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de Rham complexes

» A= (A,0) a CDGA over R.
» Kahler differentials Qi\/R (a complex).

» Exterior powers QA/R
- de Rham differential d: Q°

» de Rham complex

R(A/R) = HQA/R 1,d +6).

+1
A/R QZ/R

+ Hodge filtration FPDR(A) = []Q,".



Derived de Rham cohomology

» Derived de Rham
LDR(A/R) := DR(A/R), for A— A a
cofibrant (& quasi-free) resolution.

. LFPDR(A/R) := FPDR(A/R).

. Also write LQP(A) := QP(A).

» = Pieces of cyclic homology

(Feigin—Tsygan, HKR).



n-shifted pre-symplectic structures
+ w e Z"2LF?DR(A/R) [= PTVV].
» Explicitly, w = Zp>2 Wp, With
dwy =0, dwp = dwpi1.

» Morphisms given by chain homotopies.
» Sheafify for global, so for hgpd X,

w e [], FPLDR(O(X;)/R)"~".
» Symplectic if non-degenerate:

wh: (LQY)Y = LQk[n].



n-shifted polyvectors
. Pol(A/R, n):
RHom y(CoSymm 4(LQy g[n + 1]), A),

('~ Symma(Tarln +1])).
» Filtration FPPol(A/R, n):

RHom 4(CoSymm” (L, g[n + 1]), A).

» Commutative product FP - F9 < FP*9,
» Schouten—Nijenhuis Lie bracket on

Pol(A/R, n)[n +1], [FP, F9] = FPta-L,



n-Poisson structures (affine case)
P T =D 0 Tp € F2Po|(A/R n)"t2,

1
om + 5[71',71'] = 0 (Maurer—Cartan).

» Morphisms from Thom-Sullivan
homotopies give space P(A/R) of
n-Poisson structures.

» Non-degenerate if

mh: LQL[n] = (LQY)Y.



n-Poisson algebras

» P, 1-algebra is CDGA with compatible
Lie bracket of degree —n.
» m € P(A) gives Ly -structure on Aln|.

» n-Poisson structures <= homotopy
P,.1-algebra structures on A [Melani].



n-Poisson structures on DM stacks

» X a derived DM stack, resolved by hgpd
X, (simplicial derived affine).

» P(X/R, n) the space of cosimplicial
homotopy P, 1-algebra structures on
cosimplicial CDGA O(X.).

» Invariance under trivial DM hgpds —
well-defined up to coherent homotopy
(contractible space of choices).

» Similarly co-functorial for étale maps.



What about Artin stacks?

» Don’t have smooth functoriality.

» So resolve X by more exotic objects.

. Example

» Y acted on by G, Lie algebra g.
» Chart for [Y/G] will be [Y/g].
» O([Y/g]) Chevalley—Eilenberg complex

oY) 5 0(Y)og” 5 O(Y)eNg” S ..

» bigraded CDGA.



Stacky CDGAs

» commutative algebras in double

complexes:
A00 0 ALO 0 A2.0 0 o stacky
5 5 5 ]5
AO’_1—6>A1’_1 4 A2-1 ¢ e derived
5 5 5 ]5

o . 2 . 4

» Take weak equivalences to have
quasi-isomorphic columns.
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» Functor D* from cosimplicial CDGAs to
stacky CDGA:s.

. DO([Y/6)) = O(¥/a).
» Given derived Artin hgpd X, can form
cosimplicial stacky CDGA D*O(X2%):

zym%zZmowNyxmodﬁyn,

a DM hgpd in stacky derived affines!
» Example: when X = B[Y/G], this is

[Y/8] ==Y x G/e*| ==[Y x G*/g*] ---
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Structures on Artin stacks

» Internal Hom in double complexes.

» Semi-infinite total complex behaves

Tot (V) = (@ V™ @] [ V™", 6+0).

n<0 n=0

. Hence define Hom = Tot Hom, F§5|,

. Poisson structures P(A) = P(Tot A),
for stacky CDGA A.
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Symplectic versus Poisson

» Classical case: 2-form w is symplectic iff
inverse 7 is Poisson.

» Standard proof uses Darboux theorem
(cotangent bundle).

» Shifted Darboux theorems [B-BBBJ],
[BG] give local comparison for shifted
structures.
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A more direct approach

v

wy homotopy inverse to ».

Higher components??

v

v

Look to generalise

Wﬁowﬁoﬂ'ﬂzﬂ'ﬂ.

v

Then globalise (via hypergroupoids).
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The canonical tangent vector

» Tangent space T,P of Poisson
structures at 7:
a € F2Pol(A/R, n)™2,
da+ [m,a] =0

(i.e. ™+ ae Poisson).
» Differentiating G ,-action gives

o(m) = Z(p — rm,e T,P.

p=2
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Compatibility (the key)

» Contraction p(—, ) from de Rham to
Poisson cohomology (cf. [K-S M]).

» "“Derivative” v.

+ Relates de Rham / Schouten—Nijenhuis:

(s 1w, 7)) = (e, 1) 0w, %[w, 7).

» (w, m) € T, P for w pre-symplectic,
7 Poisson.
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In detail

When ¢ = adfy A ... A dfy,

plo, ) = alm, A [ fpa],

v(é, m: b) Z—i—a b,f]...[r, f)].

» Thus fi(ws, m)f = b 0 wh o b

» (—, ) a qu-iso for ™ non-degenerate.
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The affine equivalence

Weak equivalences of co-groupoids (i.e.
topological spaces):

{Symplectic structures w}

|

{Compatible pairs p(w, m) ~ o(m)}

|

{Non-degenerate Poisson structures 7}

Thus 7 +— p(—,m) to () (defined up to coherent
homotopy).
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Governing DGLAs

For A a stacky CDGA:
» Symplectic: F°LDR(A/R)[n + 1]
(abelian).
. Poisson: F2Pol(A/R, n)[n + 1].
. TP: F2Pol(A/R, n)[n + 1][e].
» Compatible pairs a homotopy limit.

» Equivalence via obstruction theory.
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Obstructions
gr? — F2Pol(A)/FP*! — F2Pol(A)/FP

central extension of DGLAs.

» Maurer—Cartan obstruction map
P(A/R,n)/FP — MC(gr[n + 2]), fibre
P(A/R,n)/FPTL,

» Similar obstructions for symplectic
structures, compatible pairs.

» Graded pieces equivalent via powers of
(LQ%)Y ~ LQ%[n].
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Derived Artin N-stacks

. Artin hypergroupoid resolution X, — X
always exists.

» Thus can look at structures on
cosimplicial stacky CDGA D*O(X2").

» Affine equivalences étale functorial (up
to coherent homotopy).

» Hence on X,
symplectic <> non-degenerate Poisson.
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