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Abstract This paper addresses the growing concern of cascading extreme events, such as an
extreme earthquake followed by a tsunami, by presenting a novel method for risk assessment
focused on these domino effects. The proposed approach develops an extreme value theory
framework within a Kolmogorov–Arnold network (KAN) to estimate the probability of one
extreme event triggering another, conditionally on a feature vector. An extra layer is added
to the KAN architecture to ensure that the parameter of interest lies within the unit interval,
and we refer to the resulting neural model as KANE (KAN with Natural Enforcement). The
proposed method is backed by exhaustive numerical studies and further illustrated with real-
world applications to seismology and climatology.

Keywords Bernoulli process, Chained extreme events, KAN, Kolmogorov superposition
theorem, Neural network, Multivariate extremes, Regression models for extremes

1 Introduction

Record-breaking extreme events—such as catastrophic wildfires, unprecedented flooding, in-
tense hurricanes, and unparalleled heatwaves—underscore the urgent need to strengthen our
quantitative understanding of these occurrences. Extreme Value Theory (EVT) offers a solid
mathematical framework, leveraging regular variation and asymptotic principles to estimate
risks of such events by extrapolating beyond the limits of available data, into the tails of a
distribution (Coles 2001; Beirlant et al. 2004; de Haan and Ferreira 2006; Resnick 2007; de
Carvalho et al. 2026).

While it is widely recognized by practitioners that extreme events tend to occur in complex
sequential forms (Cutter 2018; Raymond et al. 2020), statistical modelling of this context from
an EVT viewpoint is still underdeveloped. Multivariate EVT, though a natural starting point,
falls short by: i) disregarding the triggering role of certain events; ii) overlooking the order and
sequential nature of extreme event cascades; iii) lacking the ability to model feedback loops
between events.

Inspired by the multivariate EVT framework, this paper introduces a novel concept—the
POC (Probability of Cascade) surface—which assesses the probability of domino effects between
extreme events conditionally on a covariate or feature vector x = (x1, . . . , xd)

T. As it will be
shown below, the POC surface can be interpreted as the probability of a cascading extremal
event, as it quantifies the probability that a trigger event (such as an earthquake exceeding
magnitude u) results in a follow-up event (like a subsequent tsunami) as a function of a covariate.
The proposed POC-based approach is fully general in the sense that the focus can be placed
beyond the case where follow-up event is binary. In particular, we extend the framework to a
multi-class setting, allowing for different types of follow-up extreme events, and to an ordinal
context, enabling follow-up extreme events to vary in ordinal severity. The case where the
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follow-up event is continuous includes as a special case the conditional coefficient of extremal
dependence introduced by Lee et al. (2024).

To learn about the POC surface from the data, we develop a neural model grounded on
Kolmogorov’s superposition theorem.1

Theorem 1 (Kolmogorov’s superposition theorem) Let f : [0, 1]d → R be a continuous func-

tion. Then, f can be expressed as follows

f(x) =
2d+1∑
i=1

Φ
(2)
i

 d∑
j=1

Φ
(1)
i,j (xj)

 , x = (x1, . . . , xd)
T, (1.1)

for some continuous one-dimensional functions Φ
(1)
i,j and Φ

(2)
j .

As it will be noted below, the beauty of this theorem is equally profound from both Mathemat-
ical and AI perspectives.

Mathematically speaking, it shows that any multivariate continuous function can be repre-
sented using only sums and univariate functions; the word superposition in this context refers
to functions of functions; for example,

f(x1, x2, x3) = g
(
a(α(x1), β(x2, x3)), b(x1, x2)

)
, (1.2)

is a superposition of univariate and bivariate functions. Hence, in this sense, Theorem 1 shows
that all multivariate continuous functions can be reduced to sums and superpositions of uni-
variate functions.

From an AI perspective, the theorem reveals a two-layer neural network architecture recently
popularized by Liu et al. (2024) following their extension to deeper settings. While multi-layer
perceptrons are inspired by the universal approximation theorem (e.g., Berlyand and Jabin
2023; Bishop and Bishop 2023), Kolmogorov–Arnold Networks (KAN) are a novel and fast-
evolving addition to the AI toolbox, and are rooted on Theorem 1. A particularly impressive
aspect of KAN is that they are based on the principle that any multivariate continuous function
can be expressed exactly using only 2d+ 1 outer functions and d inner functions. In addition
to the many developments following Liu et al., it should be noted that other neural approaches
based on Theorem 1 had already appeared in the literature (Lin and Unbehauen 1993; Sprecher
and Draghici 2002; Montanelli and Yang 2020; Fakhoury et al. 2022).

Motivated by Theorem 1, we propose a neural model for the POC surface, constructing a
network based on sums and superpositions of univariate functions. To ensure the resulting POC
surface remains within the unit interval, an additional layer is incorporated into the architecture.
This results in a three-layer design that enforces the unit interval constraint inherent to POC
surfaces. The same principle can be applied to enforce any range constraint that the final output
of a KAN may need to obey, and we refer to this neural model as KANE (Kolmogorov–Arnold
Network with Natural Enforcement). Each univariate function in the Kolmogorov superposi-
tion representation of the POC surface is modeled using splines, and we provide theoretical
guarantees on the model’s flexibility by drawing on approximation results for splines. See Ap-
pendix A. Our theoretical developments may be of independent interest, as they construct an
operator inspired by Theorem 1—which we term the Kolmogorov superposition operator—and
show that, under mild conditions, guarantees for approximating the inner and outer functions
can be translated into guarantees for the target function f . Finally, Appendix B comments on
how the proposed framework can be extended to a deep setting by a similar approach as in Liu
et al. (2024).

As a byproduct, this paper contributes to the fast-evolving literature on interfaces between
EVT and Machine Learning (e.g., Bhatia et al. 2021; Allouche et al. 2022; Karpov et al. 2022;
NS et al. 2024, and references therein). Within this line, key references that relate with our
context are those of Jalalzai et al. (2018) and Aghbalou et al. (2024), who introduced predictive
approaches for binary classification in extreme regions, while Clémençon et al. (2025) extended
these perspectives to a regression context. Our contribution diverges from these powerful ap-
proaches by focusing instead on modeling the probability of cascading extremal events.

A further distinction is that our focus differs from that of Hawkes processes (Laub et al.
2021) in a number of important ways. The main difference is that our approach should be
understood as an extension of the notion of tail dependence coefficient—aiming at quantifying

1 This result is also known as Kolmogorov–Arnold representation theorem. Among other things, it is well-
known for refuting a conjecture implicit in Hilbert’s 13th problem presented in 1900 at the International
Congress of Mathematicians.
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conditional probabilities of extreme events—rather than an attempt to model self-excitation of
processes.

The remainder of this paper is structured as follows. In Section 2, we introduce the proposed
methods. Section 3 elaborates on extensions. Section 4 assesses the performance of the proposed
methods through a series of numerical experiments conducted on simulated data. Empirical
illustrations are provided in Section 5. Technical details are provided in the Appendix, whereas
the online supplementary materials includes additional computational experiments and details.

2 Neural Modeling of Cascading Extremes

2.1 The POC (Probability of Cascade) Surface

Let I = {Iu : u ∈ R} be a Bernoulli process (i.e., a random process with Bernoulli marginal
distributions), and let Y ∼ FY be a continuous random variable. We start by introducing the
following functional, referred to as alpha, which plays a central role in our developments:

α ≡ αI = lim
u→y∗

P (Iu = 1 | Y > u), (2.1)

given that the limit exists. Here and below, y∗ = sup{y : FY (y) < 1} is the right endpoint of
FY .

Loosely, the parameter α ∈ [0, 1] in (2.1) can be interpreted as the probability of a cascading
event, where it quantifies the probability that a trigger event (such as an earthquake exceeding
magnitude u) would result in a follow-up event (like a subsequent tsunami Iu = 1). The nature of
the Bernoulli process I defining the follow-up event opens up a variety of modeling possibilities
as illustrated below. Particularly, the Bernoulli process may depend on a continuous variable
Z.

Example 1 (Tail dependence coefficient) If Iu = I(Z > u), where Y and Z have common distri-
bution, then

αTDC ≡ αI = lim
u→y∗

P (Z > u | Y > u). (2.2)

Thus, α in (2.1) includes the well-known tail dependence coefficient (Coles 2001, Chapter 8)
as a special case, specifically when the follow-up event involves Z being extreme, with Z being
observable. ■

Example 2 (Extremal probabilistic index) If the follow-up event is that Z exceeds Y , then Iu =
I(Z > Y ), and hence

αPI ≡ αI = lim
u→y∗

P (Z > Y | Y > u), (2.3)

which can be regarded as extremal version of the probabilistic index (Thas et al. 2012). Say,
from a reliability analysis viewpoint, the extremal probabilistic index in (2.3) represents the
probability of strength (Z) to be larger than stress (Y ), given that stress is extreme. ■

Our setup keeps in mind that for some applications the variable Z in the above examples
might be latent, but it assumes that the Bernoulli process I is observable. For instance, in the
context of Example 1, we assume occurrence, or not, of a tsunami (I) is observable, even if its
intensity level (Z) might be unavailable, whereas in the context of Example 2, we assume that
the collapse, or not, of a system (I) is observable, even if its strength (Z) is not observable.

Some additional remarks on the existence of the limit in (2.1) are warranted. As noted by
Embrechts et al. (2016) in the context of the tail dependence coefficient, “for virtually all copula
models used in practice, the limit [...] exists”; this observation extends more generally to α. For
how to construct an instance in which the limit fails to exist, see Kortschak and Albrecher
(2009).

In practice it is desirable to assess how the α functional may be impacted by a covariate or
feature. The POC (Probability of Cascade) surface, to be introduced below, naturally extends
(2.1) to this covariate-adjusted framework as follows; without loss of generality, we assume the
features are scaled to the unit interval.

Definition 1 (POC Surface) Let x = (x1, . . . , xd)
T ∈ [0, 1]d. The probability of cascade surface

is defined as

poc = {(x, αI(x)) : x ∈ [0, 1]d}, αI(x) = lim
u→y∗

P (Iu,x = 1 | Yx > u), (2.4)

given that the limit exists, where I = {Iu,x : (u,x) ∈ R× [0, 1]d} is a random field with Bernoulli
marginal distributions and {Yx : x ∈ [0, 1]d} is a random field.
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In the case of a single covariate, we will refer to the POC surface as the POC curve. Although
the POC surface is not invariant to continuous monotone transformations of the trigger event,
it remains unchanged if the Bernoulli process threshold is adjusted accordingly.

Proposition 1 Let h : R → R be a strictly increasing continuous function and let

αh
I (x) = lim

u→h(y∗)
P{Ih−1(u),x = 1 | h(Yx) > u},

given that the limit exists. Then, αI(x) = αh
I (x), for any x ∈ [0, 1]d.

Proof First, note that {h(Yx) > u} = {Yx > h−1(u)}; also, by a change of variables v = h−1(u),
it follows that if u → h(y∗), then v → y∗. Thus,

αh
I (x) = lim

u→h(y∗)
P{Ix,h−1(u) = 1 | h(Yx) > u}

= lim
u→h(y∗)

P{Ix,h−1(u) = 1 | Yx > h−1(u)}

= lim
v→y∗

P{Ix,v = 1 | Yx > v}

= αI(x).

⊓⊔

Next, we show that whenever P (Ix,u = 1 | Yx > u) is smooth in x, then, under mild conditions,
this smoothness is inherited by the POC surface.

Theorem 2 Let x ∈ [0, 1]d, and suppose {(Ix,u, Yx) : x ∈ [0, 1]d, u > 0} is a family of random

vectors with realizations on {0, 1} × R. Assume:

(a) The mapping x 7→ P (Ix,u = 1 | Yx > u) is continuous on [0, 1]d, for all u ∈ R;

(b) The limit limu→y∗ P (Ix,u = 1 | Yx > u) exists and convergence is uniform in x over [0, 1]d.

Then, the mapping x 7→ α(x) ≡ limu→y∗ P (Ix,u = 1 | Yx > u) is continuous on [0, 1]d.

Proof Let x0 ∈ [0, 1]d be arbitrary and fix ε > 0. By uniform convergence in (b), there exists u0

such that for all u ≥ u0 and all x ∈ [0, 1]d,

|P (Ix,u = 1 | Yx > u)− α(x)| < ε

3
. (2.5)

Fix such a u ≥ u0. Then, for any x if follows that |α(x)− α(x0)| ≤ A+B + C, where
A = |α(x)− P (Ix,u = 1 | Yx > u)|,
B = |P (Ix,u = 1 | Yx > u)− P (Ix0,u = 1 | Yx0 > u)|,
C = |P (Ix0,u = 1 | Yx0 > u)− α(x0)|.

By (b), it follows that A < ε/3 and C < ε/3. For B, note that (a) implies that there exists δ > 0,
with ∥x− x0∥ < δ, such that B < ε/3. Combining all three terms gives |α(x)− α(x0)| < ε. This
proves the final result. ⊓⊔

All examples in Section 4 can be easily verified to satisfy the assumptions of Theorem 2.

2.2 KANE: KAN with Natural Enforcement

A Kolmogorov–Arnold Approach for Learning from Data

Kolmogorov’s superposition theorem suggests a direct approach to modeling the POC surface
using a standard KAN framework, by specifying

αI(x) =
2d+1∑
i=1

Φ
(2)
i

 d∑
j=1

Φ
(1)
i,j (xj)

 . (2.6)

While theoretically appealing, the formulation in (2.6) does not ensure that in practice αI(x)
lies within its ‘natural’ interval, [0, 1]. This arises because the true αI(x) is unknown in practice,
requiring the inner and outer functions to be modeled and inferred from the data.
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Input layer Pre-output layer g-layer

Fig. 2.1 Architecture of three-layer KANE model for the POC surface (binary follow-up event) illustrated
on two-feature setting.

A straightforward solution is to include a final activation function in the architecture to
‘enforce’ this constraint. Let g : R → [0, 1] be an activation function, and set

αI(x) = g

2d+1∑
i=1

Φ
(2)
i

 d∑
j=1

Φ
(1)
i,j (xj)

 . (2.7)

Natural candidates to enforce the unit interval constraint include, for example, the sigmoid
activation function,

g(x) =
1

1 + exp(−x)
. (2.8)

To distinguish the canonical KAN from our approach of enforcing the unit interval constraint,
we refer to (2.7) as KANE (KAN with Natural Enforcement).2 See Fig. 2.1 for a schematic
representation of the architecture of a three-layer KANE model. In function-matrix notation,
KANE can be written as

αI(x) = g
(
(Φ(2) ◦Φ(1)) (x)

)
,

where

Φ(2) =


Φ

(2)
1
...

Φ
(2)
2d+1


T

, Φ(1) =


Φ

(1)
1,1 · · · Φ

(1)
1,d

...
. . .

...

Φ
(1)
2d+1,1 · · · Φ(1)

2d+1,d

 .

We use the following terminology for the layers of KANE: Φ(1) refers to the input layer, Φ(2)

to the pre-output layer, whereas g represents the g-layer which is responsible for transforming
the pre-output into the unit interval.

A deep version of the proposed framework is outlined in Appendix B. Motivated however
by Theorem 1, we mainly focus on the canonical 3-layer KANE model throughout.

Modeling via Splines

For convenience, in what follows we denote the outer function as Φ
(2)
i or Φ

(2)
1,i depending on

what is typographically convenient, a choice whose justification will become apparent once the
spline formulation and the deep version of the model are introduced.

Consider m+1 equally-spaced knots, t0 < · · · < tm. We model the inner and outer functions
as a linear combination of B-spline basis functions, that is, for l = 1, 2,

Φ
(l)
i,j(x) =

K∑
k=1

β
(l)
i,j,kB

p
k (x),

2 Naturally, for other contexts other range constraints can be similarly enforced using alternative activation
functions (e.g., g(x) > 0 if the target of interest is positive), but a mapping to the unit interval is all we need
for modeling the POC surface.
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where B p
k (x) is the B-spline basis function of degree p evaluated at x and K = p+m. For l = 2

it follows that i ∈ {1, . . . , 2d+ 1} and j ∈ {1, . . . , d}, whereas for l = 1 it holds that i ∈ {1} and
j ∈ {1, . . . , 2d+ 1}. To streamline the notation, we assume the same number of basis functions
K per univariate function and the same set of knots, a choice made for convenience that can
be adjusted at the cost of more complex notation. The parameter of interest is given by the
(2d+ 1)× (d+ 1)×K partitioned tensor

β =
(
β
(1)
k | β(2)

k

)
,

where for k = 1, . . . ,K,

β
(1)
k =


β
(1)
1,1,k · · · β

(1)
1,d,k

...
. . .

...

β
(1)
2d+1,1,k · · · β(1)

2d+1,d,k

 , β
(2)
k =


β
(2)
1,1,k
...

β
(2)
2d+1,1,k

 .

To learn about the POC surface from data—that is, to infer the tensor β—we base our inferences
on

Dn = {(δi,xi) : yi > u}ni=1,

for a sufficiently large threshold u. Here, δi, yi,xi are respectively realizations from Iu,x and Yx,
given X = x. The tensor β is estimated by minimizing the binary cross-entropy loss,

L(β) = − 1

n

n∑
i=1

{δi log(αI(xi)) + (1− δi) log(1− αI(xi))}.

The minimizer of L, denoted as β̂, is used to obtain the KANE estimate of the POC surface,
α̂I(xi), as a plug-in estimator in (2.7). While the asymptotic normality of the resulting estimator
remains an open question for future research, the supplementary materials provide numerical
evidence that confidence intervals obtained via a resampling cases bootstrap seem to perform
reasonably well, with coverage close to the nominal level.

2.3 Model Checking and Diagnostics

For evaluating the quality of the fit from the KANE model, we resort to randomized quantile
residuals introduced by Dunn and Smyth (1997). Before we present the version of these residuals
for our model, we recall that their basic principle is as follows: For any nonparametric or
parametric model, based on a continuous distribution function, F (x) = P (X ≤ x), it follows
that R ≡ Φ−1(F (X)) ∼ N(0, 1), when X ∼ F , where Φ−1 is the standard normal quantile
function. Hence, provided that F is a sensible model for the data X, then the residuals R are
normally distributed. As noted by Dunn and Smyth, the same principle can be easily extended
to a discrete model F via jittering. Since for each fixed u, our POC surface formulation can be
understood as binary response regression model based on Dn, it follows that its Dunn–Smyth
residuals are defined as

Ri =

{
Φ−1(Wi), δi = 1,

Φ−1(Vi), δi = 0,
with Vi ∼ Unif(0, 1− α̂(xi)), Wi ∼ Unif(1− α̂(xi), 1).

Informally, the Ri are a jittered version of the ‘binary response’ (i.e., follow-up event δi), with
the level of jittering being controlled by the ‘probability of success’ (i.e., probability of cascade
α̂(xi)). We recommend reporting at least 10 trajectories of the randomized quantile residuals,
noting that Dunn and Smyth (1997) suggested that “four realizations of the quantile residual”
would already be sufficient. These realizations will be presented in a QQ-boxplot along with
the confidence bands stemming from the normal reference model (that keeps in mind that the
Ri are normally distributed provided that the fit is sensible); the QQ-boxplot was recently
introduced by Rodu and Kafadar (2021), and consists of a graphical tool that merges into a
single chart a boxplot and a QQ-plot.
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3 Consequences and Extensions

3.1 Multi-Trigger Systems

In practice, multiple competing incidents can result in the follow-up event. To address this,
we define a multi-trigger system where we consider Y1, . . . ,YK−1 as a sequence of identically
distributed random fields with

Yk = {Yk,x : x ∈ [0, 1]d}, k = 1, . . . ,K.

Our framework extends to K trigger events by considering

α(x) = lim
u→y∗

P (Iu,x = 1 | Y1,x > u ∨ · · · ∨ YK,x > u). (3.1)

This formula simplifies to the single-trigger case in (2.4) by defining Yx = min{Y1,x, . . . , YK,x},
and hence the theory and methods from Section 2 readily apply to this context as well. The
identically distributed assumption for Y1, . . . ,YK is for convenience, as in practice random
processes can be normalized to a common scale (say, unit Fréchet margins) using the probability
integral transform.

3.2 Categorical, Ordinal, and Continuous Follow-up Events

In real-world applications, follow-up extreme events can take various forms, including multi-
categorical, ordinal, and continuous outcomes. As examples of categorical and ordinal events:
For instance, j = 1 may represent ‘no tornado,’ j = 2 a ‘supercell tornado’, and j = 3 a
‘non-supercell tornado’. Similarly, j = 1 to j = 5 may represent Category 1 to Category 5
hurricanes.

In the multicategorical context, we model the follow-up event as a multinoulli process, that
is,

I = {Iu,x : (u,x) ∈ R× [0, 1]d},

is a random field with multinoulli marginal distribution. Here, Iu,x = (I
(1)
u,x, . . . , I

(J)
u,x)

T ∈ {0, 1}J
and J is the number of categories; see Murphy (2012, Section 2.3.2) for basics on the multinoulli
distribution. The proposed cascading probability extends to this context as follows.

Definition 2 (Multicategorical POC Surfaces) Let x = (x1, . . . , xd)
T ∈ [0, 1]d and J ∈ N.

The jth-category probability of cascade surface is defined as

pocj = {(x, αI(x)
(j)) : x ∈ [0, 1]d}, α

(j)
I (x) = lim

u→y∗
P (I

(j)
u,x = 1 | Yx > u), (3.2)

for j ∈ {1, . . . , J}, given that the limit exists, where I = {Iu,x : (u,x) ∈ R×[0, 1]d} is a multinoulli
process and {Yx : x ∈ [0, 1]d} is a random field.

In terms of fitting the model, two adjustments are needed for the architecture discussed
in Section 2. Firstly, we need an activation function for the g-layer that maps the Euclidean
space to the unit simplex; that is, g = (g(1), . . . , g(J)), where g(j) : Rd → [0, 1], such that∑J

j=1 g
(j)(x) = 1. A natural candidate for this task is the softmax activation function, in which

case the g-layer becomes,

g(j)(x) =
exp(xj)∑J
i=1 exp(xi)

. (3.3)

Secondly, the loss function must account for the different categories, for which the cross-entropy
loss is employed

L(β) = − 1

n

n∑
i=1

J∑
j=1

{δi,j log(α
(j)
I (xi)) + (1− δi,j) log(1− α

(j)
I (xi))},

where (δi,1, . . . , δi,J )
T is a realization of Iu,xi .

Relatedly, the follow-up extremal event may have a natural ordered category. The formal
definition of the POC surface for this case is tantamount to the one provided in (3.2). When
fitting the model, ordinal events must be handled carefully, avoiding the mistake of treating
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categories as nominal quantities. For example, a näıve approach would be to apply the afore-
mentioned multicategorical framework with a softmax activation function, but this would ignore
the ordinal structure in the data. Instead, a simple alternative to address this issue is by de-
vising a version of the well-known approach by Frank and Hall (2001) to our setting; see also
Alcacer et al. (2024).

The Frank–Hall approach begins by transforming a J-class ordinal problem into J−1 binary
classification problems. Specifically, an ordinal attribute A with ordered values C1, . . . , CJ is
converted into J − 1 binary attributes of the form A > Cj , for j = 1, . . . , J − 1; for example, on
the above-mentioned J = 5 hurricane problem, this would imply converting the original ordinal
problem into four binary attributes based on

A > Category 1, A > Category 2, A > Category 3, A > Category 4.

Hence, the probabilities for each category for the Frank–Hall approach are given by P (C1) =
1− p1,

P (Cj) = pj−1 − pj , j = 2, . . . , J − 1,

and P (CJ ) = pJ−1, where pj = P (A > Cj), for all j.
Based on this, the ordinal multicategorical POC surface can be derived. Let Au,x be an

ordinal attribute, and define πj(x) = limu→y∗ P (Au,x > C1 | Yx > u). The Frank–Hall POC

surface is then given by α
(1)
I (x) = 1− πj(x),

α
(j)
I (x) = πj−1(x)− πj(x), j = 2, . . . , J − 1,

and α
(J)
I (x) = πJ−1(x).

Finally, for a continuous-type follow-up event, if a continuous variable Zx is observable—
similar to Example 1—we can set Iu,x = I(Zx > u) in which case we obtain the conditional
coefficient of extremal dependence by Lee et al. (2024).

4 Numerical Experiments on Artificial Data

4.1 Artificial Data Generating Processes and Preliminary Experiments

This section presents the simulation scenarios used to evaluate the proposed methods, along
with a series of single-sample experiments. We assess performance in three settings by simulating
n = 10000 observations per scenario, with artificial data generated from the Bernoulli process,
follow-up events, and features as described below. In each case, we threshold the response at
its 95% quantile (u), hence retaining only those values where Yx > u.

Scenarios A1 and A2: For these scenarios, the follow-up events are respectively simulated
from Bernoulli processes with

Iu,x | Yx > u ∼ Bern{mAk(x;u)}, k = 1, 2,

for x ∈ [0, 1]. For Scenario A1, mA1(x;u) = Φ(x, exp(−u), 1) is the distribution function of the
normal distribution with mean exp(−u) and variance 1, whereas for Scenario A2, mA2(x;u) =
0.2 sin{3π(x − 1)2}+ 0.4 + 1/u2. In both cases, we simulate a single feature X from the stan-
dard uniform distribution, and the trigger event Yx | X = x is generated from a unit Fréchet
distribution. The true POC curves corresponding to mA1(x;u) and mA2(x;u) are respectively
given by {

αA1
I (x) = limu→∞ mA1(x;u) = Φ(x, 0, 1),

αA2
I (x) = limu→∞ mA2(x;u) = 0.2 sin{3π(x− 1)2}+ 0.4.

Scenarios B1 and B2: For these scenarios, the follow-up events are respectively simulated from
Bernoulli processes with

Iu,x | Yx > u ∼ Bern{mBk(x;u)}, k = 1, 2,

for x = (x1, x2) ∈ [0, 1]2. For Scenario B1, mB1(x;u) = Φ(x; exp(−u)12, I2) is the bivariate dis-
tribution function of the bivariate normal distribution, whereas for Scenario B2, mB2(x;u) =
0.4 exp(−x1) cos{2πx2}+0.5+1/u2. In both cases, we simulate two independent features, X1 and
X2, which are drawn from the standard uniform distribution; the trigger event Yx | (X1, X2) =
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(x1, x2) is again simulated from a unit Fréchet distribution. The true POC surfaces correspond-
ing to mB1(x;u) and mB2(x;u) are respectively given by{

αB1
I (x) = limu→∞ mB1(x;u) = Φ(x, 0, I2),

αB2
I (x) = limu→∞ mB2(x;u) = 0.4 exp(−x1) cos{2πx2}+ 0.5.

Scenario C: The final scenario examines a multi-category framework, as described in Sec-
tion 3.2. The follow-up events are simulated from a multinoulli process with

Iu,x | Yx > u ∼ Multi3

(
mC1(x;u)

Mu
,
mC2(x;u)

Mu
,
mC3(x;u)

Mu

)
,

for x = (x1, x2)
T ∈ [0, 1]2. Here, Mu = mC1(x;u) +mC2(x;u) +mC3(x;u), where mC1(x;u) =

Φ(x; exp(−u)12, I2), mC2(x;u) = 0.4 exp(−x1) cos(2πx2) + 0.5 + 1/u2, and mC3(x;u) =
0.8x2 sin

2(πx1) + 1/u2. The trigger event and features follow the same settings as in Scenarios
B1 and B2 (i.e., the trigger is unit Fréchet-distributed and features are independently drawn
from the standard uniform distribution). The true jth-category POC surfaces in this case are

α
(1)
I (x) = lim

u→∞
mC1(x;u)

Mu
=

Φ(x;0, I2)

M
,

α
(2)
I (x) = lim

u→∞
mC2(x;u)

Mu
=

0.4 exp(−x1) cos{2πx2}+ 0.5

M
,

α
(3)
I (x) = lim

u→∞
mC3(x;u)

Mu
=

0.8x2 sin
2(πx1)

M
,

where

M = Φ(x;0, I2) + 0.4 exp(−x1) cos{2πx2}+ 0.8x2 sin
2(πx1) + 0.5.

The results from a single-sample experiment are shown in Fig. 4.1. As can be seen from the
latter figures, the proposed methods satisfactorily recover the true POC in all scenarios; these
findings are provisional, since they are based on a single-sample experiment; a Monte Carlo
evaluation follows in Section 4.2.

Some final comments on computing and implementations are in order. The neural model was
fitted using the LBFGS optimizer (Pytlak 2008, Chapter 5). For binary classification scenarios,
the sigmoid activation function (2.8) was specified for the g-layer to ensure that the output
values remain within the unit interval, representing valid probabilities. In cases of multi-category
classification, the softmax activation function in (3.3) was used. The optimization process was
carried out for 100 steps for each scenario. A key consideration in model fitting was the selection
of p and m; for the first decision, we relied on the properties of cubic splines and chose p = 3,
as cubic splines are continuous and have continuous first and second derivatives. The number
of knots was set to m + 1 = 3, with two knots placed at the boundaries and one interior
knot to provide flexibility; this represents the minimal configuration that yielded satisfactory
performance in our experiments.

4.2 Monte Carlo Evidence

This section reports the main findings of a Monte Carlo simulation study, where we repeat 500
times the single-sample experiment from the previous section. We consider three sample sizes
n = 5000, 10 000, and 15 000. Figure 4.2 shows the Monte Carlo means of the simulation study,
indicating strong performance across different scenarios, as anticipated by Fig. 4.1.

Finally, in Table 1 we report the Monte Carlo MISE (Mean Integrated Squared Error),
where

MISE =

∫
[0,1]d

{α̂I(x)− αI(x)}2 dx.

Here, α̂I(x) is the KANE estimate of POC and [0, 1]d is the space of the features (i.e., d = 1
for Scenarios A1–A2, and d = 2 for Scenarios B1–B2 and C). As can be seen from Table 1,
the proposed approach has appealing frequentist properties from a numerical viewpoint, in the
sense that as the sample size increases, MISE decreases.

In the supplementary materials, we document a battery of additional Monte Carlo exper-
iments, including analyses of dependent features, an evaluation of the deep model, higher-
dimensional features, and a comparison of the Frank–Hall ordinal model with the softmax
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Fig. 4.1 Single-sample experiments for Scenarios A, B, and C.
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Fig. 4.2 Monte Carlo means for Scenarios A, B, and C.
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Table 1 MISE values across scenarios and sample sizes.

Scenario Sample Size

5 000 10 000 15 000

A1 9.112× 10−6 3.706× 10−6 7.759× 10−7

A2 1.501× 10−4 1.541× 10−4 1.478× 10−4

B1 1.021× 10−4 8.014× 10−5 7.722× 10−5

B2 2.669× 10−3 2.626× 10−3 2.625× 10−3

C (j = 1) 9.465× 10−4 9.055× 10−4 8.958× 10−4

C (j = 2) 1.166× 10−3 1.130× 10−3 1.106× 10−3

C (j = 3) 1.725× 10−4 1.185× 10−4 9.428× 10−5

approach. Among other findings, these additional results further validate the approach’s per-
formance, show that performance is better in data-rich regions of the covariate space, and that
the canonical three-layer model may perform as well as, if not better than, its deep counterpart,
which also requires careful selection of the number of layers to avoid overfitting.

Moreover, the canonical three-layer KANE is computationally efficient and stable, consis-
tently converging in under one second per scenario on a standard laptop (Apple M3) for p = 2.
However, as noted in the supplementary materials, increasing the feature dimension to p > 5
leads to a substantial rise in computational time. Finally, we note that estimators for the POC
surface can also be constructed using Generalized Additive Models (GAM) and Multi-Layer
Perceptrons (MLP). Numerical evidence in the supplementary materials suggests that KANE
and MLP yield comparable POC surface estimates, with both outperforming GAM.

5 Empirical Examples

5.1 Earthquake–Tsunami Data

Coastal regions are highly vulnerable to tsunamis, with their impacts often exacerbated by
significant earthquakes that act as primary triggers. This section applies the proposed method
to quantify the POC for tsunami occurrence (Iu,x) triggered by extreme earthquakes (Yx > u).

Fig. 5.1 Point pattern of earthquakes (red) and associated tsunami occurrences (blue).

Data were gathered from the NCEI/WDS Global Significant Earthquake Database, provided
by the NOAA National Centers for Environmental Information, and consist of a point process
data on earthquake locations (latitude and longitude) from 2150 B.C., including whether a
tsunami followed or not. Figure 5.1 shows the spatial distribution of significant earthquakes
and associated tsunamis.
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The trigger events are thresholded at u = F−1
Yx

(0.95), resulting in 167 observations of earth-
quakes with magnitudes greater than 7.9 on the Richter scale, along with the corresponding in-
dicators of tsunami occurrence. The fitted POC surfaces were modeled according to Section 2.2,
with a three-layer KANE framework following the setup from Section 4, and considering the
features x = (latitude, longitude, depth)T.

As can be seen from Fig. 5.2, the fitted surface tends to be particularly pronounced, for
example in the coast of Chile, California, and the Pacific ring in comparison with the Caribbean;
the same figure also illustrates that POC tends to be low at greater depths (e.g., 85th percentile),
hence suggesting that earthquakes which are deeper would be less likely to lead to a cascading
tsunami event. All in all, the usual extrapolation disclaimer applies. Interpretations should
account for the fact that the quality of the fits is more reliable in regions with greater data
availability, while their accuracy should be questioned in regions with limited data. Finally, the
QQ-boxplot of the randomized residuals, shown in Fig. 5.4, indicates an overall good fit; further
trajectories in the supplementary materials indicate a similar finding.

Depth (Percentile 15) Depth (Percentile 40)

Depth (Percentile 60) Depth (Percentile 85)

Fig. 5.2 KANE POC surface estimate for Earthquake–Tsunami data, considering percentile 15, 40, 60, and
85 of depth.

5.2 Tropical Cyclone–Sea Surface Temperature Data

Rising sea surface temperature (SST) anomalies significantly impact coastal and oceanic re-
gions, particularly by influencing tropical cyclone intensity—categorized as Tropical Depres-
sion, Tropical Storm, and Hurricane in the North Atlantic and Northeast Pacific. Our second
illustration will shed light on the ordered multicategory POC surface for tropical cyclone types
(Iu,x), conditional on extreme SST events (Yx > u).

Data were obtained from two complementary sources covering 1981–2016: The ESA Climate
Change Initiative, which provides global daily-mean SST observations on a latitude-longitude
grid, and the NOAA Atlantic Hurricane dataset, which contains six-hourly storm tracks. SST
values exceeding u = F−1

Yx
(0.95) = 302.74K define extreme trigger events, yielding 456 observa-

tions.

Keeping in mind the ordinal nature of the data, the fitted POC surfaces were modeled
according to the Frank–Hall variant of our model (Section 3), with a three-layer KANE frame-
work, and considering the features x = (latitude, longitude)T. Among other insights, the fitted
surfaces suggest that high sea surface temperatures tend to be associated with more extreme
tropical storms in parts of the Gulf of Mexico. Aside from this, the analysis also reveals that
the probability of cascade remains relatively small for tropical depression and hurricanes. Fi-
nally, the QQ-boxplot of the randomized residuals is shown in Fig. 5.4 and suggests an overall
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Tropical Depression Tropical Storm

Hurricane

Fig. 5.3 KANE POC surface estimate for Tropical Cyclone–SST data.

Earthquake–Tsunami Tropical Cyclone–SST

−2

0

2

Percentile 15 Percentile 40 Percentile 60 Percentile 85

−2

0

2

Ap2

Fig. 5.4 QQ-boxplots of Dunn–Smyth residuals for empirical illustrations (left: percentile 15, 40, 60, and 85
of depth).

good fit of the model; further trajectories, presented in the supplementary materials, provide
comparable evidence.

6 Implications and Future Directions

This paper develops a novel statistical framework to address the growing concern of cascading
extreme events—such as earthquakes triggering tsunamis or heatwaves sparking wildfires, which
in turn lead to further losses. By integrating EVT and AI, the proposed methods aim to
enable extrapolation beyond observed data to capture and model complex chains of extreme
events. Although straightforward, the additional ‘Natural Enforcement’ of KAN discussed in
this work may be valuable for other applications. For instance, it could be relevant when
modeling covariate-adjusted versions of other extreme value parameters, such as χ̄ (Coles 2001,
Chapter 8), which is constrained to the range (−1, 1]. This constraint could similarly be enforced
naturally within our g-layer.
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While KAN models have been claimed to be explainable (Liu et al. 2024), one might consider
the possibility of fitting POC surfaces using a more conventional explainable statistical model. If
explainability is a priority, the POC surfaces introduced above can be formulated as an additive
generalized linear models along the same lines as in Lee et al. (2024).

We close the paper with some final comments on future research. In practice, either the
follow-up or the trigger event may themselves be functional in the sense of FDA (Functional
Data Analysis) (Horváth and Kokoszka 2012; Kokoszka 2017). For example, we may observe
Iu,x = 1 for x over a continuum rather than over a point x ∈ [0, 1]d. As a concrete instance
of this, in the earthquake data application, a follow-up event could represent the full region
S ⊂ [0, 1]2 affected by the tsunami, in which case Iu,x = 1 for all x ∈ S. While our theory also
accommodates this framework, further investigation is needed to incorporate such functional
events into the inferences in a fully FDA-aligned fashion. Secondly, while there are fundamental
differences between our approach and Hawkes processes, there may be interest in combining our
framework with the cross-excitation of multiple point processes introduced by Hawkes (1971).

Finally, while the proposed approach targets two-chain setups involving a trigger and follow-
up extreme event, it may set the stage for developments that accommodate extremal chains of
random length (k), and also account for the role of the chain’s pathways. TDMs (Tail Depen-
dence Matrices) (Embrechts et al. 2016) may be used to govern the pathway of the extremal
cascade; in this setting the order of chained events could be dictated by a random permutation
of {1, . . . , k}, based on transition probabilities for the TDMs between extremal events. This
would allow for modelling and learning from the data the length or size of the extremal cascade
(k) and the distribution of the pathway taken by it (say, 4 → 1 → 2 → 3 or 3 → 2 → 1 → 4 as
two examples of realizations of the chain of extremes).

We leave these open problems to future work.

Appendix

Appendix A: The Kolmogorov Superposition Operator and its Approximation Theory

As shown below small perturbations in the inner and outer functions induce only small per-
turbations in the resulting function. This stability property may be of independent interest,
and it holds under assumptions nearly as mild as those of the Kolmogorov superposition theo-
rem itself. Hence, we refer to the operator introduced below as the Kolmogorov superposition
operator.

Throughout, ∥f∥∞ ≡ ∥f∥A∞ := supx∈A |f(x)|, and C(A) and CLip(A) denote the spaces of
continuous and Lipschitz continuous functions on A ⊆ R, respectively. To ease notation, let
I = {1, . . . , 2d+1} and J = {1, . . . , d}. Finally, we equip C([0, 1])(2d+1)d×CLip(R)2d+1 with the
max norm

∥Φ∥ = ∥(Φ(1),Φ(2))∥ = max(m1,m2),

where

m1 = max
(i,j)∈I×J

∥Φ(1)
i,j ∥∞, m2 = max

i∈I
∥Φ(2)

i ∥∞.

For notational simplicity, here and below we omit the domain in the supremum norm, though

it should be understood that, for instance, ∥Φ(1)
i,j ∥∞ = ∥Φ(1)

i,j ∥
[0,1]
∞ , ∥Φ(2)

i ∥∞ = ∥Φ(2)
i ∥R∞, and

similarly for other terms. The following result holds.

Theorem 3 (Continuity of Kolmogorov superposition operator) Consider the operator

K : C([0, 1])(2d+1)d × CLip(R)2d+1 → C([0, 1]d),

defined by K (Φ(1),Φ(2))(x1, . . . , xd) =
∑2d+1

i=1 Φ
(2)
i (

∑d
j=1 Φ

(1)
i,j (xj)), with

Φ(1) =
(
Φ

(1)
i,j

)
(i,j)∈I×J

∈ C([0, 1])d(2d+1), Φ(2) =
(
Φ

(2)
i

)
i∈I

∈ CLip(R)2d+1,

and I = {1, . . . , 2d+ 1} and J = {1, . . . , d}. Then, K is a continuous operator.
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Proof Let Φ̃ = (Φ̃(1), Φ̃(2)) ∈ C([0, 1])(2d+1)d × CLip(R)2d+1 be arbitrary, and let Li be the

Lipschitz constant for the outer function Φ
(2)
i ; set L = maxi∈I Li. By the triangle inequality

and the assumption of Lipschitz continuity of the outer functions, it follows that

∥K (Φ)− K (Φ̃)∥∞ ≤ ∥K (Φ(1),Φ(2))− K (Φ̃(1),Φ(2))∥∞ + ∥K (Φ̃(1),Φ(2))− K (Φ̃(1), Φ̃(2))∥∞

= ∥Φ(2) ◦Φ(1) −Φ(2) ◦ Φ̃(1)∥∞ + ∥Φ(2) ◦ Φ̃(1) − Φ̃(2) ◦ Φ̃(1)∥∞

≤
∑2d+1

i=1 Li∥
∑d

j=1(Φ
(1)
i,j − Φ̃

(1)
i,j )∥∞ + ∥

∑2d+1
i=1 (Φ

(2)
i − Φ̃

(2)
i )∥∞

≤
∑2d+1

i=1 Li
∑d

j=1 ∥Φ
(1)
i,j − Φ̃

(1)
i,j ∥∞ +

∑2d+1
i=1 ∥Φ(2)

i − Φ̃
(2)
i ∥∞

≤ L(2d+ 1)dm∗
1 + (2d+ 1)m∗

2,

where

m∗
1 = max

(i,j)∈I×J
∥Φ(1)

i,j − Φ̃
(1)
i,j ∥∞, m∗

2 = max
i∈I

∥Φ(2)
i − Φ̃

(2)
i ∥∞.

Thus, to achieve ∥K (Φ)− K (Φ̃)∥∞ < ε for any ε > 0, it suffices to take ∥Φ− Φ̃∥ < δ, with

δ =
ε

(2d+ 1)(Ld+ 1)
.

⊓⊔

Continuity of Kolmogorov superposition operator allows theoretical guarantees for the inner
and outer functions to be translated directly into guarantees for the target function of interest.
In particular, if the inner and outer functions can be approximated to a prescribed accuracy
(for instance, by splines), then the induced approximation error on the target function (e.g.,
the POC surface) can be controlled.

Since our model for the POC includes an additional layer (the g-layer), one may wonder
about the approximation-theoretic implications of Theorem 3 for this extended architecture.
For instance, under the mild assumption that g ∈ CLip(R) with Lipschitz constant M > 0,
the addition of the g layer does not compromise the approximation guarantees. Indeed, if
g ∈ CLip(R) and

∥K (Φ)− K (Φ̃)∥∞ < ε/M,

then it follows immediately that

∥g ◦ K (Φ)− g ◦ K (Φ̃)∥∞ ≤ M∥K (Φ)− K (Φ̃)∥∞ < ε. (6.1)

The following example illustrates the consequences of Theorem 3 for our splines-based approach.

Example 3 (Splines) Classical results in spline approximation theory (e.g., Kunoth et al. 2018,
Theorem 18) imply that any h : A → R in the Sobolev space W 1

∞(A) can be uniformly approx-
imated by a spline of degree p, that is,

∥h− h̃∥∞ < γ. (6.2)

Here, γ > 0 depends on m and p (as well as the smoothness of h), and it can be made arbitrarily
small by considering a denser mesh. It is well-known that W 1

∞(A) = CLip(A) (Evans 2022,
Section 5.8). Thus, combining Theorem 3 with (6.2) shows that any continuous multivariate
function can be uniformly approximated if each inner and outer function is approximated by
splines. Indeed, the argument in the proof of Theorem 3, implies that setting ∥Φ− Φ̃∥ < δ, with
L = maxi∈I Li and

δ =
ε

M(2d+ 1)(Ld+ 1)
,

yields ∥K (Φ)−K (Φ̃)∥∞ < ε/M , whenever Φ̃ = (Φ̃(1), Φ̃(2)) consists of spline approximations,
since splines satisfy (6.2). Finally, if we assume g ∈ CLip(R) with Lipschitz constant M > 0,
then (6.1) holds.
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Appendix B: Deep KANE

A deep KANE model for the POC surface can be readily obtained by extending the line of
attack of Liu et al. (2024). That is, the deep KANE formulation is based on the following
ℓ-layer specification,

αI(x) = g
(
(Φ(ℓ−1) ◦ · · · ◦Φ(1))(x)

)
,

where for l ∈ {1, . . . , ℓ− 1},

Φ(l) =


Φ

(l)
1,1 · · · Φ

(l)
1,nl

...
. . .

...

Φ
(l)
nl+1,1

· · · Φ(l)
nl+1,nl

 .

Here, nl is the number of nodes in the lth layer, for l = 1, . . . , ℓ. The three-layer KANE presented
above is a particular case with n1 = d, n2 = 2d + 1, and n3 = 1. For modeling in the deep
framework we again use the specification in (2.2). The parameter of interest in this case is given
by the following collection of matrices

β
(l)
k =


β
(l)
nl,1,k

· · · β
(l)
nl,d,k

...
. . .

...

β
(l)
nl+1,1,k

· · · β(l)
nl+1,d,k

 ,

where k = 1, . . . ,K and l = 1, . . . , ℓ− 1.
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