + yIv. Then C-linear transformations
on V are simply those R-linear transformations that commute with I, in other words
EndC(V ) = ZEndR(V )(I). More generally, if (V, IV ) and (W, IW ) are real vector spaces V
and W with complex structures IV and IW respectively and we make them into complex
vector spaces as described above, HomC(V,W ) are simply elements f ∈ HomR(V,W )
such that IW ◦ f = f ◦ IV .

Conversely, if V is a vector space over C, then in particular it is a vector space over R on
which multiplication by i is linear; this defines a complex structure on V considered as a
real vector space. The action of C then induced by the complex structure coincides with
the original C-vector space structure of V .

Recall that an R-linear map f : V → W of C-vector spaces V,W is called antilinear (or
conjugate-linear) if f(zv) = zv for all z ∈ C.

Definition 2.4.2. A real structure on a complex vector space V is an antilinear map
C : V → V such that C2 = 1.

In the same way that a complex structure on a real vector space plays the role of i without
explicit mention of i or C, a real structure on a complex vector space plays the role of
complex conjugation. Indeed, if V = Cn, then complex conjugation is a real structure
on V . We can decompose V into two real vector spaces, its real and imaginary parts,
V = Rn ⊕ iRn, where the direct sum is internal. This decomposition can be thought of
as being induced by complex conjugation; since conjugation is an R-linear map whose
square is the identity, it has eigenvalue ±1, thus the real and imaginary parts of V are
the two eigenspaces of conjugation.

If V is an arbitrary C-vector space, complex conjugation is not defined. We could of
course choose a basis {bi}dimC V

i=1 for V and define a real structure C by C(zib
i) = zib

i,
but this is clearly basis-dependent and far from unique. It will transpire, however, that
real structures do arise in a natural way in situations that we will discuss later on. By
the same argument we gave for complex conjugation, a real structure on V decomposes
it into a direct sum of real eigenspaces corresponding to eigenvalues ±1, which we will
still call the “real” and “imaginary” subspaces VR and VI respectively. Finally, we note
that V is then just the complexification of its real subspace, V ∼= VR ⊗R C; in particular
Cn ∼= Rn ⊗R C where the real structure is complex conjugation.

Definition 2.4.3. • A quaternionic structure on a complex vector space is an anti-
linear map J : V → V such that J2 = −1.

• A quaternionic structure on a real vector space is a pair of complex structures (I, J)
such that I ◦ J = −J ◦ I.

First, note that these two notions are equivalent. If V is a complex vector space with
a quaternionic structure J and the complex structure I induced by the action of i on
V considered as a real vector space, then (I, J) is a quaternionic structure on the real
vector space V . Conversely, if V is a real vector space with a quaternionic structure
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(I, J), and V is made into a complex vector space using the complex structure I, then J
is a quaternionic structure on the complex vector space V . Note that the roles of I and J
could be swapped in the converse case, leading to different but isomorphic quaternionic
structures on the complex V .

A quaternionic structure on a real or complex vector V space is equivalent to V being
given the structure of a right vector space over H: over C, J plays the role of right multi-
plication by the quaternion j, and over R, I and J play the role of right multiplication by
quaternions i and j respectively. Note that in this latter case, there is another complex
structure K = JI which corresponds to right multiplication by k = ij.
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Chapter 3

Conventions, Clifford algebras,
representations

This chapter gives a brief introduction to Clifford algebras, the algebraic structures re-
quired to deal with spinors, in particular laying out conventions we will use throughout
the remainder of this work. It also lays out some extra structures and conventions we
use to deal with spinors in 5 dimensions and a number of results which will be useful in
calculations later.

For a field or skew-field k (which will be R, C or H), we denote the n× n matrix algebra
over k by k(n). Unless otherwise stated, the ground field here is always R.

3.1 General dimension

3.1.1 Clifford algebras

Throughout, let D be the spacetime dimension and let (V, η) be a Lorentzian inner
product space with mostly minus signature; this can be thought of as the tangent space
at a point in spacetime but for our purposes it is usually to be thought of as the space of
generators of translations in Minkowski space. We let {e0, e1, . . . , eD} be an orthonormal
basis for (V, η) such that

ηµν = η(eµ, eν) = diag(1,−1, . . . ,−1), (3.1)

where the Greek indices run over 0, 1, . . . , D.

The Clifford algebra CL(V, η) is generated by the eµ subject to the relation

v2 − η(v, v) = 0 (3.2)

for all v ∈ V , or equivalently

eµ · eν + eν · eµ = 2ηµν . (3.3)

In the remainder of this report, we will suppress the inner product in the notation and
write CL(V ) for the Clifford algebra.
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The Clifford algebra is Z-graded as a vector space (though not as an algebra); the grading
is given by CL(V ) =

⊕D
p=1 CL(V )p where

CL(V )p = span{eµ1 · eµ2 · . . . · eµp | µ1 < µ2 < . . . < µp}. (3.4)

Note that the eµ1 · eµ2 · . . . · eµp with µ1 < µ2 < . . . < µp form a basis for CL(V )p. As an
algebra, CL(V ) is a filtered with respect to the natural vector space filtration induced by
this grading, and it is a superalgebra with parity given by degree modulo 2.

3.1.2 The Clifford algebra as a filtered deformation of the ex-
terior algebra

The filtration of CL(V ) resembles the exterior algebra
∧
V of V ; we have

∧
V =

D⊕
p=0

p∧
Vp where Vp = span{eµ1 ∧eµ2 ∧ . . .∧eµp | µ1 < µ2 < . . . < µp}; (3.5)

the exterior algebra (with multiplication given by wedge product) is a Z-graded super-
commutative superalgebra (with partity given by degree modulo 2), and clearly as a
graded vector space it is isomorphic to CL(V ).

In fact CL(V ) is a filtered deformation of
∧
V with the isomorphism of algebras Gr CL(V ) ∼=∧

V given by the composition of vector space isomorphisms Gr CL(V ) ∼= CL(V ) ∼=
∧
V .

Using these isomorphisms, we may identify
∧
V as the underlying vector space of CL(V ),

writing elements of the Clifford algebra as elements of the exterior algebra and using
· to denote Clifford multiplication and ∧ to denote the wedge product as two different
multiplications on the same space. With either multiplication, V (and indeed any basis
for V ) generates CL(V ) or

∧
V as an algebra.

3.1.3 Embedding of the Lorentz algebra

The Lie algebra so(V, η) of the Lorentz group SO(V, η) (hereafter we suppress η in the
notation) can be regarded as the set of endomorphisms of V which are skew-symmetric
with respect to η:

so(V ) = {A ∈ End(V ) | η(Av,w) = −η(v, Aw)} (3.6)

or equivalently those A ∈ End(V ) whose components with respect to the orthonormal
basis, with indices lowered by η, are skew-symmetric:

Aµν = ηµρA
ρ
ν = η(eµ, Aeν) = −η(Aeµ, eν) = −Aνµ. (3.7)

This is a realisation of the natural isomorphism ω• : so(v)→
∧2 V ∗ given by

ωA(v, w) = η(v,Aw). (3.8)

In components, ωAµν = ωA(eµ, eν) = Aµν so that ωA = 1
2
Aµνf

µ ∧ f ν , where {fµ} is
the dual basis of {eµ} for V ∗. Finally, we may use the natural isomorphism V ∼= V ∗
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induced by η to identify
∧p V ∗ ∼=

∧p V , giving an isomorphism ω• : so(V )→
∧2 V with

ωA = 1
2
Aµνeµ ∧ eν . From now on we will not distinguish between

∧
V and

∧
V ∗, nor

between ω• and ω•. It will still be useful, however, to distinguish so(V ) and
∧2 V , due

to the following observation.

We can obtain a Lie algebra representation of so(V ) on CL(V ) as follows. Let ρ : so(V )→
End(CL(V )) such that, for A ∈ so(V ) and φ ∈

∧
V

ρ(A)(φ) =
1

2
[ωA, φ] =

1

4
Aµν [eµ ∧ eν , φ], (3.9)

where the bracket is the commutator for Clifford multiplication. In particular, if v ∈ V ,
we have ρ(A)(v) = Aµνv

νeµ = Av; the ρ-action of so(V ) on V considered as a subspace of
CL(V ) is the same as the action of so(V ) on V . Another way of viewing this is by defining
a Lie algebra homomorphism Ω : so(V ) → CL(V ) (the latter with its bracket given by
the commutator) by A 7→ 1

2
ωA; then the representation above is simply ρ = AdCL(V ) ◦Ω.

We will from now on suppress all three maps ω, Ω and ρ in the notation, writing for
instance A · φ for ΩA · φ = 1

2
ωA · φ where A ∈ so(V ) and φ ∈

∧
V . If M is a module

of the Clifford algebra, we will also write A · m for ΩA · m = 1
2
ωA · m for m ∈ M . In

this way, CL(V ) (associative algebra) modules and representations become so(V ) (Lie
algebra) representations.

3.2 In 5 dimensions

3.2.1 Structure of the Clifford algebra

In this section, we endeavour when possible to choose conventions and notation consistent
with [4], since the spinor structure is similar in 5 and 6 dimensions.

Proposition 3.2.1. If V is a 5-dimensional Lorentzian inner product space,

CL(V ) ∼= H(2)⊕H(2). (3.10)

To prove this statement, some Clifford algebra theory is required. A Clifford map is a
linear map f : W → A from a quadratic vector space (W,Q) to an associative algebra A
such that f(w)f(w) = Q(w)1A for all w ∈ W . The Clifford algebra CL(W,Q) has the
following universal property: if f : W → A is a Clifford map, then there exists a unique
algebra homomorphism f̃ : CL(W,Q)→ A such that the following diagram commutes:

W �
�

//

f
��

CL(W )

f̃
{{

A

, (3.11)

where the map at the top of the diagram is the natural embedding of V into CL(V ).
Since V generates CL(V ), the homomorphism f̃ is completely defined by specifying that
f̃ |V = f(V ). Note that if f is Clifford, −f is too.
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Proof of Proposition 3.2.1. We can take V ∼= R1,4 ∼= R⊕H as vector spaces. Furthermore,
defining the quadratic form on R⊕H,

Q(t, q) = t2 − |q|2 = t2 − qq, (3.12)

where (t, q) ∈ R ⊕ H, we have an isomorphism V ∼= R ⊕ H of quadratic vector spaces.
For the remainder of this proof, we identify V with R⊕H. Now let φ : V → H(2) be the
map

φ(t, q) =

(
t q
−q −t

)
. (3.13)

This map is Clifford and injective:

φ(t, q)φ(t, q) =

(
t q
−q −t

)(
t q
−q −t

)
=

(
t2 − qq tq − qt
−qt+ tq −qq + t2

)
= Q(t, q)12. (3.14)

and clearly φ(t, q) = 0 if and only if t = q = 0. Since φ and −φ are both Clifford and
injective, the map Φ : V → H(2) ⊕ H(2) defined by Φ(t, q) = (φ(t, q),−φ(t, q)) is also
Clifford and injective.

We claim that the map Φ̃ : CL(V,Q) → H(2) ⊕ H(2) induced by the universal property
of Clifford algebras is an isomorphism. Indeed, since Φ̃ is an algebra homomorphism
and the image of V under the natural embedding generates CL(V,Q) as an associative
algebra, injectivity of Φ implies that Φ̃ is injective. We can show that Φ̃ is surjective by
dimension counting:

dimR(CL(V,Q)) = dimR

(∧
V
)

=
5∑
p=0

(
5

p

)
= 25 = 32

= 2× 22 × 4 = dimR(H(2)),

(3.15)

hence the claim.

3.2.2 Clifford modules and Γ-endomorphisms

Consider now H2 regarded as a right-H vector space and a left H(2)-module (by left
matrix multiplication). Then H2 is a left CL(V ) ∼= H(2)⊕H(2)-module, with one copy of
H(2) acting via left matrix multiplication and the other copy acting trivially. There are
therefore two choices of CL(V ) module structure on H2 distinguished by the action of the
volume element vol = e1∧ e2∧ · · ·∧ e5 = e1 · e2 · · · · · e5; we can show (by simply writing it
out explicitly) that under the isomorphism CL(V ) ∼= H(2)⊕H(2), vol ∼ (−1,1), so vol
acts as ±1 on either module. Thus we have two inequivalent left modules with H2 as the
underlying vector space. We will work with the module on which vol acts as 1, which we
denote Σ, and consider it as C4 with a quaternionic structure which is invariant under
the Clifford action - we will spell this out in more detail shortly.

We denote the image in End(Σ) of eµ1 ∧ eµ2 · · ·∧ eµp by Γµ1µ2...µp . In keeping with physics
notation, we could denote the image of vol by Γ6 = Γ01234, but this is just 1. Notice that

Γµ1µ2...µp = Γ[µ1Γµ2 . . .Γµp]. (3.16)
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We’ll call this a Γ-endomorphism of rank p. This expression, along with the image of the
Clifford relation (which follows from Equation (3.3))

ΓµΓν + ΓνΓµ = 2ηµν1 (3.17)

is sufficient to prove the following relations via some combinatorial arguments (the process
is similar to Wick’s theorem):

Lemma 3.2.2. The products of the Γ-endomorphisms of rank 1 or 2 are

ΓµΓσ = Γµσ + δµσ , (3.18)

ΓµνΓσ = Γµνσ + 2δ[ν
σ Γµ], (3.19)

ΓµΓστ = Γµστ + 2δµ[σΓτ ], (3.20)

ΓµνΓστ = Γµνστ + 4δ[ν
σ Γµ]

τ + 2δ[ν
σ δ

µ]
τ . (3.21)

The following combinatorial identity is also useful when evaluating multiple products.

Lemma 3.2.3. For 0 < r < D,

εµ1µ2...µDεν1ν2...νrµr+1...µD = (D − r)!r!δµ1[ν1
δµ2ν2 . . . δ

µr
νr]

= (D − r)!r!δ[µ1
ν1
δµ2ν2 . . . δ

µr]
νr . (3.22)

The two lemmas above are valid for the relevant Clifford representation in any dimension;
the following only holds for the chosen module Σ in D = 5.

Lemma 3.2.4. Since vol acts as 1, Hodge duality in
∧
V induces the following identities

in End(Σ):

Γαβγ = −1

2
εαβγστΓ

στ , (3.23)

Γαβγδ = εαβγδσΓσ, (3.24)

Γαβγδε = εαβγδε1. (3.25)

These three lemmas are sufficient to evaluate any product of Γ endomorphisms. For
exposition, let’s see how a general p-vector Φ ∈

∧p V acts via the identification with the
Clifford algebra on σ ∈ Σ:

Φ · σ =
1

p!
Φµ1...µp

(
eµ1 ∧ · · · ∧ eµp

)
· σ =

1

p!
Φµ1...µpΓµ1µ2...µpσ. (3.26)

One last property of the Γ-endomorphisms to note is that they are traceless.

Lemma 3.2.5. The rank-p Γ-endomorphisms for 0 < p < D are traceless.

Proof. We follow the argument given in [5]. We can use Equation (3.19) to evaluate the
commutator

[Γµν ,Γσ] = Γµνσ − Γ µν
σ + 2δ[ν

σ Γµ] − 2δ[µ
σ Γν] = 4δ[ν

σ Γµ]. (3.27)

Using the trace property Tr(AB) = Tr(BA), we see that the trace of the left hand side

vanishes, giving δ
[ν
σ Tr Γµ] = 0. Contracting σ and ν gives us Tr Γµ = 0. The vanishing of

the other Γ-endomorphisms follow from symmetry arguments.
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3.2.3 Quaternionic and real structures on Clifford modules

The module Σ could be taken as the space of spinors, however it is 8-dimensional over R
so EndR(Σ) is 64-dimensional. This is a problem because CL(V ) is only 32-dimensional
and the representation of CL(V ) on Σ is not faithful by Lemma 3.2.4; its image in
EndR(Σ) is only 16-dimensional, so not all endomorphisms can be expressed in terms of
Γ-endomorphisms. This would cause practical problems later on when we want to work
explicitly with endomorphisms of the spinor space.

To deal with this, we will introduce another module with a quaternionic and symplectic
structure, tensor it with Σ and then use a real structure to obtain another 8-dimensional
module which will be endowed with enough structure to make explicit calculations pos-
sible.

Consider ∆ = H as a trivial left CL(V )-module thought of as C2 with an invariant
quaternionic structure (more on this shortly). It also has a symplectic form ε (·, ·) :
∆×∆→ C defined by

ε ((u1, u2), (v1, v2)) = u1v2 − u2v1 (3.28)

for (u1, u2), (v1, v2) ∈ ∆ ∼= C2. We will work in components using the Einstein convention;
denoting the standard basis over C on ∆ by {eA}A=1,2, we have ε (u, v) = εABu

AvB, where
εAB is the totally skew-symmetric symbol determined by ε12 = 1. We also define the
totally skew-symmetric symbol εAB with ε12 = 1, which similarly defines a symplectic
form on ∆∗ in the dual basis to {eA}A=1,2.

The symplectic form induces an isomorphism ∆ ∼= ∆∗ denoted u → u[, where u[(w) =
ε (w, u) (note that there is an alternative choice of isomorphism given by u→ u−[ where
u−[(w) = ε (u,w)).

As a result we can identify ∆ with ∆∗ and
⊗2

C ∆ with ∆∗ ⊗C ∆ ∼= EndC(∆). We will
work mainly with ∆ and EndC ∆ ∼=

⊗2
C ∆ =

(⊙2
C ∆
)⊕(∧2

C ∆
)
. We will suppress the

C subscript on all structure on ∆ and make repeated use of the fact that ε (·, ·) spans∧2 ∆.

These identifications are implemented at the level of components by using the symbols
εAB and εAB to raise and lower indices; since these symbols are skew-symmetric this
requires a choice of convention. If φ...A...... ... (resp. θ... ...

...A...) are objects with index A up (resp.
down), we lower (resp. raise) the index as follows:

φ... ...
...A... = εAB

(
φ...B...... ...

)
and θ...A...... ... =

(
θ... ...
...B...

)
εBA, (3.29)

and this choice of convention agrees with the choice of isomorphism ∆ ∼= ∆∗. Finally, it
is useful to note the following.

Lemma 3.2.6. We have the following identities for ∆-indices.

εAB = δAB, (3.30)

ε B
A = −δBA , (3.31)(

φ...A...... ...

)(
θ... ...
...A...

)
= −

(
φ... ...
...A...

)(
θ...A...... ...

)
, (3.32)

where φ and θ are some tensors of ∆.
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Proof.

εAB = εCBε
CA = δAB, (3.33)

ε B
A = εACε

CB = −δBA , (3.34)(
φ...A...... ...

)(
θ... ...
...A...

)
=
(
φ... ...
...B...

)
εBAεAC

(
θ...C...... ...

)
=
(
φ... ...
...B...

)(
−δBC

)(
θ...C...... ...

)
= −

(
φ... ...
...B...

)(
θ...B...... ...

)
= −

(
φ... ...
...A...

)(
θ...A...... ...

)
.

(3.35)

We defined Σ and ∆ as having underlying spaces H2 and H respectively. We consider
these to be right H-vector spaces, with CL(V ) acting as H-matrices (Γ-endomorphisms)
on the left. We prefer to describe them as complex spaces with quaternionic structures
JΣ and J∆ which are invariant under the CL(V ) action. We will now demonstrate this
concretely.

Complex scalar multiplication is also defined to take place on the right even if we write
it on the left, so that it does not get in the way of quaternionic matrix multiplication; in
particular if w, z ∈ C and σ ∈ Σ,

w(zσ) = w(σz) = σ(zw) = σ(wz). (3.36)

Since CL(V ) acts on the left via matrix multiplication, it commutes with scalar multipli-
cation (by H or C). If we define JΣσ = σj, clearly J2

Σ = −1 and

JΣ(σz) = (σz)j = σ(zj) = σ(jz∗) = (σj)z∗ = JΣ(σ)z∗, (3.37)

so JΣ is also antilinear and thus a quaternionic structure. Similarly JΣ commutes with
the CL(V )-action:

Φ · (JΣ(σ)) = Φ · (σj) = (Φ · σ)j = JΣ(Φ · σ), (3.38)

so σ has a Cl(V )-invariant quaternionic structure as claimed. The same argument holds
for J∆.

Proposition 3.2.7. The tensor product Σ⊗C ∆ has a a CL(V )-invariant real structure
which induces on it a decomposition

Σ⊗C ∆ ∼= S ⊗ C (3.39)

into the complexification of an 8-dimensional module S of CL(V ). In the language of the
physics literature, S is the space of symplectic Majorana spinors.

Proof. We follow an argument given in the appendices of [34]. We consider Σ and ∆ as
complex spaces with invariant quaternionic structures JΣ and J∆, and we will show that
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JΣ⊗J∆ gives us a real structure on Σ⊗C ∆. Since JΣ and J∆ are C-antilinear, for σ ∈ Σ
and u ∈ ∆ we have

(JΣ ⊗ J∆)((σ ⊗ u)z) = (JΣ ⊗ J∆)(σ ⊗ (uz))

= (σj)⊗ (uzj)

= (σj)⊗ (ujz∗)

= ((σj)⊗ (uj))z∗

= ((JΣ ⊗ J∆)(σ ⊗ u))z∗

(3.40)

so JΣ ⊗ J∆ is antilinear, and since J2
Σ = −1 and J2

∆ = −1,

(JΣ ⊗ J∆)2(σ ⊗ u) = (J2
Σσ)⊗ (J2

∆u) = (−1)2σ ⊗ u = σ ⊗ u. (3.41)

Since JΣ and J∆ are invariant under the action of CL(V ), so is Jσ ⊗ J∆. Thus we have
an invariant real structure as claimed. Then S is simply the real part of Σ ⊗C ∆; that
is, the R-subspace consisting of elements s ∈ Σ⊗C ∆ such that (JΣ ⊗ J∆)s = s. By the
invariance of the real structure, S is preserved by the CL(V )-action: for all s ∈ S and
Φ ∈ CL(V ),

(JΣ ⊗ J∆)(Φ · s) = Φ · ((JΣ ⊗ J∆)s) = Φ · s (3.42)

so S is a representation of CL(V ).

The module S (which is faithful and irreducible) is 8-dimensional over R, so End(S)
is 64-dimensional, just like the endomorphism algebra EndR(Σ). However, consider its
complexification End(S) ⊗R C ∼= EndC(Σ ⊗C ∆); this has complex dimension 64. On
the other hand, denoting by Γ the representation of CL(V ) on Σ, we argued before that
dimR(Γ(CL(V ))) = 16, so

dimC((Γ(CL(V ))⊗ C)⊗C End(∆)) = 16× 4 = 64. (3.43)

We also have

(Γ(CL(V ))⊗C)⊗CEnd(∆) ∼= Γ(CL(V ))⊗(C⊗CEnd(∆)) ∼= Γ(CL(V ))⊗End(∆). (3.44)

It therefore follows that Γ(CL(V ))⊗End(∆) ∼= EndC(Σ⊗C∆), so any C-endomorphism of
Σ⊗C∆ (or R-endomorphism of its real part S) can be written in terms of Γ-endomorphisms
and endomorphisms of ∆.

3.2.4 Notation for the spinor modules

We now introduce the notation we will practically use to work with this structure. Let
s ∈ Σ⊗C ∆. All of the following discussion follows in particular if s ∈ S, but we will say
more about this special case at the end. Since all structures we deal with are multi-linear,
we assume without loss of generality that s is a pure tensor; that is, s = σ ⊗ u where
σ ∈ Σ and u ∈ ∆. Then, recalling the C-basis {eA}A=1,2 for ∆, we can write u = uAeA
for a pair of complex numbers u1, u2, and so

s = σ ⊗ u = σ ⊗ (uAeA) = (uAσ)⊗ eA = sA ⊗ eA (3.45)
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where sA = uAσ for A = 1, 2, so s is specified in the given basis for ∆ by the pair of
elements s1, s2 ∈ Σ. We could, of course, pick a basis for Σ with some indices a, b, . . .
and fully write s in components sAa, but this won’t be necessary; it is sufficient for us to
specify s by the Σ-elements sA. Furthermore, since ∆ is trivial as a CL(V )-module, for
Φ ∈

∧p V we have

Φ · s = Φ · (sA ⊗ eA) = (Φ · sA)⊗ eA =
1

p!
Φµ1...µp

(
Γµ1µ2...µps

A
)
⊗ eA. (3.46)

As we have previously noted, the modules of CL(V ) automatically become modules of
so(V ). Since we will be using it extensively, we will demonstrate the module action
explicitly now. With the notation of the discussion following Equation (3.9), we have, for
A ∈ so(V ),

A · s =
1

2
ωA · s =

1

4
AµνΓµνs =

1

4
Aµν

(
Γµνs

A
)
⊗ eA. (3.47)

If θ ∈ End(∆) and u ∈ ∆, in (complex) components we of course have θu = θABu
BeA, or

(θu)A = θABu
B. By the comment following Equation (3.44) any endomorphism of Σ⊗C∆

is a C-linear combination of elements of the form Γµ1...µp ⊗ θ for some θ ∈ End(∆), and
its action is (

Γµ1...µp ⊗ θ
)
s =

(
Γµ1...µps

B
)
⊗ (θeB) = θAB

(
Γµ1...µps

B
)
⊗ eA. (3.48)

In all of these calculations, the basis of ∆ always ends up simply being a spectator.
We can therefore write actions on Σ ⊗C ∆ in their “components” in Σ, for example,
Equations (3.46), (3.48) and (3.48) become

(Φs)A = ΦsA =
1

p!
Φµ1...µpΓµ1µ2...µps

A, (3.49)

(A · s)A = A · sA =
1

4
AµνΓµνs

A, (3.50)[(
Γµ1...µp ⊗ θ

)
s
]A

= θABΓµ1...µps
B. (3.51)

Now, if s ∈ S, all of the above holds, but (perhaps with an adjustment of ∆-basis) the
components θAB can be assumed to be real.

3.2.5 Additional structure on the spinor module

There are a number of additional structures on S which either play directly into the
Poincaré superalgebra structure or are otherwise useful for performing calculations with
it. We begin by defining some bilinear forms.

An H-Hermitian inner product on a right H vector space V is a nondegenerate R-bilinear
map h : V × V → H such that h(v1, v2λ) = h(v1, v2)λ and h(v1, v2) = h(v2, v1) where
v1, v2 ∈ V and λ ∈ H. Together, these imply that h(v1λ, v2) = λh(v1, v2). Recall that if
u ∈ H then u = z + jw for some unique z, w ∈ C. Thus for any v1, v2 ∈ V we can write

h(v1, v2) = H(v1, v2) + jB(v1, v2) (3.52)
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where H(v1, v2), B(v1, v2) ∈ C. This defines a pair of maps H,B : V × V → C. It can be
shown that H is C-Hermitian (nondegenerate but not necessarily positive-definite) and
B is C-bilinear and symplectic. We then have the following.

Proposition 3.2.8. There is an H-hermitian inner product h : Σ × Σ → H on Σ such
that

h(σ1, v · σ2) = h(v · σ1, σ2). (3.53)

for σ1, σ2 ∈ Σ and v ∈ V . There thus exist a C-Hermitian form H and a C-bilinear
symplectic form B on Σ with the same symmetry.

Proof. Considering Σ as H2, we define

h(σ1, σ2) = σ†1

(
1 0
0 −1

)
σ2. (3.54)

It can be directly checked that this H-Hermitian. The symmetry under the Clifford action
can be checked by explicitly using the map V ∼= R ⊕ H ↪→ CL(V ) ∼= H(2)H(2) → H(2)
from the proof of Proposition 3.2.1 to obtain a matrix representation for v ∈ V . The
forms H and B have the same symmetry by linear independence of 1 and j in H.

Definition 3.2.9. On Σ ⊗C ∆, we define the following three Dirac bilinears. For two
spinors s1, s2 ∈ Σ⊗C ∆, we have

1. The Dirac scalar, a C-bilinear symmetric form, is given by

µ(s1, s2) = (B(·, ·)⊗ ε (·, ·)))(s1, s2) = εABB
(
sA1 , s

B
2

)
. (3.55)

2. The Dirac 1-form, κ[ :
⊙2(Σ⊗C ∆)→ (V ⊗ C)∗, is given by

κ[(s1, s2)(X) = µ(s1, X · s2), (3.56)

for all X ∈ V ⊗ C.

3. The Dirac current κ :
⊙2(Σ⊗C ∆)→ V ⊗ C is the vector associated to the Dirac

one-form under the natural isomorphism V ⊗ C ∼= (V ⊗ C)∗; that is, κ is given by

η(κ(s1, s2), X) = µ(s1, X · s2) (3.57)

for all X ∈ V ⊗ C.

4. The Dirac 2-form with values in
⊗2 ∆, ω :

⊗2(Σ⊗C ∆)→ (
∧2 V ⊗C)∗⊗C (

⊗2 ∆),
is given by

ω(s1, s2)AB(X, Y ) = B
(
sA1 , (X ∧ Y ) · sB2

)
, (3.58)

for all X, Y ∈ V ⊗ C.
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We will not show it here, but on S, the Dirac norm and current are real:

µ :
⊙2 S → R, κ :

⊙2 S → V. (3.59)

There is also a reality condition for ω when restricted to S, but it is more complicated
to state and we will not use it.

For notational convenience, we introduce the notation

B(σ1, σ2) = σ1σ2 so σ1 = B(σ1, ·). (3.60)

Then in components,

µ(s, s) = εABs
AsB, (3.61)

κµ(s, s) = εABs
AΓµs

B, (3.62)

ωABµν (s, s) = sAΓµνs
B. (3.63)

The next lemma demonstrates the basic symmetry properties of these bilinears.

Lemma 3.2.10. For s1, s2 ∈ Σ⊗C ∆, we have the following:

sA1 s
B
2 = −sB2 sA1 , sA1 Γµs

B
2 = −sB2 Γµs

A
1 , sA1 Γµνs

B
2 = sB2 Γµνs

A
1 . (3.64)

Consequently, ωABµν (s1, s2) = ωBAµν (s2, s1); in particular, ω(s, s) is a
⊙2 ∆-valued 2-form.

Futhermore, for s ∈ Σ⊗C ∆,

sAsB =
1

2
εABµ(s, s), sAΓµs

B =
1

2
εABκµ(s, s). (3.65)

Proof. All of these follow from symmetries of B. We have

B
(
sA1 , s

B
2

)
= −B

(
sB2 , s

A
1

)
, (3.66)

B
(
sA1 ,Γµs

B
2

)
= B

(
Γµs

A
1 , s

B
2

)
= −B

(
sB2 ,Γµs

A
1

)
, (3.67)

B
(
sA1 ,Γ[µΓν]s

B
2

)
= B

(
Γ[µs

A
1 ,Γν]s

B
2

)
= B

(
Γ[νΓµ]s

A
1 , s

B
2

)
= B

(
sB2 ,Γ[µΓν]s

A
1

)
, (3.68)

hence Equations (3.64). For Equations (3.65), fixing s ∈ Σ⊗C ∆, sAsB = −sBsA, so we
must have sAsB = λεAB for some λ ∈ C. Contracting with εAB gives µ(s, s) = 2λ. The
same argument follows for the other equation.

The next proposition is important for the structure of the Poincaré superalgebra; it
ensures that the Jacobi identity is satisfied.

Proposition 3.2.11. The Dirac current is so(V )-equivariant; that is, for A ∈ so(V ) and
s ∈ S,

Aκ(s, s) = 2κ(s, A · s). (3.69)

34



Proof. In components,

2κµ(s, A · s) =
2

4
AαβεABs

AΓµΓαβs
B

=
1

2
AαβεABs

A
(

Γµαβ + 2δµ[αΓβ]

)
sB

= Aµβκ(s, s)β,

(3.70)

hence the claim.

The next couple of results are very useful tools for performing calculations with the spinor
module.

Proposition 3.2.12 (Fierz identity). For s1, s2 ∈ Σ⊗∆, the endomorphism sA1 s
B
2 defined

by sC3 → (sB2 s
C
3 )sA1 can be written

sA1 s
B
2 = −1

4

[
(sA1 s

B
2 )1 + (sA1 Γµs

B
2 )Γµ +

1

2
(sA1 Γµνs

B
2 )Γµν

]
= −1

8

[
εAB(µ(s1, s2)1 + κµ(s1, s2)Γµ) + ωABµν (s1, s2)Γµν

]
.

(3.71)

The Fierz identity is actually far more general than this and is extremely useful for
manipulating expressions involving spinors by rearranging the factors in products, but
this is the only version of it we’ll require. See [5] for the more general case. When we
deploy it later on, we’ll refer to its use as Fierz rearrangement.

Proof of Proposition 3.2.12. Since sA1 s
B
2 ∈ EndC(Σ⊗C ∆), we can write

sA1 s
B
2 = αAB1 + β AB

µ Γµ +
1

2
γ AB
µν Γµν (3.72)

for some αAB, β AB
µ , γ AB

µν ∈ C. Using Lemmas 3.2.2 and 3.2.5, we take the following
traces over C of endomorphisms of Σ⊗C ∆:

Tr
(
sA1 s

B
2

)
= 4αAB, (3.73)

Tr
(
Γσs

A
1 s

B
2

)
= 4β AB

σ , (3.74)

Tr
(
Γστs

A
1 s

B
2

)
= −4γ AB

στ . (3.75)

On the other hand,

Tr
(
sA1 s

B
2

)
= sB2 s

A
1 = −sA1 sB2 = −1

2
εABµ(s1, s2), (3.76)

Tr
(
Γσs

A
1 s

B
2

)
= sB2 Γσs

A
1 = −sA1 Γσs

B
2 = −1

2
εABκσ(s1, s2), (3.77)

Tr
(
Γστs

A
1 s

B
2

)
= sB2 Γστs

A
1 = sA1 Γστs

B
2 = ω AB

στ (s1, s2). (3.78)

The first equality in each of these expressions is seen to be true by writing in components
with respect to any basis, the we use Lemma 3.2.10. Hence the result.

35



Lemma 3.2.13. The following identities hold for a spinor s ∈ S:

κ(s, s) · sA = µ(s, s)sA, (3.79)

ωAB(s, s) · sC = 2µ(s, s)εC(AsB), (3.80)

ω(AB(s, s) · sC) = 0. (3.81)

Proof. Let us fix s ∈ S and then write µ, κ and ω for its Dirac bilinears, suppressing
their arguments (s, s). We can write

µsA = sAµ = εBCs
AsBsC , (3.82)

κ · sA = ΓµsAκµ = εBCΓµsAsBΓµs
C , (3.83)

ωAB · sC =
1

2
ΓµνsCω AB

µν =
1

2
ΓµνsCsAΓµνs

B. (3.84)

Then, using the Fierz identity on each of these, evaluating some products of Γ endomor-
phisms and collecting like terms, we eventually obtain

7µsA = κ · sA + 2ωAB · sB, (3.85)

11κ · sA = 5µsA + 2ωAB · sB, (3.86)

4ωAB · sC + 2ωCA · sB = εCA
(
5µsB + κ · sB

)
. (3.87)

Now Equation (3.79) follows from Equations (3.85) and (3.86), while Equation (3.81)
follows from Equation (3.87) by completely symmetrising. Substituting Equation (3.79)
into Equation (3.87) gives us

2ωAB · sC + ωCA · sB = 3µεCAsB. (3.88)

Note that since ωAB = ωBA, Equation (3.81) is equivalent to

ωAB · sC + ωCA · sB + ωBC · sA = 0. (3.89)

Using this to substitute for the second term in Equation (3.88) yields

ωAB · sC − ωBC · sA = 3µεCAsB. (3.90)

Finally, symmetrising Equations (3.88) and (3.90) on AB and adding them together yields
Equation (3.80).
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Chapter 4

Generalised Spencer cohomology of
the Poincaré superalgebra

Throughout this chapter, all spaces are considered with R as the ground field unless
otherwise stated.

The first two sections of this chapter hold in principle in any spacetime dimension, how-
ever we are interested in particular in D = 5, which the remainder of the dissertation
focusses on. Here we assume the existence, in any spacetime dimension, of a faithful, ir-
reducible spinor representation S of the Lorentz algebra so(V ) and an so(V )-equivariant
symmetric bilinear map (the Dirac current) κ : S×S → V . We have proven the existence
of these structures in D = 5 in the previous chapter.

4.1 The Poincaré superalgebra

The Poincaré superalgebra s is an extension of the Poincaré algebra p by generators
of supersymmetry in Minkowski space. It is a Lie superalgebra, the even subspace of
which is simply the Poincaré algebra s0̄ = p, while the odd subspace s1̄ consists of the
supersymmetry generators. We will not deal with extended supersymmetry here, so for
the purposes of this dissertation s1̄ = S, where S is the chosen spinor representation of
the Lorentz algebra so(V ). The bracket operation on s0̄ is simply the Lie bracket of the
Poincaré algebra; on s1̄ it is the Dirac current, and the remaining brackets are zero.

In summary, the Poincaré superalgebra has the underlying Z-graded vector space

s = s−2 ⊕ s−1 ⊕ s0, (4.1)

where

s−2 = V, s−1 = S, s−2 = so(V ). (4.2)

It has a Z2-grading given by its Z-grading modulo 2, and its superbracket is given by

[A,B] = AB −BA, [s, s] = κ(s, s), (4.3)

[A, v] = −[v,A] = Av, [A, s] = −[s, A] = A · s, (4.4)

[v, w] = 0, [v, s] = −[s, v] = 0, (4.5)
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Table 4.1: Low-degree cochains for the Poincaré superalgebra s

p = 0 p = 1 p = 2 p = 3

d = −2 V

d = −1 S Hom(S, V )

d = 0 so(V ) Hom(V, V )⊕ Hom(S, S) Hom
(⊙2 S, V

)
d = 1 Hom(V, S)⊕ Hom(S, so(V )) Hom(V ⊗ S, V )⊕ Hom

(⊙2 S, S
)

Hom
(⊙3 S, V

)
d = 2 Hom(V, so(V )) Hom

(∧2 V, V
)
⊕ Hom(V ⊗ S, S)⊕ Hom

(⊙2 S, so(V )
)

Hom
(
V ⊗

⊙2 S, V
)
⊕ Hom

(⊙3 S, S
)

d = 3 Hom
(∧2 V, S

)
⊕ Hom(V ⊗ S, so(V )) Hom

(∧2 V ⊗ S, V
)
⊕ Hom

(
V ⊗

⊙2 S, S
)
⊕ Hom

(⊙3 S, so(V )
)

d = 4 Hom
(∧2 V, so(V )

)
Hom

(∧3 V, V
)
⊕ Hom

(∧2 V ⊗ S, S
)
⊕ Hom

(
V ⊗

⊙2 S, so(V )
)

d = 5 Hom
(∧3 V, S

)
⊕ Hom

(∧2 V ⊗ S, so(V )
)

d = 6 Hom
(∧3 V, so(V )

)

where A,B ∈ so(V ), v, w ∈ V , s ∈ S and κ is the Dirac current (note that since [·, ·] = κ
is symmetric on S, it is determined by its values on the diagonal [s, s]). With these
definitions, s is a Z-graded Lie superalgebra. Indeed, it can be seen from the definition
that the bracket preserves both the Z-grading and the Z2-grading and that it is super
skew-symmetric, while its Jacobi identity can be divided into a number of cases. We use
the shorthand [ijk] for the Jacobi identity with one homogeneous element with degree
−i, one with degree −j and one with degree −k.

• [000] follows from the Jacobi identity on so(V ),

• [002] follows because the action of so(V ) on V is a Lie algebra representation,

• [001] follows because the action of so(V ) on S is a Lie algebra representation,

• [011] follows from so(V )-equivariance of the Dirac current (Proposition 3.2.11),

• [012], [022], [111], [112], [022] and [222] are trivial.

The subspace s− = s−2⊕s−1 = V ⊕S is called the supertranslation ideal ; it is a nilpotent
ideal subalgebra.

4.2 The Spencer complex and cohomologies in gen-

eral dimension

The Spencer cochain spaces are given by

Cd,p(s−, s) = Hom (
∧p s−, s)d. (4.6)

Table 4.2 give the cochain spaces of low grading degree (d) and complex degree (p). The
cochain degree runs left to right in the table, while the Z-grading degree inherited from s
runs top to bottom so that each row in the table is a subcomplex of a particular degree.
The complexes for d ≥ 2 are incomplete since the table stops at p = 3, but we will
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not need the missing cochain spaces. Blank spaces in the table and cochain spaces with
d < −2 or p < 0 are zero.

We will now examine the cochain complex more closely and find some of the cohomology
groups, recalling that the Spencer complex splits into subcomplexes indexed by grading
degree d and working degree by degree. Since the filtered deformations of s are governed
by the even-degree Spencer cohomologies with p = 2, we will focus on these and only go
up to the d = 4 cochain complex.

The d = −2 complex

0→ V → 0 (4.7)

Immediately we can see that

H−2,p(s−, s) = Z−2,p(s−, s) =

{
V for p = 0,

0 otherwise.
(4.8)

The d = −1 complex

0→ S → Hom(S, V )→ 0 (4.9)

The differential ∂−1,0 : S → Hom(S, V ) is given by (∂s1)(s2) = [s1, s2] = κ(s1, s2) for
s1, s2 ∈ S, so the (−1, 0)-cocycles are spinors s1 such that κ(s1, s2) = 0 for all s2 ∈ S.
The Dirac current is nondegenerate so the cocycles and thus the cohomology vanish and
the differential is injective. Moving one place to the right, we see that

Z−1,1(s−, s) = C−1,1(s−, s) = Hom(S, V ), (4.10)

while
B−1,1(s−, s) = {φ ∈ Hom(S, V ) | ∃s0 ∈ S : φ(s) = κ(s0, s)}, (4.11)

thus

H−1,p(s−, s) =

{
Hom(S, V )/{κ(s0, ·) | s0 ∈ S} for p = 1,

0 otherwise.
(4.12)

The d = 0 complex

0→ so(V )→ Hom(S, S)⊕ Hom(V, V )→ Hom
(
�2S, V

)
→ 0 (4.13)

The first nonzero differential ∂0,0 has two components. We can define projections of the
(0, 1)-cochain spaces

π0,1
1 : Hom(V, V )⊕ Hom(S, S)→ Hom(V, V ), (4.14)

π0,1
2 : Hom(V, V )⊕ Hom(S, S)→ Hom(S, S), (4.15)
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and then let ∂0,0
1 = π0,0

1 ◦ ∂0,0 and ∂0,0
2 = π0,0

2 ◦ ∂0,0 be the corresponding components of
∂0,0. They are given by

(∂0,0
1 A)(s) = −[s, A] = A · s =

1

4
AµνΓ

µνs (4.16)

(∂0,0
2 A)(v) = −[v, A] = Av (4.17)

for A ∈ so(V ), s ∈ S and v ∈ V . Since the actions of so(V ) on S and V are faithful,
both components are injective, so Z0,0(s−, s) = 0. The next differential is

∂0,1 : Hom(S, S)⊕ Hom(V, V )→ Hom
(
�2S, V

)
. (4.18)

Let α : V → V , β : S → S be endomorphisms, so that α + β is a typical (0, 1)-cochain.
Then (noting that we only need to check values on the diagonal by symmetry)

∂(α + β)(s, s) = α([s, s])− 2[s, β(s)] = α(κ(s, s))− 2κ(s, β(s)) (4.19)

so the cocycle condition is
α(κ(s, s)) = 2κ(s, β(s)). (4.20)

The d = 1 complex

0→ Hom(V, S)⊕ Hom(S, so(V ))→ Hom(V ⊗ S, V )⊕ Hom
(⊙2 S, S

)
→ Hom

(⊙3 S, V
)
→ 0

(4.21)

To the differential ∂1,2, let

π1,2
1 : Hom(V ⊗ S, V )⊕ Hom

(⊙2 S, S
)
→ Hom(V ⊗ S, V ), (4.22)

π1,2
2 : Hom(V ⊗ S, V )⊕ Hom

(⊙2 S, S
)
→ Hom

(⊙2 S, S
)

(4.23)

be the projections of the codomain to the two components and let ∂1,1
1 = π1,2

1 ◦ ∂1,1 and
∂1,1

2 = π1,2
2 ◦ ∂1,1 be the corresponding components of the differential. Taking a typical

(1, 1)-cochain α + β ∈ Hom(V, S)⊕ Hom(S, so(V )), we have

∂1,1
1 (α + β)(v, s) = [s, α(v)]− [v, β(s)] = κ(s, α(v)) + β(s)v, (4.24)

and for the other component,

∂1,1
2 (α + β)(s, s) = α([s, s])− 2[s, β(s)] = α(κ(s, s)) + 2β(s) · s. (4.25)

The cocycle conditions are then

κ(s, αv) + β(s)v = 0, (4.26)

α(κ(s, s)) + 2β(s) · s = 0. (4.27)

It’s possible to show directly, using the same methods we use to compute the (2, 2)-
cohomology in Section 4.3, (at least in 5 dimensions)1 that the only solution to these
equations is α = 0, β = 0 so

H1,1(s−, s) = 0. (4.28)

1There is a higher-level argument, which holds in any dimension, given in the proof of Theorem 9 in
[1] that Hd,1(s−, s) = 0 for d ≥ 1.
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Turning to the p = 2 differential, there is only one component. Let γ + δ ∈ Hom(V ⊗
S, V )⊕ Hom(

⊙2 S, S) be a typical cocycle. Then for s ∈ S,

∂(γ + δ) = 3γ([s, s], s)− 3[s, δ(s, s)] = γ(κ(s, s), s)− 3(κ(s, δ(s)), (4.29)

so the cocycle condition is
γ(κ(s, s), s) = κ(s, δ(s, s)). (4.30)

The d = 2 complex

0→ Hom(V, so(V ))→ Hom
(∧2 V, V

)
⊕ Hom(V ⊗ S, S)⊕ Hom

(⊙2 S, so(V )
)
,

→ Hom
(
V ⊗

⊙2 S, V
)
⊕ Hom

(⊙3 S, S
)

→ Hom
(⊙4 S, V

)
→ 0

(4.31)

Note that the last cochain space is not on the table. We define projections

π2,2
1 : Hom

(∧2 V, V
)
⊕ Hom(V ⊗ S, S)⊕Hom

(⊙2 S, so(V )
)
→ Hom

(∧2 V, V
)
, (4.32)

π2,2
2 : Hom

(∧2 V, V
)
⊕ Hom(V ⊗ S, S)⊕Hom

(⊙2 S, so(V )
)
→ Hom (V ⊗ S, S),

(4.33)

π2,2
3 : Hom

(∧2 V, V
)
⊕ Hom(V ⊗ S, S)⊕Hom

(⊙2 S, so(V )
)
→ Hom

(⊙2 S, so(V )
)
,

(4.34)

and then let ∂2,1
i = π2,2

i ◦ ∂2,1 be the corresponding components of the p = 1 differential.
The first component ∂2,1

1 is the ∂2,1 differential of the Poincaré algebra, which is an
isomorphism (see the complex in Equation (2.47), which we showed is exact). If a (2, 1)-
cochain φ : V → so(V ) is coclosed, all three components of ∂2,1φ must vanish separately;
thus by the vanishing of the first component, the (2, 1)-cocycles are zero and so

H2,1(s−, s) = 0. (4.35)

Let the projections of the p = 3 cochain spaces be

π2,3
1 : Hom

(
V ⊗

⊙2 S, V
)
⊕ Hom

(⊙3 S, S
)
→ Hom

(
V ⊗

⊙2 S, V
)
, (4.36)

π2,3
2 : Hom

(
V ⊗

⊙2 S, V
)
⊕ Hom

(⊙3 S, S
)
→ Hom

(⊙3 S, S
)
, (4.37)

and denote the components of the differential by ∂2,2
i = π2,3

i ◦ ∂2,2. Let α + β + γ ∈ be
typical (2, 2)-cochain. Then, for v ∈ V , s ∈ S (only checking values on the diagonal for
�nS arguments),(

∂2,2
1 (α + β + γ)

)
(v, s, s) = α([s, s], v) + 2[s, β(v, s)]− [v, γ(s, s)]

= α(κ(s, s), v) + 2κ(s, β(v, s)) + γ(s, s)v,
(4.38)(

∂2,2
1 (α + β + γ)

)
(s, s, s) = 3β([s, s], s)− 3[s, γ(s, s)]

= 3β(κ(s, s), s) + 3γ(s, s) · s.
(4.39)
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The cocycle conditions are thus

α(κ(s, s), v) + 2κ(s, β(v, s)) + γ(s, s)v = 0, (4.40)

β(κ(s, s), s) + γ(s, s) · s = 0. (4.41)

The next section will be concerned with finding the (2, 2)-cohomology in D = 5; it is
useful now to show that this calculation can be simplified by taking α = 0 without loss
of generality.

Proposition 4.2.1. Every cohomology class in H2,2(s−, s) has a unique representative
cocycle with zero Hom

(∧2 V, V
)

component, and we have

H2,2(s−, s) ∼=

{
β + γ ∈ Hom(V ⊗ S, S)⊕ Hom

(⊙2 S, so(V )
) ∣∣∣∣∣ 2κ(s, β(v, s)) + γ(s, s)v = 0,

β(κ(s, s), s) + γ(s, s) · s = 0

}
;

(4.42)
that is, the cohomology is simply the space of cocycles with α = 0.

Proof. Let α + β + γ be a cocycle, where we use the same notation as above, which of
course has cohomology class [α+β+ γ]. Since ∂2,1

1 : Hom (V, so(V ))→ Hom
(∧2 V, V

)
is

an isomorphism, there is a unique (2, 1)-cocycle φ ∈ Hom (V, so(V )) such that ∂2,1
1 φ = α.

Since adding a coboundary does not change the cohomology class, we then have

[α + β + γ] = [α + β + γ − ∂φ]

= [α + β + γ − α− ∂2,1
2 φ− ∂2,1

3 φ]

= [(β − ∂2,1
2 φ) + (γ − ∂2,1

3 φ)]

= [β̃ + γ̃],

(4.43)

where β̃ = (β − ∂2,1
2 φ) and γ̃ = (γ − ∂2,1

3 φ), and β + γ is a cocycle. Since φ is unique,
β̃+ γ̃ is the unique representative of [α+β+γ] with first component zero, hence the first
claim. The isomorphism in the second claim is given by [α + β + γ] 7→ β̃ + γ̃.

Finally, for a typical (2, 3)-cochain φ + ψ ∈ Hom
(
V ⊗

⊙2 S, V
)
⊕ Hom

(⊙3 S, S
)

and
for s ∈ S, (

∂2,3(φ+ ψ)
)
(s, s, s, s) = 3φ([s, s], s, s)− 4[s, ψ(s, s, s)]

= 3φ(κ(s, s), s, s)− 4κ(s, ψ(s, s, s)),
(4.44)

so the cocycle condition is

3φ(κ(s, s), s, s) = 4κ(s, ψ(s, s, s)). (4.45)

The d = 3 complex

0→ Hom
(∧2 V, S

)
⊕ Hom(V ⊗ S, so(V )) (4.46)

→ Hom
(∧2 V ⊗ S, V

)
⊕ Hom

(
V ⊗

⊙2 S, S
)
⊕ Hom

(⊙3 S, so(V )
)
→ . . . (4.47)
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We now look only at the cochain complex up to p = 3. Let

π3,3
1 : Hom

(∧2 V ⊗ S, V
)
⊕ Hom

(
V ⊗

⊙2 S, S
)
⊕Hom

(⊙3 S, so(V )
)

→ Hom
(∧2 V ⊗ S, V

)
,

(4.48)

π3,3
2 : Hom

(∧2 V ⊗ S, V
)
⊕ Hom

(
V ⊗

⊙2 S, S
)
⊕Hom

(⊙3 S, so(V )
)

→ Hom
(
V ⊗

⊙2 S, S
)
,

(4.49)

π3,3
3 : Hom

(∧2 V ⊗ S, V
)
⊕ Hom

(
V ⊗

⊙2 S, S
)
⊕Hom

(⊙3 S, so(V )
)

→ Hom
(⊙3 S, so(V )

) (4.50)

be the p = 3 cochain projections and let ∂3,2
i be the corresponding differentials as usual.

For typical cochains α + β ∈ Hom
(∧2 V, S

)
⊕ Hom(V ⊗ S, so(V )),

(∂3,2
1 (α + β))(v, w, s) = −[s, α(v, w)]− [v, β(w, s)] + [w, β(v, s)]

= −κ(s, α(v, w)) + β(w, s)v − β(v, s)w,
(4.51)

(∂3,2
2 (α + β))(v, s, s) = α([s, s], v) + 2[s, β(v, s)]

= α(κ(s, s), v)− 2β(v, s) · s,
(4.52)

(∂3,2
3 (α + β))(s, s, s) = 3β([s, s], s)

= 3β(κ(s, s), s),
(4.53)

so the cochain conditions are

κ(s, α(v, w)) + β(v, s)w − β(w, s)v = 0, (4.54)

α(v, κ(s, s))− 2β(v, s) · s = 0, (4.55)

β(κ(s, s), s) = 0. (4.56)

Note that the third condition is redundant; it can be obtained from the second by set-
ting v = κ(s, s) and using the fact that the so(V )-action on S is faithful. The p = 2
cohomology is thus

H3,2(s−, s) =
{
α + β ∈ Hom

(∧2 V, S
)
⊕ Hom (V ⊗ S, so(V )) |Eqs. (4.54) and (4.55)

}
.

(4.57)

The d = 4 complex

0→ Hom
(∧2 V, so(V )

)
(4.58)

→ Hom
(∧3 V, V

)
⊕ Hom

(∧2 V ⊗ S, S
)
⊕ Hom

(
V ⊗

⊙2 S, so(V )
)
→ . . . (4.59)

Again, we only look at p ≤ 3 in this complex. Define projections

π4,3
1 : Hom

(∧3 V, V
)
⊕ Hom

(∧2 V ⊗ S, S
)
⊕Hom

(
V ⊗

⊙2 S, so(V )
)

→ Hom
(∧3 V, V

)
,

(4.60)

π4,3
2 : Hom

(∧3 V, V
)
⊕ Hom

(∧2 V ⊗ S, S
)
⊕Hom

(
V ⊗

⊙2 S, so(V )
)

→ Hom
(∧2 V ⊗ S, S

)
,

(4.61)

π4,3
3 : Hom

(∧3 V, V
)
⊕ Hom

(∧2 V ⊗ S, S
)
⊕Hom

(
V ⊗

⊙2 S, so(V )
)

→ Hom
(
V ⊗

⊙2 S, so(V )
) (4.62)
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and components of the (4, 2)-differential ∂4,2
i . Then for a (4, 3)-cochain φ ∈ Hom

(∧2 V, so(V )
)
,

(∂4,2
1 φ)(v1, v2, v3) = −[v1, φ(v2, v3)] + [v2, φ(v1, v3)]− [v3, φ(v1, v2)]

= φ(v1, v2)v3 + φ(v2, v3)v1 + φ(v3, v1)v2,
(4.63)

(∂4,2
2 φ)(v1, v2, s) = −[s, φ(v1, v2)]

= φ(v1, v2) · s,
(4.64)

(∂4,2
3 φ)(v1, s, s) = φ([s, s], v1) = φ(κ(s, s), v1). (4.65)

Since the action of so(V ) on S is faithful and κ is surjective on V , the second and third
components of the differential are injective, thus the differential ∂4,2 is injective and the
cocycles are zero. Note that the first component is simply the (4, 2)-differential of the
Poincaré algebra, so its kernel is the space of algebraic curvature operators B, as in
Equations (2.51) and (2.56). We thus have

H4,2(s−, s) = 0. (4.66)

4.3 The (2, 2)-cohomology group in D = 5

In the previous section, we saw that the only even-degree 2-cohomology (that is, the
cohomology which governs filtered deformations) which does not vanish identically in all
dimensions is the degree-2 cohomology. This section makes heavy use of the identities
and notation of Section 3.2.

Theorem 4.3.1. The (2, 2)-cohomology group in 5 dimensions is given by the isomor-
phism of so(V )⊗ End(∆)-modules

H2,2(s−, s) ∼=
(∧2 V ⊗

∧2 ∆
)
⊕
(
V ⊗

⊙2 ∆
)
. (4.67)

The goal of this section is to prove this result.

4.3.1 Rewriting the cocycle conditions

The cocycle conditions on C2,2(s−, s) are

[γ(s, s), v] + 2[s, β(v, s)] = 0, (4.68)

[γ(s, s), s] + β([s, s], s) = 0, (4.69)

for all v ∈ V and s ∈ S. To begin solving these, we show that they can be rewritten as
one equation simply expressing γ in terms of β , and two conditions on β only.

Lemma 4.3.2. In the orthonormal basis for V , the cocycle conditions are equivalent to
the following:

γµν(s, s) = −2s̄AΓµβνABs
B, (4.70)

s̄AΓ(µβν)ABs
B = 0, (4.71)

−1

2

(
s̄AΓµβνABs

B
)
ΓµνsC + κµ(s, s)β C

µ As
A = 0. (4.72)
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Proof. Recall that γ(s, s) ∈ so(V ) and that the adjoint action of s0 = so(V ) on s−1 = V
is simply the natural action. Setting v = eν and taking the inner product with eµ, the
first term of Equation (4.68) yields

η(eµ, [γ(s, s), eν ]) = η(eµ, γ(s, s)eν) = γµν(s, s). (4.73)

To evaluate the second term, we make use of the natural isomorphism

Hom(V ⊗ S, S) ∼= Hom(V,End(S)), (4.74)

defined as follows: to β : V ⊗ S → S we associate a map β̄ : V → End(S) defined by
β̄(v)s = β(v, s) for all v ∈ V , s ∈ S. To ease notation, we will write βv for β̄(v), and
in components βµ = βeµ = β̄(eµ). Now recall that the Lie superbracket restricted to S
simply yields the Dirac current, so returning to Equation (4.69), we again set v = eν and
take the inner product of the second term with eµ:

η(eµ, 2[s, β(eν , s)]) = 2η(eµ, κ(s, β(eν , s))) = 2κµ(s, βνs) = 2εAB s̄
AΓµβ

B
ν C s

C . (4.75)

From this, we have Equation (4.70) and since γ(s, s) ∈ so(V ), its symmetric part vanishes,
hence Equation (4.71). Turning now to Equation (4.69) and using the action of so(V ) on
S and Equation (4.70), the first term is

[γ(s, s), s] = γ(s, s)s =
1

4
γµν(s, s)Γ

µνs = −1

2

(
s̄AΓµβνABs

B
)
Γµνs, (4.76)

while the second term is

β([s, s], s) = β(κ(s, s), s) = β(κµ(s, s)eµ, s) = κµ(s, s)β(eµ, s) = κµ(s, s)βµs. (4.77)

Making symplectic indices explicit, we thus have Equation (4.72).

By Proposition 3.2.7 and the discussion following it, End(S) is given by the real part of
Γ(CL(V ))⊗ End(∆) and End(∆) ∼=

⊗2 ∆, so we can write

βµ = β0
µ1 + β1

µνΓ
ν +

1

2
β2
µνρΓ

νρ, (4.78)

where βiµ ∈
∧i V ⊗

⊗2 ∆. But we can do better; since
⊗2 ∆ =

⊙2 ∆⊕
∧2 ∆ and

∧2 ∆
is one-dimensional and spanned by the symplectic form ε, β can be further expanded:

βµAB =
(
AµεAB +BµAB

)
1+

(
CµαεAB +DµαAB

)
Γα +

1

2

(
EµαβεAB + FµαβAB

)
Γαβ, (4.79)

where A ∈ V , B ∈ V ⊗
⊙2 ∆, C ∈ V ⊗ V , D ∈ V ⊗ V ⊗

⊙2 ∆, E ∈ V ⊗
∧2 V ,

F ∈ V ⊗
∧2 V ⊗

⊙2 ∆.

4.3.2 Solving the first cocycle condition

We solve the first cocycle condition Equation (4.71) by substituting in Equation (4.79).
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Proposition 4.3.3. The general solution to Equation (4.71) is given by

βµAB = BµAB1 + CµαεABΓα + dABΓµ +
1

2
EµαβεABΓαβ +

1

4
φαABΓµα, (4.80)

where B and φ are
⊙2 ∆-valued 1-forms, C is a 2-form, d ∈

⊙2 ∆ and E is a 3-form.

Proof. Using Lemmas 3.2.2 and 3.2.4 to evaluate Γ products and then Lemma 3.2.10 to
deal with the Dirac bilinears, we compute

s̄AΓµβνABs
B

= (AνεAB +BνAB )s̄AΓµs
B + (CναεAB +DναAB)s̄AΓµΓαsB

+
1

2

(
EναβεAB + FναβAB

)
s̄AΓµΓαβsB

= (AνεAB +BνAB )s̄AΓµs
B + (CναεAB +DναAB)s̄A

(
Γ α
µ + δαµ

)
sB

+
1

2

(
EναβεAB + FναβAB

)
s̄A
(
Γ αβ
µ + 2δαµΓβ

)
sB

= (AνεAB +BνAB )s̄AΓµs
B + (CναεAB +DναAB)s̄A

(
Γ α
µ + δαµ

)
sB

+
1

2

(
EναβεAB + FναβAB

)
s̄A
(
−1

2
ε αβστ
µ Γστ + 2δαµΓβ

)
sB

= (AνεAB +BνAB )

(
1

2
εABκµ(s, s)

)
+ (CναεAB +DναAB)

(
ω αAB
µ (s, s) +

1

2
εABµ(s, s)δαµ

)
+

1

2

(
EναβεAB + FναβAB

)(
−1

2
ε αβστ
µ ω AB

στ (s, s) + εABδαµκ
β(s, s)

)
= Cνµµ(s, s) + (Aνηµβ + Eνµβ)κβ(s, s)

+

(
D τ
ν ABδ

σ
µ −

1

4
ε αβστ
µ FναβAB

)
ω AB
στ (s, s).

(4.81)

Equation (4.71) is satisfied if and only if the coefficients of each of the three Dirac bilinears
vanish separately; this gives the following system of equations:

C(µν) = 0, (4.82)

Aµηνβ + Aνηµβ + Eµνβ + Eνµβ = 0, (4.83)

δ
[σ
(µD

τ ]
ν) AB −

1

4
ε αβστ

(µ Fν)αβAB = 0. (4.84)

Equation (4.82) simply gives C ∈
∧2 V . Contracting Equation (4.83) with ηµν or with

ηµβ yields

2Aβ + 2Eµ
µβ = 0, (4.85)

6Aν + Eµ
νµ + E µ

ν µ = 0. (4.86)

Relabelling some indices and recalling that E is skew-symmetric in its last two indices,

Aν + Eµ
µν = 0, (4.87)

6Aν − Eµ
µν = 0, (4.88)
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so A = 0, and then (4.83) implies that E ∈
∧3 V . Turning to the remaining Equa-

tion (4.84), we contract it with ηµν to yield

D
[στ ]

AB =
1

4
εµαβστFµαβAB . (4.89)

To proceed further, it will be helpful to expand the symmetrised expressions in Equa-
tion (4.84) (while suppressing the ∆ indices):

δσµD
τ
ν − δτµD σ

ν + δσνD
τ
µ − δτνD σ

µ −
1

2
ε αβστ
µ Fναβ −

1

2
ε αβστ
ν Fµαβ = 0. (4.90)

Now contracting the σ and µ indices gives

5D τ
ν − δτνDµ

µ −
1

2
ε αβµτ
ν Fµαβ = 0, (4.91)

so that the symmetric and skew-symmetric parts of D are given by

D(στ) =
1

5
ηστDµ

µ, (4.92)

D[στ ] = − 1

10
εµαβστFµαβ, (4.93)

and together with Equation (4.89), this means that the skew-symmetric part of D must
vanish. On the other hand, taking the trace of Equation (4.92) shows that is consistent
for any choice of Dµ

µ. We thus have DµνAB = ηµνdAB where dAB = 1
5
Dµ

νAB . Substituting

this into Equation (4.84) gives εσταβ(µF
αβ

ν) AB = 0 and contracting with εστθφψ results in

0 = εστθφψεσταβ(µF
αβ

ν) AB = 3!2!δ[θ
α δ

φ
βδ

ψ]
(µF

αβ
ν) AB = 12δ

[ψ
(µF

θφ]
ν) AB . (4.94)

Contracting with ηµν gives F [φθψ] = 0. On the other hand, we can expand this expression
and use the skew-symmetry of the last two indices of F to get

0 = δψµF
θφ

ν AB + δθµF
φψ

ν AB + δφµF
φθ

ν AB + δψν F
θφ

µ AB + δθνF
φψ

µ AB + δφνF
φθ

µ AB , (4.95)

and contraction of µ and ψ gives

0 = 4F θφ
ν AB + δθνF

φµ
µ AB + δφνF

µθ
µ AB , (4.96)

so that finally

F θφ
ν AB = −1

4

(
δθνF

φµ
µ AB + δφνF

µθ
µ AB

)
=

1

4

(
δθνF

µ φ
µ AB − δ

φ
νF

µ θ
µ AB

)
=

1

2
δ[θ

νφ
φ]
AB,

(4.97)
where φµAB = F ν

µ νAB . Note that this automatically satisfies the condition F[µνρ] = 0
found before.

In the next section, we will also require the following expression (which determines γ):

s̄AΓµβνABs
B = −Cµνµ(s, s)− Eµνακα(s, s) +

(
dABδ

σ
µδ

τ
ν −

1

8
ε αστ
µν φαAB

)
ω AB
στ (s, s).

(4.98)
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4.3.3 Solving the second cocycle condition

We now turn to finding the subspace of solutions given in Proposition 4.3.3 which also
satisfy the remaining cocycle condition, Equation (4.72).

Lemma 4.3.4. Provided Equation (4.71) is satisfied, Equation (4.72) is equivalent to the
following system of equations:

ΘABΓα + 5ΦαAB + ΦµABΓ µ
α +

1

2
ΨµνABΓ µν

α + ΨανABΓν = 0, (4.99)

4ΨαβABδ
C
D − 2

(
ΘC

(AεB)DΓαβ + Φ C
µ (AεB)DΓαβΓµ

)
−ΨµνD(Aδ

C
B)ΓαβΓµν = 0, (4.100)

where

ΘAB = 3dAB −
1

4
φσABΓσ +

1

2
CστΓ

στεAB, (4.101)

ΦµAB =

(
BµAB +

1

4
φµAB

)
1 + (CµσΓσ + EµστΓ

στ )εAB, (4.102)

ΨµνAB =
1

8
εµναστφ

α
ABΓστ . (4.103)

Proof. First we substitute Equations (4.98) and (4.80) into Equation (4.72):

0 = −1

2

(
−Cµνµ(s, s)− Eµνακα(s, s) +

(
dABδ

σ
µδ

τ
ν −

1

8
ε αστ
µν φαAB

)
ω AB
στ (s, s)

)
ΓµνsC

+ κµ(s, s)

(
B C
µ A1 + Cµαε

C
AΓα + dCAΓµ +

1

2
Eµαβε

C
AΓαβ +

1

4
φαCAΓµα

)
sA

= µ(s, s)

(
1

2
Cµν

)
ΓµνsC +

1

2
ω AB
στ (s, s)

(
1

8
ε αστ
µν φαAB − dABδσµδτν

)
ΓµνsC

+ κµ(s, s)

(
B C
µ A1 + Cµαδ

C
AΓα + dCAΓµ + Eµαβδ

C
AΓαβ +

1

4
φαCAΓµα

)
sA

= µ(s, s)

(
1

2
Cµν

)
ΓµνsC +

(
dCA −

1

4
φαCAΓα

)
κ(s, s) · sA

+ κµ(s, s)

((
B C
µ A +

1

4
φ C
µ A

)
1 + Cµαδ

C
AΓα + Eµαβδ

C
AΓαβ

)
sA

+
1

2
ω AB
στ (s, s)

(
1

8
ε αστ
µν φαAB

)
Γµνsc − dABωAB(s, s) · sC

= µ(s, s)

(
1

2
Cµνδ

C
AΓµν + dCA −

1

4
φαCAΓα − 2dABε

CB

)
sA

+ κµ(s, s)

((
B C
µ A +

1

4
φ C
µ A

)
1 + Cµαδ

C
AΓα + Eµαβδ

C
AΓαβ

)
sA

+
1

2
ω AB
στ (s, s)

(
1

8
ε αστ
µν φαABΓµν

)
sc

= µ(s, s)ΘC
As

A + κµ(s, s)Φ C
µ As

A +
1

2
ω AB
στ (s, s)Ψστ

ABs
C ,

(4.104)

48



where in the second equality we used Γµα = −ΓαΓµ + ηµα and the definitions of κ and
ω, in the second to last we used Lemma 3.2.13 and the last defines Θ,Φ and Ψ as per
Equations (4.101), (4.102) and (4.103).

Equation (4.104) is cubic in s; our goal now is to express it as a quadratic in s, which
will be written in terms of the bilinears µ, κ, ω, giving us three equations in B,C, d, E, φ.
This will be achieved by first polarising Equation (4.104) then rearranging the polarised
expression into the form W (s1, s2)s3 = 0 for some W :

⊙2 S → End(S), which is
equivalent to W (s, s) = 0. To this end, define the map Z :

⊙2 S → End(S) by

Z(s1, s2)sC3 = µ(s1, s2)ΘC
As

A
3 + κµ(s1, s2)Φ C

µ As
A
3 +

1

2
ωµνAB(s1, s2)Ψ AB

µν sC3 . (4.105)

Equation (4.104) is then simply Z(s, s)sC = 0, which is equivalent to its polarised form

Z(s1, s2)sC3 + Z(s2, s3)sC1 + Z(s3, s1)sC2 = 0 (4.106)

since the left hand side of the latter expression is completely symmetric and therefore
determined by its value on the diagonal. This is the expression that must be rearranged
to the form W (s1, s2)s3 = 0. Using the definition and symmetry of Z, Equation (4.106)
expands to

0 = µ(s1, s2)ΘC
As

A
3 + κµ(s1, s2)Φ C

µ As
A
3 +

1

2
ωµνAB(s1, s2)Ψ AB

µν sc3

+ ΘC
A

(
sA1 µ(s2, s3) + sA2 µ(s1, s3)

)
+ Φ C

µ A

(
sA1 κ

µ(s2, s3) + sA3 κ
µ(s3, s2)

)
+

1

2
Ψ AB
µν

(
sC1 ω

µν
AB(s2, s3) + sC2 ω

µν
AB(s1, s3)

)
.

(4.107)

Recall Lemma 3.2.10; the µ and κ terms are symmetric in s1, s2, and for the ω terms we
have ωµνAB(s1, s2) = ωµνBA(s2, s1). We now Fierz rearrange the last three terms using
Proposition 3.2.12; we have

sA1 µ(s2, s3) = εBCs
A
1 s̄2

BsC3

= −1

8
εBC
[
εAB(µ(s1, s2) + κα(s1, s2)Γα) + ωαβAB(s, s)Γαβ

]
sC3

=
1

8
(µ(s1, s2) + κα(s1, s2)Γα)sA3 +

1

8
ωαβAC (s1, s2)Γαβs

C
3 ,

(4.108)

and similarly

sA1 κ
µ(s2, s3) = εBCs

A
1 s̄2

BΓµsC3

=
1

8
(µ(s1, s2)Γµ + κα(s1, s2)ΓαΓµ)sA3 +

1

8
ωαβAC (s1, s2)ΓαβΓµsC3 ,

(4.109)

and for the 2-form,

sC1 ω
µνAB(s2, s3) = sC1 s̄2

AΓµνsB3

= −1

8
εCA(µ(s1, s2)Γµν + κα(s1, s2)ΓαΓµν)sB3 −

1

8
ωαβCA(s1, s2)ΓαβΓµνsB3 .

(4.110)
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Continuing on from Equation (4.107),

0 = µ(s1, s2)ΘC
As

A
3 + κµ(s1, s2)Φ C

µ As
A
3 +

1

2
ωµνAB(s1, s2)Ψ AB

µν sC3

+
1

4
ΘC

A

[
(µ(s1, s2) + κα(s1, s2)Γα)sA3 + εDBω

αβ(AB)(s1, s2)Γαβs
D
3

]
+

1

4
Φ C
µ A

[
(µ(s1, s2)Γµ + κα(s1, s2)ΓαΓµ)sA3

+ εDBω
αβ(AB)(s1, s2)ΓαβΓµsD3

]
− 1

8
ΨµνAB

[
εCA(µ(s1, s2)Γµν + κα(s1, s2)ΓαΓµν)sB3

+ ωαβ(CA)(s1, s2)ΓαβΓµνsB3
]

= µ(s1, s2)

[
ΘC

D +
1

4
ΘC

D +
1

4
Φ C
µ DΓµ +

1

8
Ψ C
µν DΓµν

]
sD3

+ κα(s1, s2)

[
Φ C
α D +

1

4
ΘC

DΓα +
1

4
Φ C
µ DΓαΓµ +

1

8
Ψ C
µν DΓαΓµν

]
sD3

+
1

2
ωαβ(AB)(s1, s2)

[
ΨαβABδ

C
D +

1

2
εDB

(
ΘC

AΓαβ + Φ C
µ AΓαβΓµ

)
− 1

4
ΨµνADδ

C
BΓαβΓµν

]
sD3 .

(4.111)

This is the W (s1, s2)s3 = 0 expression we sought, equivalent to W (s, s) = 0. The
coefficients of µ, κ and ω must therefore vanish separately:

5ΘAB + ΦµABΓµ +
1

2
ΨµνABΓµν = 0, (4.112)

4ΦαAB + ΘABΓα + ΦµABΓαΓµ +
1

2
ΨµνABΓαΓµν = 0, (4.113)

4ΨαβABδ
C
D − 2

(
ΘC

(AεB)DΓαβ + Φ C
µ (AεB)DΓαβΓµ

)
−ΨµνD(Aδ

C
B)ΓαβΓµν = 0. (4.114)

Contracting with Equation (4.113) Γα on the right gives

0 = 4ΦαABΓα + ΘAB(5) + ΦµAB(−3Γµ) +
1

2
ΨµνABΓµν

= ΦµABΓµ + 5ΘAB +
1

2
ΨµνABΓµν ,

(4.115)

but this is just Equation (4.112), so that equation is redundant. Evaluating the gamma
matrix products in Equation (4.113) yields

0 = 4ΦαAB + ΘABΓα + ΦµAB(Γ µ
α + δµα) +

1

2
ΨµνAB

(
Γ µν
α + 2δ[µ

α Γν]
)

= ΘABΓα + 5ΦαAB + ΦµABΓ µ
α +

1

2
ΨµνABΓ µν

α + ΨανABΓν ,
(4.116)

hence the result.

Theorem (4.3.1) is a direct corollary of the following result.
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Proposition 4.3.5. The solution to Equations (4.70), (4.71) and (4.72) is

βµAB = φαAB

(
1

4
Γµα −

1

2
ηµα1

)
+ CαβεAB

(
1

8
εµαβστΓ

στ + ηµαΓβ

)
, (4.117)

γµν(s, s) =
1

4
εµναστφ

α
ABω

στAB(s, s) + Cαβ

(
2ηµαηνβµ(s, s) +

1

2
εµναβσκ

σ(s, s)

)
, (4.118)

where φ ∈ V ⊗
⊙2 ∆ and C ∈

∧2 V .

Proof. First, note that in Equations (4.101)-(4.103) we have written Θ,Φ and Ψ explicitly
as sums of their symmetric and skew-symmetric (in the symplectic indices) parts; Ψ is
symmetric in the symplectic indices and skew-symmetric in the spacetime indices. The
symmetric part of Equation (4.99) is

0 =

(
3dAB −

1

4
φσΓσ

)
Γα + 5

(
BαAB +

1

4
φαAB

)
1 +

(
BµAB +

1

4
φµAB

)
Γ µ
α

+
1

16
εµνβστφ

β
ABΓστΓ µν

α +
1

8
εανβστφ

β
ABΓστΓν

= 3dABΓα −
1

4
φσAB(Γσα + δσα))

+

(
5BαAB +

5

4
φαAB

)
1 +

(
BµAB +

1

4
φµAB

)
Γ µ
α

− 1

32
εµνβστε

µνλρ
α φβABΓστΓλρ −

1

8
εαβστνφ

β
AB

(
Γστν + 2Γ[σδτ ]ν

)
= 3dABΓα +

1

4
φσΓ σ

α + (5BαAB + φαAB)1 +

(
BµAB +

1

4
φµAB

)
Γ µ
α

− 1

32

(
3!2!δ

[β
[αδ

λ
σδ

ρ]
τ ]

)
φβAB

(
Γστλρ + 4δ

[τ
[λΓ

σ]
ρ] + 2δ

[τ
[λδ

σ]
ρ]

)
+

1

16
εαβστνε

στνλρφβABΓλρ

= (5BαAB + φαAB)1 + 3dABΓα +

(
BµAB +

1

2
φµAB

)
Γ µ
α

+
3

8
φβAB

(
4δ

[β
[αδ

λ
λΓ

ρ]
ρ] + 2δ

[β
[αδ

[λ
λ δ

ρ
ρ]

)
+

1

16

(
3!2!δ

[λ
[αδ

ρ]
β]

)
φβABΓλρ

= (5BαAB + φαAB)1 + 3dABΓα +

(
BµAB +

1

2
φµAB

)
Γ µ
α

− 3

4
φµABΓ µ

α +
3

2
φαAB +

3

4
φβABΓαβ

= 5

(
BαAB +

1

2
φαAB

)
1 + 3dABΓα +

(
BµAB +

1

2
φµAB

)
Γ µ
α ,

(4.119)

so that

dAB = 0, (4.120)

BµAB = −1

2
φµAB. (4.121)
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The skew-symmetric part (after removing the εAB factor) is

0 =
1

2
CστΓ

στΓα + 5(CασΓσ + EαστΓ
στ ) + (CµσΓσ + EµστΓ

στ )Γ µ
α

=
1

2
Cστ
(
Γστα + 2Γ[σδτ ]

α

)
+ 5CασΓσ + 5EαστΓ

στ

+ Cµ
σ

(
Γσαµ + 2δσ[αΓµ]

)
+ Eµ

στ

(
Γσταµ + 4δ

[τ
[αΓ

σ]
µ] + 2δ

[τ
[αδ

σ]
µ]

)
=

3

2
CστΓ

στ
α + CσαΓσ + 5CασΓσ + 5EαστΓ

στ

+ Cµ
αΓµ + Eµ

στ ε
στ
αµλΓ

λ + 2Eµ
σαΓσµ

=
(
3Cαλ − εαλµστEµστ

)
Γλ + 3

(
Eαστ −

1

4
εαµνστC

µν

)
Γστ ,

(4.122)

thus we have the (equivalent) expressions

Cαβ =
1

3
εαβλµνE

λµν or Eλµν =
1

4
ελµναβC

αβ. (4.123)

The solution is thus determined by φ and C (equivalently φ and E). It remains to be
checked that Equation (4.100) is satisfied. To this end, note that, using Equations (4.120)
and (4.123),

ΘC
A =

1

2

(
−1

2
φ C
σ AΓσ + CστΓ

στδCA

)
, (4.124)

Φ C
µ A = −1

4
φ C
µ A1 + CστδCA

(
ηµσΓτ +

1

4
εµσταβΓαβ

)
, (4.125)

ΨµνAB =
1

8
εµναστφ

α
ABΓστ . (4.126)

We do not explicitly show the calculations here, but using similar (though more arduous)
manipulations to those already used in this proof, we can evaluate the main expression
in each of the terms of Equation (4.100) in turn:

4ΨαβAB =
1

2
εαβµστφ

µ
ABΓστ , (4.127)

−2ΘC
AΓαβ = −1

4
εαβµστφ

µC
AΓστ + φ C

[α AΓβ]

+
(
4Cσ[αΓ σ

β] − εαβµνσCµνΓσ + 2Cαβ
)
δCA ,

(4.128)

−2Φ C
µ AΓαβΓµ = −1

4
εαβµστφ

µC
AΓστ − φ C

[α AΓβ]

−
(
4Cσ[αΓ σ

β] − εαβµνσCµνΓσ + 2Cαβ
)
δCA ,

(4.129)

−ΨµνDAΓαβΓµν = −1

2
εαβµστφ

µ
DAΓστ . (4.130)

Substituting these expressions into Equation (4.100), we have

0 = 4ΨαβABδ
C
D − 2

(
ΘC

(AεB)DΓαβ + Φ C
µ (AεB)DΓαβΓµ

)
−ΨµνD(Aδ

C
B)ΓαβΓµν

=
1

2
εαβµστ

(
φµABδ

C
D − φ

µC
(AεB)D − φ

µ
D(Aδ

C
B)

)
Γστ ,

(4.131)
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or equivalently,
φµABε

DC + φµC(Aδ
D
B) − φ

µD
(Aδ

C
B) = 0. (4.132)

Clearly this is skew-symmetric in CD. It is seen to be identically satisfied by contracting
the left hand side with εDC (this is sufficient since

∧2 ∆ is spanned by ε):

εDC

(
φµABε

DC + φµC(Aδ
D
B) − φ

µD
(Aδ

C
B)

)
= 2φµAB − φ

µ
D(Aδ

D
B) − φ

µD
(Aε|D|B)

= 2φµAB − φ
µ

(AB) − φ
µ

(AB)

= 0.

(4.133)

We therefore have the exact solution β to the cocycle conditions given by Equation (4.117).
We then simply use Equations (4.70) and (4.98) to obtain Equation (4.118) explicitly.

We can also write, for X ∈ V , s ∈ S,

βXs =
1

4
(X · C − 3C ·X) · s− 1

8
(X · φ+ 3φ ·X) · s. (4.134)

4.3.4 Subalgebras differing only in zero degree

We now provide a slight generalisation of the results of this section to some subalgebras
t of s; namely those differing in zero degree: t = s− ⊕ t0 where t0 is a subalgebra of
s0 = so(V ). We do this by adapting the method in [1] to find H2,2(t−, t) from H2,2(s−, s).

The low-degree cochains are the same as in Table 4.2, except so(V ) is now replaced with
its subalgebra t0. We will not dwell much on the p 6= 2 cohomologies (indeed, very little
changes from the discussion in Section 4.2). It may be helpful at this point to review the
proof of Theorem 4.2.1, as we will be adapting it in what follows.

Theorem 4.3.6. Let βC,φ + γC,φ be the cocycle representative of the cohomology class in
H2,2(s−, s) associated to C ∈

∧2 V and φ ∈ V ⊗
⊙2 ∆ as per Proposition 4.3.5. Then

for even d > 2, Hd,2(t−, t) = 0, and

H2,2(t−, t) ={
∂α̃ + βC,φ + γC,φ

∣∣∣∣∣C ∈
∧2 V, φ ∈ V ⊗

⊙2 ∆, α̃ ∈ Hom(V, so(V ))

such that γC,φ + α̃(κ(s, s)) ∈ t0

}
{∂α̃ | α̃ ∈ Hom(V, t0)}

.

(4.135)

Proof. For the first statement, the argument for d = 4 is the same as for Equation (4.66),
while for d > 4, the cochain spaces are zero, so in particular the cohomologies are zero.

Let α+ β+ γ ∈ Hom(
∧2 V, V )⊕Hom(V ⊗S, S)⊕Hom(

⊙2 S, so(V )) be a typical (2, 2)-
cocycle. Then, lifting notation from the discussion of the d = 2 complex for s, there
exists a unique α̃ : V → so(V ) such that α = ∂2,2

1 α̃ (note that α̃ and γ take values in
so(V ), not necessarily in t0). Then

α + β + γ = α + β + γ − ∂α̃ + ∂α̃

=
(
β − ∂2,2

2 α̃
)

+
(
γ + ∂2,2

3 α̃
)

+ ∂α̃.
(4.136)
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Since α+β+ γ is a cocycle and ∂2 = 0,
(
β − ∂2,2

2 α̃
)

+
(
γ − ∂2,2

3 α̃
)

is also a cocycle, so we

must in fact have
(
β − ∂2,2

2 α̃
)

= βC,φ and
(
γ − ∂2,2

3 α̃
)

= γC,φ for some C, φ. It now only
remains to check the conditions under which a cocycle ∂α̃ + βC,φ + γC,φ takes values in
t; all that is required is that the Hom(

⊙2 S, so(V )) component takes values in t0. Thus,
since (

∂α̃ + βC,φ + γC,φ
)
(s, s) = α(κ(s, s))− γC,φ(s, s), (4.137)

we have ∂α̃ + βC,φ + γC,φ ∈ Z2,2(s−, t) if and only if α(κ(s, s)) + γC,φ(s, s) ∈ t0. Hence
the result.

4.4 A comment on filtered deformations

We ultimately did not have time to find the filtered deformations of s, but we leave some
comments about how this is to be done here. From the results of Section 4.2, the Spencer
cohomologies with p = 1 all vanish, so s is a full prolongation. Since the actions of so(V )
on V and S are both faithful, s is also transitive. Theorem 2.3.11 of Cheng and Kac
therefore applies: the s0 = so(V )-invariant p = 2 cohomology classes govern the filtered
deformations of s. The same arguments also apply to a subalgebra t which differs only
in degree 0.

We showed that the only nonzero p = 2 cohomology group is H2,2(s−, s), given by Theo-
rem 4.3.1 for s and by Theorem 4.3.6 for t. In the former case, the filtered deformations
are parametrised by so(V )-invariants in(∧2 V ⊗

∧2 ∆
)
⊕
(
V ⊗

⊙2 ∆
)
, (4.138)

and the latter case depends on the choice of t0 ⊂ so(V ). Following the methods of
[1], we would first determine the so(V )-invariants and use them to define a first-order
deformation of the bracket. A second-order deformation is required in general to ensure
that the Jacobi identity is satisfied, but this is uniquely determined by the choice of
first-order deformation.

The determination of the filtered deformations is not necessary in order to define Killing
spinors, but ultimately if we seek to find all of the supersymmetric backgrounds and their
Killing superalgebras (discussed in the next chapter), the filtered deformations should be
found.
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Chapter 5

Killing spinors and the Killing
superalgebra

5.1 Setup

5.1.1 Spinor bundles

Throughout, let (M, g, C, φ) (referred to as a background) be a connected Lorentzian spin
manifold (M, g), equipped with a

⊙2 ∆-valued one-form φ and a
∧2 ∆-valued 2-form C.

Borrowing the notation of [4], we denote by $ the spinor bundle (with fibre Σ), by H the
trivial bundle with fibre ∆ and by SC the tensor bundle $⊗H which of course has fibre
S ⊗ C = Σ ⊗C ∆. In practice we work in this latter complex bundle but keep in mind
that ultimately we are interested in the real subbundle S of SC which has fibre S. We
will denote the space of sections of a bundle B → M by Γ(B), in particular the space
of vector fields is denoted by X(M) = Γ(TM). The Levi-Civita connection (and its spin
lift) will be denoted ∇.

Definition 5.1.1. We define two different kinds of spinor fields as follows:

• A (complex) spinor field is a section of the bundle SC.

• A symplectic Majorana spinor field is a section of the bundle S.

Recall that for any vector field X, ∇X defines an endomorphism on the C∞(M)-module
of vector fields X(M) by Y 7→ ∇YX; on the tangent space at any point it is a linear map.
In other words, ∇X is a section of End(TM); its components are (∇X)µν = ∇νX

µ.
Furthermore, ∇X is actually a section of so(TM) if and only if X is a Killing vector field
(this follows directly from the definition), thus if X is a Killing vector, ∇X has the action
on spinors (∇X) · s = −1

4
∇µXνΓ

µνs. This allows us to make the following definition.

Definition 5.1.2. The spinorial Lie derivative of the spinor field s along the Killing
vector field X is given by

LXs = ∇Xs− (∇X) · s = ∇Xs+
1

4
∇µXνΓ

µνs (5.1)
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where · denotes the action of so(TM) on spinor fields.

This obeys the Leibniz rule: for a smooth function f and a spinor field s,

LX(fs) = ∇X(fs)− (∇X) · (fs)
= X(f)s+ f∇Xs− f((∇X) · s)
= X(f)s+ fLXs.

(5.2)

We will not prove the following lemma; we refer the reader to [35, 36].

Lemma 5.1.3. The spinorial Lie derivative obeys the following properties:

1. Compatibility with the Lie derivative of vector fields (or representation of the Lie
algebra of vector fields on spinor fields):

[LX ,LY ] = L[X,Y ] or LXLY s = L[X,Y ]s+ LY LXs (5.3)

for all X, Y ∈ X(M) and s ∈ Γ(SC),

2. Compatibility with the Clifford action

[LX ,Φ] = LX(Φ) or LX(Φ · s) = (LXΦ) · s+ Φ · (LXs) (5.4)

for all Φ ∈ Ω•(M) and s ∈ Γ(SC),

3. Compatibility with the Levi-Civita connection:

[LX ,∇Y ] = ∇[X,Y ] or LX∇Y s = ∇[X,Y ]s+∇Y LXs (5.5)

for all X, Y ∈ X(M) and s ∈ Γ(SC).

5.1.2 Killing spinors and supersymmetric backgrounds

Using the results of the previous chapter, we can upgrade the Spencer cocycle β to a
geometric one-form with values in End(SC) defined by

βXs =
1

4
(X · C − 3C ·X) · s− 1

8
(X · φ+ 3φ ·X) · s, (5.6)

where s is a complex spinor field and X is a vector field. In components this is

(βµs)
A =

1

4
φαABΓµαs

B − 1

2
φ A
µ Bs

B +
1

8
εµαβστC

αβΓστsA + CµαΓαsA. (5.7)

We define the superconnection on SC by

DXs = ∇Xs− βXs

= ∇Xs−
1

4
(X · C − 3C ·X) · s+

1

8
(X · φ+ 3φ ·X) · s,

(5.8)

where X is a vector field and s is a spinor field. The utility of using the Spencer coho-
mology in this definition will become clear later on when we show that it ensures that
the supersymmetry generators form a Lie superalgebra.
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Definition 5.1.4. A Killing spinor field is a symplectic Majorana spinor field s ∈ Γ(S)
which is parallel with respect to the superconnection D ; that is, if it is a solution to the
Killing spinor equation

DXs = ∇Xs− βXs = 0, (5.9)

or in components,

∇µs
A − 1

4
φαAB

(
Γµα − 2ηµα

)
sB − 1

8
Cαβ(εµαβστΓ

στ + 8ηµαΓβ)sA = 0. (5.10)

We take the opportunity now to note that by setting φ = 0, we can obtain the 5-
dimensional minimal supergravity spinor equation1. Our later discussion of maximally
supersymmetric backgrounds should thus contain at least those of supergravity, but since
our Killing spinor equation has extra φ-dependent terms, we will find more. We also do
not impose any equations of motion, so even the set of backgrounds corresponding to
φ = 0 may be larger than that of supergravity.

The Killing spinor equation is linear, so the Killing spinors form a vector space. Since
they are the parallel sections of a connection on a vector bundle, Killing spinor fields are
completely determined by their value (a choice of spinor) at any point on a connected
manifold. The fibre at any point is S, so the maximal dimension of the space of Killing
spinor fields is dimR S. Note that this gives the maximal possible number of linearly
independent Killing spinor fields on (M, g, C, φ); the actual number may be less than this
or even zero. We therefore make the following definitions

Definition 5.1.5. The background (M, g, C, φ) is called supersymmetric if it supports
a nonzero Killing spinor. It is called maximally supersymmetric if the space of Killing
spinor fields has maximal dimension, dimR S.

The supersymmetric backgrounds of 5-dimensional minimal supergravity have been clas-
sified [21]. Our goal will be slightly more modest; we will classify the maximally super-
symmetric backgrounds with respect to our more general notion of Killing spinors. Our
starting point is the following observation

Lemma 5.1.6. A background is maximally supersymmetric if and only if it is flat with
respect to the superconnection; that is, if the curvature tensor RD , given by

RD(X, Y ) = D[X,Y ] − [DX ,DY ] (5.11)

where X, Y are vector fields, vanishes.

Proof. An integrability condition for parallel sections of a vector bundle (a condition which
must be satisfied for a locally parallel section to analytically continue to a globally-defined
one) is that the curvature tensor annihilates the section. In other words, if s is a Killing
spinor, RD(X, Y )s = 0 for all vector fields X, Y . If the space of Killing spinor fields is
maximal, this means that RD must annihilate all spinors; thus it must vanish.

1See Equation (2.3) of [21]. That paper uses the notation D for the spin lift of the Levi-Civita
connection which we denote by ∇, and their 2-form field F =

√
3C.

57



5.2 Conditions for flatness of the superconnection

In this section, we derive a set of conditions on (M,G,C, φ) equivalent to flatness of the
superconnection. These conditions will later allow us to classify the maximally supersym-
metric backgrounds and show that their supersymmetry algebras form Lie superalgebras.2

5.2.1 Rewriting the flatness equation

The vanishing of the curvature Equation (5.11) is equivalent to

R(X, Y ) · s− β[X,Y ]s− [βX , βY ]s+ [∇X , βY ]s− [∇Y , βX ]s = 0 (5.12)

for all vector fields X, Y and spinor fields s, where R is the Riemann curvature (so
R(X, Y ) is a Riemann 2-form which has the Clifford action on spinors). We begin by
simplifying this expression. We have

[∇X , βY ]s = ∇X(βY s)− βY∇Xs

= ∇X(βY )s+ βY∇Xs− βY∇Xs

= ∇X(βY )s

= ∇X(β)Y s+ β∇XY s,

(5.13)

and since ∇ is the Levi-Civita connection, we have ∇XY − ∇YX = [X, Y ] so Equa-
tion (5.12) is equivalent to

R(X, Y ) · s− [βX , βY ]s+∇X(β)Y s−∇Y (β)Xs = 0. (5.14)

Finally, in order to begin computation, we write this in components (abstracting away
the spinor field s):

1

4
RµνστΓ

στδAB = 2β A
[µ |C|β

C
ν] B − 2∇[µβ

A
ν] B . (5.15)

The coefficients of 1, Γσ and Γστ in Equation (5.15) on each side of the equation must
each match respectively. We will thus group the terms of β[µβν] and ∇[µβν] appropriately.

It will also prove fruitful to separate terms by their symmetry in
⊗2 ∆. To this end,

recalling that φ ∈
⊙2 ∆, we compute

(φµφν)AB = φµACφ
C
ν B = φ C

ν BφµCA = −φνCBφ C
µ A = −φνBCφ C

µ A = −(φνφµ)BA, (5.16)

so [φµ, φν ] ∈
⊙2 ∆ and {φµ, φν} ∈

∧2 ∆. It will also be useful to introduce the notation
〈·〉 to denote the trace in End ∆. Since ε spans

∧2 ∆, we can deduce that

{φµ, φν}AB =
1

2
〈{φµ, φν}〉εAB and (φαφα)AB =

1

2
〈φαφα〉εAB. (5.17)

2The calculations in this section contain errors which lead to the ultimate conclusion Theorem (5.2.1)
being incorrect, and also affect the results of later sections. This will not be corrected in this document,
but corrected versions of these calculations and results will be published in an upcoming research article.
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Turning to the first term on the right hand side of Equation (5.15), we have

β A
µ Cβ

C
ν B

=

(
1

4
φαACΓµα −

1

2
φ A
µ C +

1

8
εµαβστC

αβΓστδAC + CµαΓαδAC

)
(

1

4
φγCBΓνγ −

1

2
φ C
ν B +

1

8
ενγδλρC

γδΓλρδCB + CνγΓ
γδCB

)
=

1

16
φαACφ

γC
BΓµαΓνγ −

1

8
φαACφ

C
ν BΓµα

+
1

32
ενγδλρφ

αA
BC

γδΓµαΓλρ +
1

4
φαABCνγΓµαΓγ

− 1

8
φ A
µ Cφ

γC
BΓνγ +

1

4
φ A
µ Cφ

C
ν B

− 1

16
ενγδλρφ

A
µ BC

γδΓλρ − 1

2
φ A
µ BCνγΓ

γ

+
1

32
εµαβστφ

γA
BC

αβΓστΓνγ −
1

16
εµαβστφ

A
ν BC

αβΓστ

+
1

64
εµαβστ ενγδλρC

αβCγδΓστΓλρδAB +
1

8
εµαβστC

αβCνγΓ
στΓγδAB

+
1

4
Cµαφ

γA
BΓαΓνγ −

1

2
Cµαφ

A
ν BΓα

+
1

8
ενγδλρCµαC

γδΓαΓλρδAB + CµαCνγΓ
αΓγδAB

=
1

16
φαACφ

βC
BΓµαΓνβ +

1

4
φ A
µ Cφ

C
ν B −

1

8

(
φαACφ

C
ν BΓµα + φ A

µ Cφ
αC

BΓνα
)

+
1

32
CαβφγAB

(
εναβστΓµγΓ

στ + εµαβστΓ
στΓνγ

)
+

1

4
CαβφγAB(gανΓµγΓβ + gαµΓβΓνγ)

− 1

16
Cαβ

(
εναβστφ

A
µ B + εµαβστφ

A
ν B

)
Γστ − 1

2

(
Cναφ

A
µ B + Cµαφ

A
ν B

)
Γα

+
1

64
εµαβστ ενγδλρC

αβCγδΓστΓλρδAB + CµαCνβΓαΓβδAB

+
1

8
εραβστCαβC

γδ(gρµgγνΓστΓδ + gρνgγµΓδΓστ )δ
A
B.

(5.18)

Then

β A
[µ |C|β

C
ν] B =

1

16

(
φαφβ

)A
B

Γ[µ|α|Γν]β +
1

8
[φµ, φν ]

A
B +

1

8

[
φα, φ[µ

]A
B

Γν]α

+
1

32
CαβφγABεαβστ [µ

[
Γστ ,Γν]γ

]
+

1

4
φγABCβ[µ

[
Γν]γ,Γ

β
]

+
1

64
εαβστ [µεν]γδλρC

αβCγδΓστΓλρδAB

+ C[µ|α|Cν]βΓαΓβδAB +
1

8
εαβστ [µC

αβC δ
ν] [Γστ ,Γδ]δ

A
B

]
.

(5.19)

We tackle this one term at a time (suppressing ∆ indices). It’s also useful to note that
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Cα
[µCν]α = 0 and C[µ|σ|Cν]τ = Cµ[σC|ν|τ ].(
φαφβ

)
Γ[µ|α|Γν]β

= (φαφβ)δσ[µgν]τΓσαΓτβ

= (φαφβ)δσ[µgν]τ

[
Γ τβ
σα + 4δ

[τ
[αΓ

β]
σ] + 2δ

[τ
[αδ

β]
σ]

]
= −1

2
εµναβσ

[
φα, φβ

]
Γσ −

{
φα, φ[µ

}
Γν]α − (φαφα)Γµν +

1

2
[φµ, φν ],

(5.20)

Cαβφγεαβστ [µ

[
Γστ ,Γν]γ

]
= Cαβφγεαβστ [µδ

θ
ν]

(
8δ

[τ
[θΓ

σ]
γ]

)
= 4Cαβφγ

(
εαβγσ[µΓσν] − εµναβσΓσγ

)
,

(5.21)

φγCβ[µ

[
Γν]γ,Γ

β
]

= φγCβ[µδ
θ
ν]

(
4δβ[γΓθ]

)
= 2
(
Cα[µφ

αΓν] + Cµνφ
αΓα

)
,

(5.22)

εαβστ [µεν]γδλρC
αβCγδΓστΓλρ

= εαβστ [µε
λρ

ν]γδ CαβCγδ
[
εστλρθΓ

θ + 4δ
[τ
[λΓ

σ]
ρ] + 2δ

[τ
[λδ

σ]
ρ]

]
= CαβCγδ

[
εαβστ [µε

γδλρ
ν] εστλρθΓ

θ − 4εαβστ [µε
γδλτ

ν] Γσλ − 2εαβστ [µε
γδστ

ν]

]
= CαβCγδδ

φ
[µgν]ψ

[
εψγδλρεφαβστ ε

θλρστΓθ − 4εφαβστ ε
ψγδλτΓσλ − 2εφαβστ ε

ψγδστ
]

= CαβCγδδ
φ
[µgν]ψ

[
12εψγδ[αβΓφ] + 96δψ[φδ

γ
αδ

δ
βΓ σ

σ] − 24δψ[φδ
γ
αδ

δ
β]

]
= −4CαβCγδ

(
εαβγδ[µΓν] + 2εµνγδαΓβ

)
− 96Cαβδφ[µgν][φCαβΓσσ] − 24Cαβδφ[µgν][φCαβ]

= −4CαβCγδ
(
εαβγδ[µΓν] + 2εµνγδαΓβ

)
− 16

(
2CατCα[µΓν]τ − Cσ[µCν]τΓ

στ + 3CαβCαβΓµν
)
,

(5.23)

C[µ|α|Cν]βΓαΓβ

=
(
C[µ|α|Cν]βΓαβ + C α

[µ Cν]α

)
= C[µ|α|Cν]βΓαβ,

(5.24)

εαβστ [µC
αβC δ

ν] [Γστ ,Γδ]

= εαβστ [µC
αβC δ

ν]

(
4δ

[τ
δ Γσ]

)
= 4εαβστ [µC

αβC τ
ν] Γσ.

(5.25)
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Equation (5.15) is then

RµνστΓ
στδAB

= 8
(
β[µβν]

)A
B
− 8∇[µβ

A
ν] B

= −1

4
εµναβσ

[
φα, φβ

]A
B

Γσ − 1

2

{
φα, φ[µ

}A
B

Γν]α −
1

2
(φαφα)ABΓµν

+
1

4
[φµ, φν ]

A
B +

[
φα, φ[µ

]A
B

Γν]α + [φµ, φν ]
A
B

+ CαβφγAB
(
εαβγσ[µΓσν] − εµναβσΓσγ

)
+ 4
(
Cα[µφ

αA
BΓν] + Cµνφ

αA
BΓα

)
− 1

2
CαβCγδ

(
εαβγδ[µΓν] + 2εµνγδαΓβ

)
δAB

− 2
(
2CατCα[µΓν]τ − Cσ[µCν]τΓ

στ + 3CαβCαβΓµν
)
δAB

+ 8C[µ|α|Cν]βΓαβδAB + 4εαβστ [µC
αβC τ

ν] ΓσδAB

−
[
2gσ[ν∇µ]φ

A
τ BΓστ − 4∇[µφ

A
ν] B + εαβστ [ν∇µ]C

αβΓστδAB + 8∇[µCν]σΓσδAB
]

=
[
6C[µ|σ|Cν]τ − 4Cα

τCα[µgν]σ − 6CαβCαβgµσgτν

− 1

4
〈
{
φτ , φ[µ

}
〉gν]σ −

1

4
〈φαφα〉gσ[µgν]τ + εαβστ [µ∇ν]C

αβ
]
ΓστδAB

+
[
− 1

2
CαβCγδ

(
εαβγδ[µgν]σ + 2εµνγδαgβσ

)
+ 4εαβστ [µC

αβC τ
ν] − 8∇[µCν]σ

]
ΓσδAB

+
[[
φτ , φ[µ

]A
B
gν]σ + CαβφγAB

(
εαβγσ[µgν]τ − εµναβσgγτ

)
+ 2gσ[µ∇ν]φ

A
τ B

]
Γστ

+

[
4
(
Cα[µφ

αA
Bgν]σ + Cµνφ

A
σ B

)
− 1

4
εµναβσ

[
φα, φβ

]A
B

]
Γσ

+

[
5

4
[φµ, φν ]

A
B + 4∇[µφ

A
ν] B

]
(5.26)

5.2.2 Imposing the symmetries of the Riemann tensor

The
∧2 ∆ component of the Γστ coefficient gives the Riemann tensor:

Rµνστ = 6Cµ[σC|ν|τ ] − 4C α
[µ gν][σCτ ]α − 6CαβCαβgµ[σgτ ]ν

+
1

4
〈
{
φ[σ, φ|[µ

}
〉gν]|τ ] −

1

4
〈φαφα〉gσ[µgν]τ + εαβστ [µ∇ν]C

αβ.
(5.27)

Since C[µ|σ|Cν]τ = Cµ[σC|ν|τ ] and the Riemann tensor R ∈
⊙2 (∧2 V

)
, its

∧2 (∧2 V
)

component vanishes:

εαβστ [µ∇ν]C
αβ − εαβµν[σ∇τ ]C

αβ = 0. (5.28)
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Contracting with εµνθφψ,

0 = εµνθφψ
(
εαβστµ∇νC

αβ − εαβµν[σ∇τ ]C
αβ
)

= 24δ[ν
α δ

θ
βδ

φ
σδ

ψ]
τ ∇νC

αβ − 12δ[θ
α δ

φ
βδ

ψ]
[σ∇τ ]C

αβ

= 24δ[φ
σ δ

ψ
τ ∇νC

νθ] − 12δ
[ψ
[σ∇τ ]C

θφ]

= 6
(
2δ[φ
σ δ

ψ
τ ∇νC

|ν|θ] − δ[φ
σ ∇τC

ψθ] − δ[ψ
τ ∇σC

φθ]
)
− 12δ

[ψ
[σ∇τ ]C

θφ]

= −12
(
δ[θ
σ δ

φ
τC

ψ] + 2δ
[θ
[σ∇τ ]C

φψ]
)
,

(5.29)

then contracting σ and θ in this equation gives us

∇τC
φψ + δ[φ

τ ∇σC
ψ]σ = 0, (5.30)

and a final contraction of τ and ψ yields ∇τC
τφ = 0, which substituted back into the

above equation gives us
∇C = 0. (5.31)

Now, recalling that Cα
[µCν]α = 0 and C[µ|σ|Cν]τ = Cµ[σC|ν|τ ], applying the algebraic

Bianchi identity R[µνσ]τ = 0 to Equation (5.27) gives us

C[µνCσ]τ = 0 or C ∧ C = 0. (5.32)

Equation (5.27) now explicitly obeys the algebraic symmetries of the Riemann tensor,
while the

∧2 ∆ component of the coefficient of Γσ in Equation (5.26) vanishes identically.

5.2.3 Solving the remaining equations

Turning now to the
⊙2 ∆ component of Equation (5.26), again the coefficients of 1, Γσ

and Γστ must vanish separately:[
φ[τ , φ|[µ

]
gν]|σ] + Cαβφγ

(
εαβγ[σ|[µgν]|τ ] − εµναβ[σgτ ]γ

)
+ 2g[σ|[µ∇ν]|φτ ] = 0, (5.33)

4
(
Cα[µφ

αgν]σ + Cµνφσ
)
− 1

4
εµναβσ

[
φα, φβ

]
= 0, (5.34)

5

4
[φµ, φν ] + 4∇[µφν] = 0. (5.35)

Contracting ν and σ in Equation (5.34) gives Cµαφ
α = 0, and thus we have

Cµνφσ =
1

16
εµνσαβ

[
φα, φβ

]
or [φµ, φν ] =

4

3
εµνσαβC

αβφγ. (5.36)

On the other hand, contracting the same indices in Equation (5.33) gives

1

2
[φτ , φµ]− 1

4
Cαβφγεαβγτµ −

3

2
∇µφτ −

1

2
gµτ∇σφ

σ = 0, (5.37)

which upon substitution of Equation (5.36) yields

1

6
[φτ , φµ]− 3

2
∇µφτ −

1

2
gµτ∇σφ

σ = 0. (5.38)
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The symmetric part of this equation is

3∇(τφµ) + gµτ∇σφ
σ = 0. (5.39)

Contracting the indices, we see that ∇σφ
σ=0, so also ∇(τφµ) = 0. The skew-symmetric

part of Equation (5.38) is
[φτ , φµ] + 9∇[τφµ] = 0, (5.40)

thus comparing with Equation (5.35) and then with Equation (5.38), we have

[φµ, φν ] = 0, (5.41)

∇φ = 0. (5.42)

Together, these imply that φ = ϕ⊗r, for a parallel vector field ϕ and a constant r ∈
⊙2 ∆.

Finally, since the commutator vanishes, Equation (5.36) gives

C ⊗ φ = 0 (5.43)

so that either C = 0 or φ = 0. Note that since ∇C = 0 and ∇φ = 0, ∇R = 0; in
particular the differential Bianchi identity is trivial.

In summary, in this section we have proven the following theorem.

Theorem 5.2.1. Let (M, g, C, φ) be a 5-dimensional background with superconnection
given by Equation (5.8). If it is maximally supersymmetric then ∇R = 0 and there are
two nontrivial cases:

1. C = 0, φ 6= 0:

• φ = ϕ⊗ r for some parallel one-form ϕ and some r ∈
⊙2 ∆,

• the Riemann, Ricci and scalar curvatures are given by

Rφ
µνστ =

1

4

[
2ϕ[σϕ|[µgν]|τ ] − ϕαϕαgµ[σgτ ]ν

]
〈r2〉, (5.44)

2. φ = 0, C 6= 0:

• C is a parallel 2-form such that C ∧ C = 0,

• the Riemann, Ricci and scalar curvatures are given by

RC
µνστ = 6Cµ[σC|ν|τ ] − 4C α

[µ gν][σCτ ]α − 6CαβCαβgµ[σgτ ]ν , (5.45)

5.3 The Killing superalgebra

We now define the Killing superalgebra of a supersymmetric background and demonstrate
sufficient conditions for it to be a Lie superalgebra.

63



5.3.1 Dirac fields

First, we extend the Dirac bilinears of Definition 3.2.9 to sections of the appropriate
bundles on our spin manifold. All of the bilinears were defined in terms of the quaternionic
structure on the Clifford algebra and spin module, so given a Clifford bundle CL(M)
and associated spin bundles $ and S we can simply lift those definitions and define the
following fibre-wise. By symmetry, we only need the values on the diagonal.

Definition 5.3.1. On a background (M, g, C, φ), for each spinor field s, we define

1. The Dirac scalar, given by
µp(s, s) = εABsp

AsBp (5.46)

for p ∈M ,

2. The Dirac 1-form
κ(s, s)[(X) = µ(s,X · s) (5.47)

for all X ∈ X(M),

3. The Dirac current κ(s, s), which is the dual vector field to the Dirac 1-form; that
is, κ is given by

g(κ(s1, s2), X) = µ(s1, X · s2) (5.48)

for all X ∈ X(M),

4. the Dirac 2-form with values in
⊙2 ∆

ω(s, s)AB(X.Y ) = sA(X ∧ Y ) · sB (5.49)

for all X, Y ∈ X(M).

In components,

κµ(s, s) = εABs
AΓµs

B, (5.50)

ωABµν (s, s) = εABs
AΓµνs

B. (5.51)

5.3.2 The Killing superalgebra

Definition 5.3.2. The Killing superalgebra of the background (M, g, C, φ) is K = K0̄⊕K1̄

where
K0̄ = {X ∈ X(M)|LXg = LXC = LXφ = 0}, (5.52)

is the space of Killing vector fields (note that this is more restrictive than the usual
definition of Killing vectors) and

K1̄ = {s ∈ Γ(S)|DXs = 0} (5.53)

is the space of Killing spinor fields. There is a superbracket [·, ·] on K which is defined
as:
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• the vector field commutator on K0̄ ⊗ K0̄, [X, Y ] = X ◦ Y − Y ◦X,

• the Dirac current on K1̄ ⊗ K1̄, [s, t] = κ(s, t),

• the spinorial Lie derivative on K0̄ ⊗ K1̄, [X, s] = LXs (and [s,X] = −LXs on
K1̄ ⊗ K0̄).

Theorem 5.3.3. If (M, g, C, φ)is a background such that

• either C = 0 or φ = 0,

• ∇C = 0 and C ∧ C = 0,

• φ = ϕ⊗ r for a one-form ϕ such that ∇ϕ = 0 and r ∈
⊙2 ∆,

(in particular if the background is maximally supersymmetric) then the Killing superalge-
bra as described above is a Lie superalgebra.

The remainder of this section is dedicated to proving this statement. We begin with a
couple of lemmas which will be required later on.

Lemma 5.3.4. The Dirac current is equivariant under the action of L ;

LXκ(s, s) = 2κ(LXs, s) (5.54)

for all spinor fields s and Killing vector fields X.

Proof. Let X be a Killing vector field, Y a vector field and s a spinor field. Then

Y · ((∇X) · s) = −1

4
Y λ∇µXνΓλΓ

µνs

= −1

4
Yλ∇µXνΓ

λµνs− 1

2
Y µ∇µXνΓ

νs

= −1

8
ελµνστYλ∇µXνΓστs−

1

2
(∇YX) · s

(5.55)

and so, since µ(s,Γστs) = 0,

µ(s, Y · (∇X) · s)) = −1

2
µ(s, (∇YX) · s). (5.56)

Using this and the definition of the Dirac current, we have

g(LXκ(s, s), Y ) = Xg(κ(s, s), Y )− g(κ(s, s),LXY )

= g(∇Xκ(s, s), Y ) + g(κ(s, s),∇XY )− g(κ(s, s), [X, Y ])

= 2g(κ(s,∇Xs), Y ) + g(κ(s, s),∇YX)

= µ(s, 2Y · (∇Xs) + (∇YX) · s)
= µ(s, 2Y · [∇Xs− (∇X) · s])
= 2µ(s, Y ·LXs))

= 2g(κ(s,LXs)), Y ),

(5.57)

hence the result, since Y is arbitrary.
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Lemma 5.3.5. If s is a Killing spinor field, the gradient of its Dirac current is

∇κ(s, s) = −γ(s, s) or ∇µκν = γµν . (5.58)

Proof. Recall that κ is symmetric and ∇Xs = βXs, so

∇Xκ(s, s) = 2κ(s,∇Xs) = 2κ(s, βXs) = −γ(s, s)X, (5.59)

where we have used the cocycle condition Equation (4.68).

Lemma 5.3.6. The spinorial Lie derivative is compatible with the superconnection:

[LX ,DY ] = D[X,Y ] or LXDY s = D[X,Y ]s+ DY LXs (5.60)

for all X, Y ∈ X(M) and s ∈ Γ(SC).

Proof. Using Lemma 5.1.3 and the definition of D ,

[LX ,DY ]s = LXDY s−DY LXs

= LX∇Y s−LXβY s−∇Y LXs+ βY LXs

= [LX ,∇Y ]s− βY LXs− β(LXY )s+ βY LXs

= ∇[X,Y ]s− β[X,Y ]s

= D[X,Y ]s.

(5.61)

Proof of Theorem 5.3.3. Throughout, let s be a Killing spinor field and let µ, κ and ω be
the norm, current and 2-form associated to s (suppressing (s, s) in the notation). First,
note that the super skew-symmetry of the bracket follows directly from the definition.
We will next show that K is closed. We begin by recalling the beginning of the usual
derivation of the Killing equation, as we can also use the same techniques on the Lie
derivative of C and φ. For all vector fields X, Y ,

(Lκg)(X, Y ) = Lκ(g(X, Y ))− g(LκX, Y )− g(X,LκY )

= (∇κg)(X, Y ) + g(∇κX, Y ) + g(X,∇κY )− g([κ,X], Y )− g(X, [κ, Y ]

= g(∇Xκ, Y ) + g(X,∇Y κ)

= −g(γ(s, s)X, Y )− g(X, γ(s, s)Y )

= 0,

(5.62)

where we have used the defining properties of the Levi-Civita connection, Lemma 5.3.5,
and the fact that γ takes values in so(V ). Note that this means that the Dirac current
of a Killing spinor field being a Killing vector field is equivalent to the cocycle condition
Equation (4.68).

Now recall that

γµν(s, s) =
1

4
εµναστφ

α
ABω

στAB + 2Cµνµ+
1

2
εµναβσC

αβκσ, (5.63)
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We have

(LκC)(X, Y ) = (∇κ)(X, Y )− C(γ(s, s)X, Y )− C(X, γ(s, s)Y ), (5.64)

or in components,

(LκC)µν = κλ∇λCµν + 2Cλ[µγ(s, s)λν]

= κλ∇λCµν +
1

2
Cλ[µε

λ
ν]αστφ

α
ABω

στAB

+ 4Cλ[µC
λ
ν]µ+ Cλ[µε

λ
ν]αβσC

αβκσ

= κλ∇λCµν +
1

2
Cλ[µε

λ
ν]αστφ

α
ABω

στAB + Cλ[µε
λ
ν]αβσC

αβκσ.

(5.65)

For φ = ϕ⊗ r, we actually just need Lκϕ to vanish. Indeed,

(Lκϕ)(X) = Lκ(ϕ(X))− ϕ(LκX)

= (∇κϕ)(X) + ϕ(∇κX)− ϕ(∇κX −∇Xκ)

= (∇κϕ)(X)− ϕ(γ(s, s)X),

(5.66)

where we have again used Lemma 5.3.5; hence in components,

(Lκϕ)µ = κλ∇λϕµ + γµνϕ
ν

= κλ∇λϕµ +
1

4
εµναστϕ

νϕαωστABrAB + 2Cµνϕ
νµ+

1

2
εµναβσϕ

νCαβκσ

= κλ∇λϕµ + 2Cµνϕ
νµ+

1

2
εµναβσϕ

νCαβκσ.

(5.67)

Thus LκC = Lκφ = 0 if the conditions in the statement of the theorem hold3.

We have thus shown that [K1̄,K1̄] ⊆ K0̄. That [K0̄,K0̄] ⊆ K0̄ follows from the fact that L
is a Lie algebra representation of vector fields on the space of tensor fields. It remains to
be shown that [K1̄,K0̄] + [K0̄,K1̄] ⊆ K1̄; that is, LKs is Killing for all Killing vector fields
K and Killing spinor fields s. Indeed, for any vector field X, using Lemma 5.3.6,

DXLKs = D[X,K]s+ LKDXs = 0. (5.68)

It remains to be shown only that the Jacobi identity is satisfied. For three Killing vector
fields this clear because the bracket is simply the commutator. For two Killing vector
fields K,L and a Killing spinor field s,

[s, [K,L]] + [K, [L, s]]− [L, [s,K]] = −L[K,L]s+ LKLLs−LLLKs, (5.69)

so the Jacobi identity is equivalent to L being a Lie algebra representation of vector
fields on spinor fields, which follows from Lemma 5.1.3. By symmetry, for the one Killing

3Note, however, that if the conditions of the theorem do not hold, the vanishing of these derivatives
produces a system of first-order nonlinear differential equations. For any solution (C,ϕ) to these equa-
tions, the Killing superalgebra still closes. This would produce a more general class of (non-maximally)
supersymmetric backgrounds.
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field and two Killing spinor field case, we need only consider the identity where both
spinor fields are the same:

[K, [s, s]] + [s, [s,K]]− [s, [K, s]] = [K,κ(s, s)]− κ(s,LKs)− κ(s,LKs), (5.70)

so this Jacobi identity is equivalent to κ being equivariant under the representation L
of Killing vector fields on spinor and vector fields, which is simply Lemma 5.3.4. Finally,
for three Killing spinor fields, again we need only consider the case where they are all the
same; this reduces to the vanishing of

[[s, s], s] = Lκs = ∇κs+
1

4
∇µκνΓ

µνs

= βκs+
1

4
γµν(s, s)Γ

µνs

= βκs+ γ(s, s) · s,

(5.71)

which is eqivalent to the cocycle condition Equation (4.69).

5.4 Maximally supersymmetric geometries

We now seek to classify the maximally supersymmetric backgrounds (M, g, C, φ). Our
starting point is Theorem 5.2.1. In all cases, the Riemannian curvature is covariantly
constant (∇R = 0) so (M, g) is a so-called locally symmetric space.

We will argue that it is possible to assume, up to local isometry, that (M, g) is in fact
a symmetric space, meaning that for all x ∈ M , there exists an isometry θx which is
involutive (θ2

x = IdM) and for which x is an isolated fixed point. This definition is given
only for completeness and will not be used directly; we will use without proof certain
properties of symmetric spaces and defer full discussion to the literature [37, 38].

The Riemannian symmetric spaces were classified by Cartan [39], while the Lorentzian
case was elucidated by Cahen and Wallach [40]. The general pseudo-Riemannian case
remains an open problem [37, 38].

5.4.1 Geometric toolbox

Here follows a collection of geometric definitions and results which we will use to classify
our symmetric backgrounds. It will allow us to first simplify the problem at hand by only
considering the local geometry, then to break down the spaces into simpler components,
and finally to identify the components.

Definition 5.4.1. A smooth map f : M → N is local diffeomorphism if for each x ∈M ,
there exists an open neighbourhood Ux such that f(Ux) is open and f |Ux : Ux → f(Ux)
is a diffeomorphism.

Such a local diffeomorphism of pseudo-Riemannian manifolds (M, gM) and (N, gN) which
preserves the metric: f∗gN = gM ; that is, gM(X, Y ) = gN(df(X), df(Y )), is called a local
isometry.
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Global isometry between two spaces is the natural notion of equivalence for pseudo-
Riemannian manifolds, while local isometry is a slightly weaker notion of equivalence. We
simplify our task by classifying supersymmetric backgrounds only up to local isometry.

Recall that a universal cover (X̃, π) of a connected topological space X is a simply-
connected topological space X̃ and a covering map π : X̃ → X. If X satisfies certain
topological conditions (which are satisfied if it is a connected manifold), the universal
cover exists and is unique. Furthermore, any smooth structure or metric on X pull back
along the covering map to the universal cover X̃, meaning that it is a pseudo-Riemannian
manifold whenever X is, and π is then a local isometry. It can be shown that (M, g) is
locally symmetric if and only if its universal cover is a symmetric space, so since we only
seek to classify (M, g) up to local isometry, we assume without loss of generality that
(M, g) is a simply-connected Lorentzian symmetric space.

Symmetric spaces are in particular homogeneous, meaning that the group of isometries
G of M acts transitively on M (that is, for all pairs of points x, y ∈M , there exists some
g ∈ G such that y = gx), so there is a G-equivariant diffeomorphism M ∼= G/H where H
is the stabiliser of some arbitrarily chosen point o ∈ M . The actual stabiliser subgroup
H depends on the choice of o, but the manifold G/H is always diffeomorphic to M . This
observation allows us to effectively localise at a point o ∈M .

Definition 5.4.2. A pseudo-Riemannian manifold (M, g) is called decomposable if it is
locally isometric to a product (M1, g1)×(M2, g2) for some pseudo-Riemannian manifolds4

(M1, g1), (M2, g2), otherwise it is called indecomposable.

We will now give a result which will assist us in decomposing spaces into products, the
de Rham–Wu Decomposition Theorem. For this we’ll need the notion of holonomy. We
give now a general definition of holonomy, but we will actually only need it for the Levi-
Civita connection on the tangent bundle. A modern treatment of holonomy on general
pseudo-Riemannian spaces is given in [41].

Definition 5.4.3. Let E → B be a smooth vector bundle equipped with a connection
∇. Then given two points x, y ∈ M , a path γ from x to y defines an invertible linear
map Ex → Ey by parallel transportation.

The holonomy group of ∇ at a point x ∈ B is the subgroup Holx(B,∇) of GL(Ex)
consisting of linear transformations which arise as parallel transports around a loop based
at x.

Because the Levi-Civita connection ∇ of a pseudo-Riemannian manifold (M, g) preserves
the metric, parallel transportation preserves the inner product on tangent spaces; in
particular at any point x ∈ M the holonomy group Holx(M,∇) preserves the inner
product on TxM and so is a subgroup of O(TxM). In fact, it is a Lie group, and its
identity component lies in SO(TxM).

We can now state a version of the de Rham–Wu theorem. This uses the language of
smooth distributions of the tangent bundle and their maximal integral submanifolds. We

4Note that if the signature of g is (p, q) and the signature of gi is (pi, pq), we must have p = p1 + p2,
q = q1 + q2. In particular, if (M, g) is Riemannian then so are its factors, and if it is Lorentzian then
one factor must be Lorentzian and the other negative-Riemannian (its metric is negative-definite).
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won’t fully define these concepts here, but intuitively we consider a smooth distribution
D of the tangent bundle TM to be a choice of a subspace Dx of the tangent space TxM
at each x ∈ M which smoothly varies as we vary x; an integral submanifold of such a
distribution is a smooth manifold N with an immersion i : N ↪→ M such that at each
point x ∈ N the image of dix : TxN ↪→ TxM is Dx. An integral submanifold is maximal
if it is not a proper submanifold of any other integral manifold of D5

Theorem 5.4.4 (de Rham–Wu [42, 43]). Let (M, g) be a simply connected pseudo-
Riemannian manifold and ∇ its Levi-Civita connection. Suppose that at some point, the
action of Holx(M,∇) on TxM preserves some proper, nontrivial, nondegenerate subspace
T 1
xM . Then

1. The action of Holx(M,∇) also preserves the orthogonal subspace T 2
xM = (T 1

xM)
⊥

,
so there is a decomposition

TxM = T 1
xM ⊕ T 2

xM, (5.72)

preserved by Holx(M,∇),

2. This decomposition extends to a decomposition of the tangent bundle (given by par-
allel transportation of vectors at x)

TM = T 1M ⊕ T 2M, (5.73)

where T 1M and T 2M are distributions on the tangent bundle with fibres T 1
xM and

T 2
xM at x, which are orthogonal and preserved by holonomy in the sense that at

any point y ∈M , T 2
yM =

(
T 1
yM

)⊥
and Holy(M,∇) preserves T 1

yM and T 2
yM ,

3. Both of these distributions are integrable, with maximal integral submanifolds M1,M2.
These submanifolds are simply-connected and can be given the metrics g1 and g2

which are pullbacks of g along the immersion maps,

4. The original manifold (M, g) is decomposable as a product of its integral submani-
folds; there is an isometry

(M, g) ∼= (M1, g1)× (M2, g2), (5.74)

5. If M is symmetric, so are its integral submanifolds.

This gives us a practical tool which we can use to decompose our Lorentzian symmetric
space into products of Lorentzian and negative-Riemannian symmetric spaces. The next
step will be to identify the factors. The following theorem of Cahen and Wallach, as
stated in [44] (but with our mostly-minus convention for the metric signature) will help:

Theorem 5.4.5 (Cahen-Wallach[40, 44]). Let (M, g) be a simply-connected Lorentzian
symmetric space. Then it is isometric to a product (L, gL) × (R,−gR) where (L, gL) is
either

5A distribution is not guaranteed to have any integral submanifolds; if it does it is called integrable
and its maximal submanifold is unique up to diffeomorphism. Frobenius’ Theorem gives a necessary and
sufficient condition for a distribution to be integrable.
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• (R, dt2), the real line with the standard metric,

• UdS, the universal cover of de Sitter space dS,

• UAdS, the universal cover of anti-de Sitter space AdS,

• CWd(A), for d ≥ 3, a Cahen-Wallach pp-wave space as described below,

and (R, gR) is a simply-connected Riemannian symmetric space.

The Cahen-Wallach space is a type of Brinkmann space or plane-fronted parallel-ray wave
(pp-wave). Pp-waves can be defined as Lorentzian manifolds which support a nonzero
parallel null vector field [45, 46]; they are a model for spacetime through which radiation
is propagating. A Cahen-Wallach space (fully constructed in eg. [40, 44]) CWd(A) is a
particular family of pp-waves with coordinates (x+, x−, x1, . . . , xd−2) and the metric

g = 2dx+dx− −

(
d−2∑
i,j=1

Aijx
ixj

)(
dx−

)2 −
d−2∑
i=1

(
dxi
)2
, (5.75)

where A ∈ R(d − 2) with Aij = Aji (indeed, in the full construction A appears as a
symmetric bilinear form). The parallel null vector field in such a space is ∂+. It is useful
to make some brief comments about these spaces:

• The Latin indices i, j, k . . . take values in {1, . . . , d−2} and we will use the Einstein
summation convention on these indices: aib

i :=
∑

i aib
i.

• Minkowski space can be seen as a trivial CW pp-wave, CWd(0) = R1,(d−1)6.

• Two such spaces CWd(A)) and CWd(B) are isometric if and only if Aij = cOk
iO

l
jBkl

for some c ∈ R and some orthogonal matrix O.

• The only nonzero components of the Riemann and Ricci tensors and the scalar
curvature are

Ri−j− = Aij, R−− = ηijAij, R = 0. (5.76)

• For d ≥ 4, the Weyl tensor vanishes (equivalently CWd(A) is conformally flat) if
and only if A is a scalar matrix: Aij = aηij where a = 1

d−2
ηijAij.

• CWd(A) is indecomposable if and only if A is nondegenerate.

5.4.2 C = 0, φ = 0

We are now ready to put this geometric toolbox to work. There are three main cases to
check. The first case, C = 0, φ = 0, is essentially trivial; here the Riemann curvature
vanishes, so (M, g) is Minkowski space by the Cahen-Wallach theorem. In the remainder
of this section, we deal with the other cases.

6Setting A = 0 in Equation (5.75) recovers the Minkowski metric in lightcone coordinates, x+ =
1√
2

(
x0 + x1

)
, x− = 1√

2

(
x0 − x1

)
.
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5.4.3 C = 0, φ 6= 0

This case is virtually identical to the H = 0 case in 6 dimensions (See Proposition 26 and
the material following it in [4]); we reproduce the argument here, although note that [4]
uses a mostly-plus signature so some modifications are required.

By Theorem 5.2.1, φ = ϕ⊗ r for a parallel one-from ϕ and r ∈
⊙2 ∆. It will be useful in

the following to regard ϕ as a vector field rather than as a one-form (that is, we identify it
with its dual vector field). Without loss of generality we can choose the trace 〈r2〉 = −4,
and then the Riemann, Ricci and scalar curvatures are

Rµνστ = ϕ2gµ[σgτ ]ν − 2ϕ[σϕ|[µgν]|τ ], Rµν =
3

2
(ϕ2gµν − ϕµϕν), R = 6ϕ2. (5.77)

First we note that the Weyl tensor vanishes:

Cµνστ = Rµνστ −
4

D − 2
g[µ|[σRτ ]|ν] +

2

(D − 1)(D − 2)
Rgµ[σgτ ]ν

= ϕ2gµ[σgτ ]ν + 2ϕ[µgν][σϕτ ] − 2
(
ϕ2gµ[σgτ ]ν + ϕ[µgν][σϕτ ]

)
+ ϕ2gµ[σgτ ]ν

= 0

(5.78)

which, since D ≥ 4, is equivalent to conformal flatness of the metric.

Since ∇ϕ = 0 and M is connected, it follows from the fact that parallel transport is
invertible that ϕ is nowhere vanishing. Furthermore, ϕ2 is constant, hence so is the
causal type (timelike ϕ2 > 0, spacelike ϕ2 < 0 or null ϕ2 = 0). There are two main
branches distinguished by whether or not ϕ is null.

ϕ spacelike or timelike

Since ϕ is nowhere vanishing at each point x ∈ M it defines a nonzero vector ϕx. Since
it is parallel, it is preserved by parallel transportation and in particular ϕx is preserved
by Holx(M,∇), which means that the holonomy group actually preserves the subspaces
span(ϕx) and span(ϕx)

⊥ of TxM , on both of which g is nondegenerate. By the de Rham–
Wu decomposition theorem, this means that (M, g) decomposes as a product of a one-
dimensional manifold and a 4-dimensional manifold; in particular

• (N, gN)× (R,−dx2) where (N, gN) is 4-dimensional Lorentzian, if ϕ is spacelike,

• (R, dt2)× (N,−gN) where (N, gN) is 4-dimensional Riemannian, if ϕ is timelike.

We define the symmetric tensor

hµν = gµν −
ϕµϕν
ϕ2

, (5.79)

the pullback to N of which coincides with ±gN (with sign depending on the causal type
of ϕ). The curvature tensors are

Rµνστ = ϕ2hµ[σhτ ]ν , Rµν =
3

2
ϕ2hµν , R = 6ϕ2. (5.80)
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The sectional curvature K perpendicular to ϕ (and therefore parallel to N) is given by

K(X, Y ) = g(R(X, Y )Y,X)/(X2Y 2 − g(X, Y )2) =
1

2
ϕ2 =

1

12
R. (5.81)

where X, Y are vector fields perpendicular to ϕ. This is also the sectional curvature
of (N, gN), so (N, gN) is a symmetric, conformally flat Einstein manifold with constant
sectional and scalar curvature depending on ϕ2, hence we can identify it:

• If ϕ is timelike, (N, gN) is a symmetric Riemannian manifold with positive scalar
and sectional curvature, so must be S4,

• If ϕ is spacelike, (N, gN) is a symmetric Lorentzian manifold with negative scalar
and sectional curvature and so must be the covering space of AdS4.

ϕ null

In this case, the de Rham–Wu theorem does not apply as above since at any point g
is degenerate on the span of ϕ. We begin instead with the observation that (M, g) is
a Lorentzian manifold with a parallel, null vector field ϕ; it is thus a pp-wave. The
curvature tensors are

Rµνστ = 2ϕ[µgν][σϕτ ], Rµν = −3

2
ϕµϕν , R = 0. (5.82)

We now recall Theorem 5.4.5 and use the notation there. The geometry is scalar-flat, so
the Lorentzian part (L, gL) cannot be UdS or UAdS or a product involving them since
they both have constant nonzero curvature. The Riemann curvature orthogonal to ϕ is
zero:

R(X, Y )µν =
(
ϕ[µgν]σϕτ − ϕ[µgν]τϕσ

)
XσY τ = 0 (5.83)

where X, Y are vector fields which are (at least locally) orthogonal to ϕ. In particular,
the (negative-)Riemannian part (R,−gr) must be flat. Since the Riemann curvature is
not zero, the (L, gL) cannot also be flat, in particular it is not (R, dt2), so it must be a
(possibly decomposable) Cahen-Wallach pp-wave.

Since we can see from the metric in Equation (5.75) that CW5(A) can include a flat
Riemannian part if A is allowed to be degenerate, we can assume without loss of generality
now that (M, g) = (L, gL) = CW5(A) with φ = ∂+ being the distinguished parallel
null vector. We already demonstrated conformal flatness, so from the comments below
Equation (5.75), Aij = aηij for some a ∈ R. Furthermore, comparing the Riemann
tensors in Equations (5.76) and (5.82) yields a = −1

2
.

5.4.4 C 6= 0, φ = 0

By Theorem 5.2.1, ∇C = 0 and C ∧ C = 0. Localising at a point o ∈ M , which we will
call the origin, we have Co ∧Co = 0 in

∧4 T ∗oM . This is a kind of Plücker relation which
implies that Co = αo ∧ βo for some nonzero, linearly independent αo, βo ∈

∧2 T ∗oM .
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It follows that C = α∧β on a neighbourhood of o for some linearly independent one-forms
α, β. As we did with ϕ above, we will identify these one-forms with their dual vector
fields.

Note that Cµν = αµβν − ανβµ, so

Cµνα
ν = (α · β)αµ − α2βµ, (5.84)

Cµνβ
ν = β2αµ − (α · β)βµ, (5.85)

C λ
µ Cνλ = α2βµβν + β2αµαν − (α · β)(αµβν + ανβµ) (5.86)

|C|2 := CµνC
µν = 2

[
α2β2 − (α · β)2] (5.87)

The Riemann tensor (from Theorem 5.2.1) is

Rµνστ =3(CµσCντ − CµτCνσ)

−
(
C λ
µ gνσCτλ − C λ

µ gντCσλ − C λ
ν gµσCτλ + C λ

ν gµτCσλ
)

− 3|C|2(gµσgντ − gµτgνσ).

(5.88)

Let X, Y be vector fields perpendicular everywhere to the α∧β-distribution in TM ; that
is, X ·α = X · β = Y ·α = Y · β = 0. Then, at least locally near o, CµνX

ν = CµνY
ν = 0.

We thus have
RµνστX

σY τ = −3|C|2(XµYν −XµYν) (5.89)

and, with some working,7

Rµνστα
σβτ = |C|2(αµβν − ανβµ) = |C|2Cµν . (5.90)

We can identify three cases distinguished by the nature of the plane spanned by αo and
βo; since it is a subspace of a Lorentzian vector space, it is either Euclidean, Lorentzian or
degenerate. We will also use each of these three terms to refer to C if the plane spanned
by αo ∧ βo has that property.

C Euclidean

The action of the holonomy group leaves C invariant; it must therefore also leave αo ∧
βo, and thus the plane it defines, invariant. The de Rham–Wu Theorem then gives a
decomposition (M, g) = (L, gL) × (R,−gR) where (L, gL) is a 3-dimensional Lorentzian
manifold, on which we will use upper-case Latin indices, and (R, gR) is a 2-dimensional
Riemannian manifold, on which we use lower-case Latin indices.

The curvature of (L, gL) is given by Equation (5.89):

RMNST = −3|C|2(gMSgNT − gMTgNS), RMN = −6|C|2gMN , R = −18|C|2, (5.91)

and its tangent bundle is the α ∧ β-distribution.

7Shortly before submission, it was realised that there were inconsistencies with this part of the Rie-
mann curvature, which in turn revealed that there were likely mistakes in the calculation of the Riemann
curvature formula Equation (5.2.1).
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Since it is two-dimensional, the Riemann tensor of (R,−gR) has only a single degree of
freedom which can be deduced from Equation (5.90):

Rmnst = |C|2(gmsgnt − gmtgns), Rmn = |C|2gmn, R = 2|C|2. (5.92)

By the Cauchy-Schwarz inequality, |C|2 > 0. We can thus deduce that (L, gL) = UAdS3

and (R, gR) = S2.

C Lorentzian

This case is very similar to the Euclidean case. We have a decomposition (M, g) =
(L, gL)× (R,−gR) where this time the Lorentzian factor (L, gL) is 2-dimensional and has
the α∧β-distribution as its tangent bundle, and the Riemannian (R, gR) is 3-dimensional;
we still use upper-case Latin indices on L and lower-case on R. The curvature of (L, gL)
is

RMNST = |C|2(gMSgNT − gMNgST ), RMN = |C|2gMN , R = 2|C|2, (5.93)

and the curvature of (R,−gR) is

Rmnst = −3|C|2(gmsgnt − gmtgns), Rmn = −6|C|2gmn, R = −18|C|2. (5.94)

In this case the sign of |C|2 is indefinite. We obtain:

• (L, gL) = UAdS2 and (R, gR) = S3 for C < 0,

• (L, gL) = R1,1 and (R, gR) = R3 for C = 0,

• (L, gL) = UdS2 and (R, gR) = H3 for C > 0.

C degenerate

Since the α∧ β-plane is degenerate here, de Rham–Wu decomposition doesn’t work. We
do however have |C|2 = 0, so by inspecting Equations (5.89) and (5.90), we see that
the curvature either strictly parallel or strictly orthogonal to the plane is zero. The
Riemannian tensor in this case is simply

Rµνστ =3(CµσCντ − CµτCνσ)

−
(
C λ
µ gνσCτλ − C λ

µ gντCσλ − C λ
ν gµσCτλ + C λ

ν gµτCσλ
)
,

(5.95)

so there are no UdS or UAdS factors and we must have a Cahen-Wallach pp-wave
CW5(A). Thus all components of the Riemann tensor must vanish apart from Ri−j− =
Aij. Imposing this condition eventually forces all components of C to 0 apart from Ci−
and also yields

Aij = 3Ci−Cj− + ηijC
k
−Ck− . (5.96)
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5.4.5 Summary

The following theorem summarises our results on the maximally supersymmetric back-
grounds.

Theorem 5.4.6. If (M, g, C, φ) is a maximally supersymmetric 5-dimensional back-
ground then (M, g) is a locally symmetric space which falls into one of three families:

1. φ = 0, C = 0: (M, g) is locally isometric to Minkowski space R1,4.

2. φ 6= 0, C = 0: φ = ϕ ⊗ r for a parallel vector field ϕ and r ∈ �2∆ and (M, g) is
locally isometric to one of the following, depending on the causal type of ϕ:

• AdS4 × R0,1 with RAdS4 = 6φ2 for ϕ spacelike,

• R1,0 × S4 with RS4 = 6φ2 for ϕ timelike,

• CWd(A) with Aij = −1
2
ηij for ϕ null.

3. φ = 0, C 6= 0: ∇C = 0, C ∧ C = 0 and (M, g) is locally isometric to one of the
following, depending on the causal type of C, where |C|2 = CµνCµν:

• AdS3 × S2 with RAdS3 = −18|C|2 and RS2 = 2|C|2 for C Euclidean,

• Either

– AdS2 × S3 with RAdS2 = 2|C|2 and RS3 = −18|C|2 if |C|2 < 0,

– R1,4 if |C|2 = 0,

– dS2 ×H3 with RdS2 = 2|C|2 and RH3 = −18|C|2 if |C|2 > 0,

for C Lorentzian,

• CWd(A) with Aij = 3Ci−Cj− + ηijC
k
−Ck− for C degenerate.
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Chapter 6

Results and Analysis

6.1 Algebraic results

We found in Chapter 4 (in particular Theorem 4.3.1) that the nonzero part of the second
generalised Spencer cohomology of the Poincaré superalgebra s in 5 dimensions is

H2,2(s−, s) ∼=
∧2 V ⊕

(
V ⊗

⊙2 ∆
)
, (6.1)

with unique cocycle representatives of the cohomology classes being given explicitly by
Proposition 4.3.5. The filtered deformations of s are parametrised, up to isomorphism,
by the so(V )-invariant cohomology classes in this space.

6.2 Geometric results

In Chapter 5, cocycles of Proposition 4.3.5 are used to define the superconnection for a
5-dimensional “background”, a Lorentzian spin manifold equipped with a 2-form C and
a
⊙2 ∆-valued 1-form φ (either or both of which may be zero). This superconnection is

given by

DXs = ∇Xs−
1

4
(X · C − 3C ·X) · s+

1

8
(X · φ+ 3φ ·X) · s (6.2)

for a vector field X and a spinor field s. Killing spinor fields are defined to be those
spinor fields which are parallel with respect to this connection. Setting φ = 0 recovers
the definition of Killing spinors in minimal 5-dimensional supergravity [21].

Backgrounds for which the dimension of the space of Killing spinors is maximal are re-
ferred to as maximally supersymmetric, and Theorem 5.2.1 gives necessary and sufficient
conditions on C, φ and the curvature of the background for maximal supersymmetry. The
conditions on C and φ are sufficient (without the condition on the Riemann tensor) to
have a well-defined Killing superalgebra, the algebra which encodes the supersymmetry
of the space.

Theorem 5.4.6 classifies the maximally supersymmetric backgrounds up to local isometry.
In the φ = 0 case, apart from the flat model we recover the maximally supersymmetric
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backgrounds AdS3 × S2, AdS2 × S3 and pp-wave of 5-dimensional minimal supergravity
[21, 47]. We also find dS2 × H3 as a φ = 0 background, and for C = 0 there are
backgrounds AdS4×R0,1, R1,0×S4 and a different pp-wave; this case is virtually identical
to the analogous result in 6 dimensions [4].

Since with φ = 0, C 6= 0 our definition of Killing spinors coincides with that of super-
gravity, the maximally symmetric supergravity solutions should all appear in our calcu-
lations. However, in [21] there are also maximally supersymmetric backgrounds which
did not arise here, specifically the generalised Gödel model, the near-horizon geometry of
a BMPV black hole (as well as three other potential solutions that Gauntlett et al. sug-
gested may be isometric to BMPV or to one of the others). We do not have an explanation
for this at this stage, but we note that the BMPV solutions are a one-parameter family
which interpolate between the AdS2 × S3 and AdS3 × S2. It is possible, therefore, that
our application of the de Rham decomposition theorem in the case of the nondegenerate
C-plane was invalid. Indeed, it is conceivable that the causal type of the C-plane may
change as the base point is varied, even if C is parallel, and that the extremal AdS2×S3

and AdS3 × S2 backgrounds are obtained only when the causal type remains constant.
Our CW pp-wave solution is a limit of the Gödel solution, so again in the degenerate
C-plane case it seems that we have inserted some assumption which restricts us to only
an extremal solution of a parametrised family. As previously observed in a footnote, it is
also likely that our determination of the formula for the Riemann curvature was incorrect.
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Chapter 7

Conclusions

7.1 Summary of results

We explored the cohomology of the minimal Poincaré superalgebra in 5 spacetime di-
mensions, determining those cohomology groups relevant to its filtered deformations. We
showed how this algebraic calculation can be used to define a connection on 5-dimensional
Lorentzian spin manifold in terms of a 1-form φ and a 2-form C, providing a formalism
for supersymmetry in a curved 5-dimensional spacetime, allowing us to define the no-
tion of a supersymmetric background. By considering the condition for the curvature
of this connection to vanish, we determined a set of conditions equivalent to maximal
supersymmetry of a background. We showed that these conditions are sufficient for the
supersymmetry algebra, the Killing superalgebra, to be well-defined. Finally, we made
a partially successful attempt at classifying the maximally supersymmetric backgrounds,
but not without some problems that will hopefully be resolved in future work.

Our notion of a supersymmetric background agrees with that of 5-dimensional minimal
supergravity when φ = 0, and we recovered some of the maximally supersymmetric
supergravity backgrounds, but not all of them.

7.2 Future work

Our results are closely reminiscent and those obtained by similar methods in 6 spacetime
dimensions, as we mentioned previously, but it is worth spelling these similarities out
in more detail. In 6 dimensions, the relevant Spencer cohomology (and therefore the
filtered deformations and supersymmetric backgrounds) are given by a (self-dual, in the
case of no R-symmetry) 3-form and a 1-form [4]. In 5 dimensions, the analogous result
is a 2-form, which is dual to a 3-form, and a 1-form. The maximally supersymmetric
backgrounds corresponding to the 1-forms in either dimension are directly analogous.
Under Kaluza-Klein reduction, a self-dual 3-form in 6 dimensions reduces to a 2-form
and its dual 3-form.

It is a natural question, therefore, whether 5-dimensional results could be derived from
the 6-dimensional results via Kaluza-Klein dimensional reduction, without the long ex-
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plicit derivations given here. During this project, we explored the possibility that this
could be implemented at the level of the cohomology calculation by finding the rela-
tive cohomology Cd,p(s−, L, s) with respect to a spacelike line L in V in 6 dimensions
and relating it to the Cd,p(s, s) cohomology via a central extension of s by L. This was
ultimately unsuccessful, as taking the relative cohomology loses the information of the⊙2 ∆-valued 1-form. Despite the failure of this condition, the similarity of the two cases
is still tantalising, and we intend to further explore the connection between the two cases.
A more immediately tractable problem would be to perform dimensional reduction on
the 6-dimensional maximally supersymmetric geometries.

Indeed, the D = 5 case is especially fertile ground for exploring dimensional reduction,
situated as it is between the 4- and 6-dimensional cases which were already covered in
[3, 4] (however, due to the dimensionality of the spinor representations, we expect the
dimensional reduction of the N = 1, D = 5 case to be related to N = 2, extended
supersymmetry in D = 4; [3] covers only N = 1). If dimensional reduction can be
understood here, it may provide a formalism for more efficient calculation of the Spencer
cohomology and filtered deformations of the Poincaré superalgebra in other dimensions
and with extended supersymmetry, as well as the maximally symmetric background,
Killing superalgebras, etcetera.

Further work which could be done in D = 5 but which we did not have time to complete
in this work includes

• Resolving the concerns over the maximally supersymmetric backgrounds with a
2-form field previously discussed,

• Finding the filtered (sub-)deformations of the Poincaré superalgebra,

• Finding the Killing superalgebras for the maximally supersymmetric backgrounds
and showing that they are filtered deformations of the Poincaré superalgebra,

• Finding non-maximally supersymmetry backgrounds

• Considering subalgebras of the Poincaré superalgebra more closely,

• Considering modifications to the Poincaré superalgebra, including extended super-
symmetry and R-symmetry.

Indeed, the work of this project is expected to continue as part of a PhD project, and
the questions above are more than ample as a starting point for further research.
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Appendix A

List of symbols

D Spacetime dimension
N Number of supersymmetries of a theory
η Minkowski metric with mostly-minus signature
eµ Elements of an orthonormal basis for η
g Pseudo-Riemannian metric
k Field or skew-field
k(n) k-algebra of n× n matrices over k
R Field of real numbers
C Field of complex numbers
H Skew-field of quaternions
g Lie algebra or superalgebra
Z(g Centre of the Lie algebra or superalgebra g
p Poincaré algebra
s Poincaré superalgebra
t Subalgebra of the Poincaré superalgebra
k Killing superalgebra⊗

, ⊗ Tensor power, algebra, product⊙
, � Symmetric power, algebra, product∧

, ∧ Exterior power, algebra, product
∂ Cochain differential; partial derivative
Ω(M) Space, algebra, de Rham complex of differential forms on M
d Exterior derivative
GrV Associated graded space to filtered space V
CL(V ) Clifford algebra of a pseudo-inner product space V
Σ 8-dimensional irreducible Clifford module with quaternionic structure in D = 5
∆ 4-dimensional trivial Clifford module with quaternionic structure in D = 5
S 8-dimensional Clifford module of symplectic Majorana spinors in D = 5
Γµ1...µp Gamma-endomorphism of S
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∇ Connection, usually Levi-Civita or its spin lift
D Superconnection
L (Spinorial) Lie derivative
$ Spinor bundle with fibre Σ
H Trivial bundle with fibre ∆
SC Tensor bundle $⊗H with fibre S ⊗ C = Σ⊗C ∆
S Symplectic Majorana spinor bundle with fibre S
Γ(B) Space of sections of a bundle B →M
X(M) Space of vector fields, Γ(TM)
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