A mathematical

exploration of space




The Newtonian Universe

“I do not define time, space,
place and motion, since they
are well known to all.”

“Absolute, true, and mathematical

time, of itself, and from its own Philosophiae Naturalis
nature, flows equably without Principia Mathematica
relation to anything external.”



Newton’s universe is A x A2



Time intervals and distances
between simultaneous events are
independent of the observer:
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Maxwell’s equations
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But Maxwell’s equations are not invariant

under the Galilean group! AnjoPLtl)T;tsL:"ty
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Simultaneity is an illusion!

The invariant quantity is the
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Minkowski spacetime

The affine space A*
of spacetime events

together with a scalar product on differences
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The automorphisms now consist of the
Polincaré group:
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the Lorentz group, which leaves

invariant the scalar product
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"People slowly accustomed
themselves to the idea that the
physical states of space itself were

the final physical reality.”

AHbert Ecnstecn



General Relativity

Equivalence Principle:

inertial mass = gravitational mass
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matter tells S acetime how to curve



Riemannian geometry

The edifice upon which our
classical notion of space is built.

® 3 collection of points
o 66 99
® a notion of ‘“closeness

® 2 notion of “distance”

a topological manifold with a metric



To be concrete:

a domain M C RY

a family of inner products g = 255:1 gab(x)dzodz®
parametrized by M
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Since their inception in 1916, these equations have
been extended in a nhumber of directions:

® extra dimensions

® extra terms

® extra equations




Quantum Mechanics

In quantum mechanics, points become fuzzy.

Quantum theory requires a notion of space which
does not depend on the notion of point.
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The algebra of points

X a compact Hausdortt topological space

e.g., X ¢ R" closed and bounded
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Gelfand’s Theorem
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) \ Every commutative C* algebra A
is C'(X) for some X!




sucks/rocks

I

term rating (higher is better)

geometry 7.5 I
algebra 3.6 I

Link to this Sort = Clear

http://sucks-rocks.com



Classical Quantum
Mechanics Mechanics
States Phase space Hilbert space
Observables Functions Self—adjomt
operators

Heisenberg relation:

q Noncommutative




Noncommutative
Differential Geometry

Replace differential and integral
calculus with the following:
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e a Hilbert space
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Classical

Noncommutative

Complex variable

operator 1n

Real variable

self-adjoint operator in

Infinitesimal

compact operator 1n

Differentiation

Integration

Dixmier trace




All geometric constructions have noncommutative
analogues, including the metric properties.

We can do calculations in honcommutative spaces
such as the Penrose tilings:




To recap:

| 680s Newton’s A x A°

IS Minkowski spacetime A*
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