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We call these generdistal)granolmeasure

4

non-standard
In statistical mechanics, 2. and 3. describe the eq.of the

system.

RE:If M is conserved, then VB: IR-ZIR,

BCM) is also conserved.

Important: We wantour inversantmeasures to be
-

probabilities, wherever possible.
Pathological example: ·x =1, or x (t) = x +t.

Then ox is invenient, butx(t) ->0 Xxx.

Therefore, ox has nothing to do with the
equilibrium.

I

-

Consider NLS , v:
4d -> K.

E
idu =
- AUEwlulP-u

v(0) =0.

This is Hamiltonion, with p=Mer, 9:mu,

#H(p,q) =H(r) ==(yavl )/r12.&

Moreover, M (u) = Saul is also conserved.



groud-conomical measure: formally

dg(u) = 1 ep(-H(u) = 4 M(r)) dudo.Z

Deferinglose:Sight:

dy(u)=)ISUR-Ifludrdw
denge Gaussion
ty

"Standard" - P ⑮4. Refined:I a manure on

⑨ d =1: Fp>0.
· d =2: p

=2k, kGN. Requires renoudisation

· d =3:Only p =2 (Gasrial, p =4. For p-4,
I,and Ganion or mutually
singular.

-

Focusing cos? Sign
e -

We wentto build the grand-conacical ensemble:

dy(r) =2*(( - (!u = ((1EM(d=du
Lebowitz-Rose - Speer DB:add man atoff.

*So! idzHeuristic:Gagliando-Nirenberg. Solde:for 22p=p
as ifda,prd-

118ull"ollcol- CoNs(P) Iull;
ed- d P =c,



Therefore, for Hulle KY, we expect:

· I exists faresay when Id-dc2 E) p<d, i.e.

p < 6
im dot

·
When p=4

p
>
4in d=2

I exists (as a probability measure ( p
< 1B im d=3Lwherever p <
3in d=4

Cows(p) K*d- a
and maybe als =.

Thorm:
-

d=1) (LRS '88) When di, the measure I exists under the
date conditions

T

(Oh-sosoe -1. '21): When 2 = 6, in the core, the measur

exists
I
es well

d=2) Even under appropriate
n

remadisation, the measure donate exist when p=4,

for any value of a, r.
(Brydges - Slade '06, Oh-Seang-T. 23)
It does existwhen p=3,for any value of ,k.

( =3) When p
=3, the measure exists when wax,

-

and dasnot exist when was 1. Thevalue of
He is irrelevant



1. Gaumaure a - ep) - (Nul2b) (R).
We have that

W
=Lax (X), where

im -
x

X 1
-

20Ez = em(x),2π
med

and ganN,LD,1), i.i.d.. We have that (Ex.)

· EIIXII =

#[m=Ed I --2n >2 <n)
2- Is

n =zd

if s <l - d. This is sharp, i.e.

IXI-d =0 a.s. (E.)

· Similarly,
-gr 2

im- x

I
2

El(-1) "X (x)=E lito
IndI

weed isol iiz-es=1* Is.(2π)

·
For d = 1,

E IIXIIIFan) IE(X (x) 1Pdx

x*soming cp(E(X(x)/2)
P
dx

=((lIX?)*dx
=cp( lIXI)P
ca



This is enough to define

dg (u): =)(UP).
Sep(-y SIUIP) da

Vitand formula Leary version)

letF:Hds-s -> te be
a mean. function, banded

belos. Then

log (up (F(u)) dp(v)

- E[ F(x +V) - Y (IVIII).
cos!Ed foie

We build

ep(Y (ybyl 1rc) -x3)dN
·GNS or the focus:F STO

9 - 1

↑VII (T) -> Consp) (1+3) IVU*"VII,
+ Cs lIVIII.
E "A

· let UE - e v. Then X k<p>,

X0s=1



IX-Xall = a1X-D)"x1
NXal s-11-s 11X1IHS.

We just need to estimate

#

-

o IX+VIP 1EMIXVIRY-' lVIIIL P

FE)(IX-Xa+WIP1qM(x-xatl3
V =- Xs+W - 1w - xs]

Ia.[ *(INP [IWII"+mix-x
- En IWII]

+ [((y,0,p)()(X - xx1P - (XalIai)].
pick a=

prximal circal*
-



then M(X-Xs) & M

nx-XallY= lIX,
NXs ase

We obtain

1.

P- 1

↳ Ens"+cm)* INI
P

- IM A* 1
2

L +x if

· P2-12 =) pc6, ar

·p
=6 and Cows(6) (R " +(y)* (H

↳ In-
2

Since I is arbitrary, we get

|ak222
2. Finite F M, 0, p.



Id:Expected numerology:p = 4.

Can we mondise the measure

ep(5(:(v14:) 45:M(r):=rdq(r)

for some o,t?
Remark: This is obeady a 2-finite encausure
-

We try to repeatthe some prof.

④(X+V4 a NVIII DVI+error 8

k2:M(X+V): = M(X) :+2 )XV +IVI
Tgimite * I

good
-
bod:

*IVII.

Issue:if V =-xX +W, WEX, then

:M(x+ V):==M(X):-2xlIX+ lIX? AWIe
For 1 x 1, = M(X): - X 12 -x) 00 + HWIE

↑can be very
big.



②;Hou do we make this rigorous?

The (Bare - Depiris formula (-

let I be measurable and beamed. Let X(t)

be the cylindrical Beamim mnation

x (r) =RenEd its We It),

where SWm (H } oze i.i.d. Brownian motions on 4,
with E IWn(t)1 =t.

Let

His = 3VeL" (, H'):VEL(, H', V prg.measmable.

Them

#Rep (F(X)]=I [F(x11) +V(2)) -)Anin]
RK.:Removing the condition V prog-meerable, then

sup is redised
when I

=const=V II). This implies

the simplified version

RR; We are goingto apply this on I notbanded.
-

see krises.



This X220, K30, we have that-

Etep ((((4) 45/Mc):1 - k3)] =0
XK> 0.

By B.D., FM331, we need to find V adapted

S. t.

#[*((X +v)415):x: +2(xv +(v2223I

- xfliVs)] =

m.

Ansetz:Revell the estimate
-

IVIIs IVII IVII
We wantV s.t.

·
The is "dost shop"

· SV(1) 1

·:(x2: +2/XV + f/V(e) 1.
·I accepted.



i(s) =28 - Xs(s),
where Y,(1) is a(oursion) smouth opproination

of X. Then

:M(x +V):

=(: x() - 2(Xxx,(2) +((Xs(2))2
+2((X(2) - x,(1)).caf
+ c2 82.

=(:((2) = Ya(2))":

- 2*((x(2)x,(z) +*()x3(2)2]
+2((X(2) - Xa(2)). csf
+8/82.
(I):1 98 for some O >0.

(i) - - IE[S(Xa(1)) - log a

(1) I at for of very lodised

(IV) =es2.



Pick a=2) x(1)x,12) - *4xsces]
The #1:M(X+V):R = SO,

SIV14-294 (1814-(log as 1181,

(IVII Xallista fi
*g(z) +(logs) lifll.

Therefore,

IE(*) - ( (legal" -llagal) I18 "
-> g(z)

Pick seat, If I a, and obtain the black.
Exercises: One (non-optimal way to build Xs (s).
--

R.S We automatically get astronger non-existence result.

letus be some oppio identity is see, and

consider

9 ==,P():(2*U!(19:M(01: < K3 N.



then 99 has no weak limitin Wel4

If:: Define the measure

vs =it up (*): (*U)*:- Hull44.
We can shar us

=v, weakly,24+ z8

suppose by contin. 9at go onvor"*t

Then

lim VENo
=

ate

-Erep(-Kull-,4) sa
-
for -At-*,4+(86-
=-> 0

Sup(=Noll-",41)dfs (u)

---*14+(80
Sep(= NullY-2,41) dgo

Therefore,

90 =1p (lull-" 4+) wo
S
- 1 =AX,et) dao,

=2 with the previous proof



-

cos, s

Issue: we do not expectM. We wort
-

to build is aus alim IN, where
3

SN =ep ( = S: Pat:) 11M(r):/= k dNC),

for some Par -> Id. cube.
↓

We choose w(n) =(m) 1s 1ub NE-

This way, 11Pwl-LP p1 for 1<p<00.

Rigorously, we build

wr =
1*P(5):) != lul-,)dr(u) -v,Par

and then define (r) =exp (Ilull*-4,3) *5pM(u): =13".
He will use the versational frumla ld
the measure
-

Prop:Suppose thatIsatisfies the up of Exercise
--

5. Let

S+=Ewin
them F8 means, and bold.

28 (r) dg =(0) =lim E[8(X+V)],
n
-0



where VW is an opt Sequence, for

sup E [ F(x+ v) - 2/!VI (s].
-

Therefore, I measure Idevent properties of
colmost optimisers.

By Beni-Dupuis, for 28 =v.*,

zw = [5): Pr(X(1)+V(4)3: -11 x 41) +UIe)128
- "S! Ulsans]

Revell x =c-k-=C-". LetXr= PNX.

:XaIL)":is bed, butEliXN(2)": = 0.

Haneuer,X =

C-1-E
. Therefore

:Xo: V is problematic in the limit.



Frick (Baueshkal-Gubindli):complete-

the square. Since:Xo(s):is a montingale,

E[w):xr(2):V(2) = (<VIsI, v(skn]
#I [-(): x(s): V(s) - (VCs), vsr]
=E[r( <A-D) -:X(s), v(s)- Vs),vil
= [ -Y) 110 = e(

-x)
- 1:X(s): 11]q

- "L0Ns)-1Xr(s):1Ids],
-JN.

Call

· Yr(s) =wk-D)-:XY(s): E Cl
- E

· w =V - Yr.

Then

log EN-IN
-

VH
=

Sep EL
2 / XnPr(W+Yl-/PaCU-YSN
-

Il x +VIII
- (snas]

S



=Sep [RN(Xor,Yo,W)-II
X+ Ya+VIII

+ SPaws - 1 1! "*(s) Ids]
Therefore, V is on dost apt. for En

iff W =
=

V - YN

> a almostopt for the dsole.

We have

1 - E

· You any bold. (im N) im C ⑧

· XN 1 - 2
im C-2-E.

Therefore, one can stars:

2

RN (Yr,Ya,w) = Ca(Xw,Yw) + 2 //WI+ a NWII,

Therefore, we can control lag zN-ww and

consequently IWII+1/WIIs If we shaw

I

' [(W3 = I X+YN+YIII - "writ
&

OK by interpolation with the choice of 25.



Whataboutmoudisability, i.e.

I up (Ilullr) do?

Justneed to dock

*E(WY 4Sriny - 2 I WII]
Finite for Ein neighborhood of C = normalisabilityen

Infinite... n
a h ·-> non-mudisdolityen

looks like the d=2 vose! Some ansatz?

X = - XM # N8. We get

#[5( w3] =w[E(8] (I)

y
2

E 1: M(X+Yn+4:1V =(n2 812- #lXmI
# Co'llIR E!I Xmla+a2lI8( )

I C MP +NN8.
If we choose li8I?=1, f- E lXMIYM,
we can make (1) =0 (11.



We obtain

sups C, MY = l1811 = C2M-CyMllfl.
We have

18113HI8H I8U =11811,sharp.

Optimising the above, we pick

M32 1811-MI8II Es I8I-MY
118113 -M

->All the terms hose Sie M3. Fge
o1

/
we obtain the divergence.



eut1?
Bails dawn toshowing for 21

S~ 14:
M(X +Ya +W):/8 + 1WHY.

&

=1 +12fw +9x2)8+1WII.
(A)

If:" Define a(n) =w(m) 1q Ino
Wrete

v =[ a QNX +YN,

with /NE IR, WN + QNXim2=

Then

2(Xw +wi -

- 2 XwQwXE+ [ IllawXY

+[IWNIE.



2 cores.

C. SW2 = 2)XY, then

129XW+42-19W2), and *)

follows from

11 WI NWEIVI a IVI+IWI
OK

for y =3.

e. (x2 =21) xW). Then

[d anx [ da2 ILQNXIIE+1WwIlE
N

= [AN laNXI2.

Fix No 20. We have that

EINzwo im nauxIE) - (ax""ranx
2 in KanxED-Era KanXII Il Qaxlasdo



2

&NX-(no."")"(m.""NawXI)"
a lIPs.Xpll WII 1 .

Call 7 =[XNKQNXIIE. We obtain

11 - (Ewo"*NX)"El"+NIIMs.
Saling,

IE1? [llawXl lIWIIN 1lP>NoX".
NENO

ame: (Ex.)

wollON XHYC No Br(

[ lIQN I = CN+ N Be(X).
Ns No

where (TB, IP HB2(P) -> Cp <0.

Pick Now it II WII.



We obtain

11WII IE 1 1+HWII, an

1IW? IET * 16 IWLM.
The conclusion follows again by

HWIY = IWIE+lIWL
L

* If 1E1 +1IWAY.
-

Bargains impervant measure orgement:
--

-

LetX Polish, and let 90+:X -> Xobe
a flax map, i.e. &

++5
=

+s, =

Id.

suppose thatB.L.) is jointly mean, on 1XX.

Let s an invariantmess. For I. Suppose:

1. (LWP) 7"size function" 2: X-> IR, 220
I "LWP time function"4: 1Rt -> 1RA, and K > 1, st.

(s(vol) - k =(ud ↓02 s =Y(k(vo),

andi i sxx-4for some $I0.

2. (DE for g)
7020 st. (ep (r(00)) dy(uo) <0.



Then we have the estimate

~ (+(vol) lag (26t)" go-a.e.

More precisely, we have the LDE for M 1

- lag S([2(+(v0)) > M(log(2 +H))"23) = Mr.

RK.:In the stochastic cose,

·

=M,(u,3),0

with invenientmeasures I for the semigroup,

define B
+(u,3) =(u(t),3): - t)).

Then 94 Lax (3) is invenient.

RK.; Singer vose: usually

·
Measurable map 00 -> E enhanced date set

· Unkaxus v., ..., un.

·
Solution u(t) =Ft (E, c, ..,uN).

Define
z(r) =img[lEll+Ivill,... +KuwIn+ 1+ EK
i =F(E, r. . . ., uw(3

Tipically, this is a good size function.


